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Abstract—Consideration was given to the classical N P-hard problem 1|r;|Lax of the schedul-
ing theory. An algorithm to determine the optimal schedule of processing n jobs where the
job parameters satisfy a system of linear constraints was presented. The polynomially solv-
able area of the problem 1|rj|Lyax was expanded. An algorithm was described to construct
a Pareto-optimal set of schedules by the criteria Lyax and Chay for complexity of O(n?logn)
operations.
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1. INTRODUCTION

Consideration was given to the following problem of the scheduling theory: needed is to process
the jobs of the set N ={1,...,n} starting from the time instant ¢. Interrupts of job processing
and simultaneous processing of more than one job are forbidden.

For the jobs of the set IV, the following notation is introduced: r; is the release date of the
job j, p; >0 is the processing time of the jth job d; is the due date, j € N. The due date is
the time during which it is desirable, but not necessary, to complete job processing. We denote
rj(t) = max{r;,t}, j € N. By the schedule m(N,t) is meant the sequence of processing the jobs of
the set V

m(N,t) = (Ky,...,K,)

beginning from the time instant ¢, where Ky U--- U K,, = N and processing of the job K; begins
at the time instant s; = rx,(t), the rest of the job K; (j =2,...,n) being processed from the
time instant s, = rKj(sKjfl +ij71). A schedule is called feasible if beginning from the time
instant s; > r;(t) each job j € N is processed without interrupts over the time p; and no two jobs
are processed concurrently. The set of all feasible schedules that are constructible for the set of
jobs N and the time instant ¢ is denoted by II(V,t). By Cj(w,t) we denote the time of completing
processing of each job j € N under the schedule 7 € II(N, t). The difference L;(w,t) = Cj(m,t) — d;
is called the lateness of the job j under the schedule 7 starting at the time instant ¢ (Fig. 1). The
maximal lateness for the jobs of the set NV under the schedule 7 is given by

Lmax(ﬂ',t) = Igne%\}f( Cj(ﬂ',t) - dj.

The completion time of all jobs of N under the schedule 7 is denoted by

Crnax(m, 1) = 1}3\)7( Cj(m,t).
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Fig.1. Parameters of the job j.

Problem 1. For the given set of jobs N and time instant ¢, construct the schedule

" € II(N, t) for which
Lyax (7,t) = WGIIEII(IJI\IM) Lypax(m, t).

In [1] this classical problem of the scheduling theory was denoted by 1|7j|Lmax. As was shown
in 2], the general case of the problem 1|r;|Lyax is N P-hard in the strong sense. Some polynomially
solvable cases were specified since the time of formulating this problem. As was shown in [3], in
the case of 7; =0, j € N, the problem is solved by the schedule where the jobs are arranged
in the nondecreasing order of due dates. Such schedule is also optimal for the case where the
release date and the due dates are coordinated by r; <7 < d; <d;,Vi,j € N. In the case of
d; = d for all j € N, the optimal schedule can also be constructed in O(nlogn) operations in the
nondecreasing release dates. For the case of equal processing times of the jobs p; = p for all j € N,
the polynomial algorithm of complexity O(n?logn) was given in [4]. A polynomial algorithm of
complexity of O(n?logn) operations was described in [5] for a special case where for some constant
A the parameters of all jobs j € N satisfy the constraints

dj—pj—AgTjgdj—A, Vj € N.
For the case where the job parameters satisfy the system of linear constraints

di—pr—711 2 2dy—pn— Ty,
the polynomial algorithm of complexity of O(n?logn) operations was presented in the book of one

of the present authors [6].

2. PROPERTIES OF THE PROBLEM

We consider the case where for some real numbers « € [0, 1] and 5 € [0, 4+00) the parameters of
the jobs of the set N satisfy the inequality system

dy —apy —Pr1 = > dy — ap, — PBra

(1)

and recall that ¢ is the time instant from which the machine is available for processing the jobs.
From the set N we take two jobs f = f(N,t) and s = s(N,t) such that

F(Nt) = argmin {djm'(t) = ?el%lri(t)} :

N,t) = i Iri(t) = min ri(t)}.
s(N,t) argjgn&r\lf{dglm(t) ig;r\lfr(t)}
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658 LAZAREV, ARKHIPOV
If N =), that is, | N| = 0, we assume for any real ¢ that

f@,t) =0, s(0,t) = 0.
If N = {i}, that is, |[N| = 1, we assume for any real ¢ that

FIN &) =i,  s(N,t)=0.

Denote by (i — 7). the fact that under the schedule 7 the job i is processed prior to job j.

Lemma 1. If for the job of the set N conditions (1) are satisfied for some « € [0,1] and
B € [0,+00), then it is true that

Lj(m,t) < Ly(m,1) (2)

under any schedule w € II(N,t) and for any job j € N\ {f} such that (j — f)r, and for any job
j € N\{f,s} such that (j — $), it is true that

Lj(m,t) < Lg(m,t), (3)
where f = f(N,t), s = s(N,t).
Proof of Lemma 1. For all jobs j such that (j — f)r, the inequality
Cj(m,t) < C¢(m,t) — py
is satisfied. If d; > dy, we have
Lj(m,t) = Cj(m,t) —dj < Cyp(m,t) —dp = Ly (m,1),

consequently, (2) is satisfied.
Let us consider the case where d; < dy is true for the job j € N, (j — f)r. From system (1) we
get
dj <dy & dj —ap; — Br; > dy —apy — Bry.

Then, we establish with regard for r; > r¢, o € [0,1], 8 € [0,00), and p > 0 that
0<ap;+ (1 —a)py+ B(r; —ry) & apy + Bry < apj + Brj + py.
With allowance made for the fact that
dj —ap; — Brj = df —apy — fry < (apy + Bry) — (ap; + fry) = dy — dj,

we establish
df < dj + Dy

Obviously, Cj(m,t) < Cy(m,t) — ps. By adding the resulting inequalities, we obtain that
Cj(m,t) +dy < Cp(m,t) +d;j < Lj(m,t) < Ly(m,t),

which proves statement (2).

Statement (3) is proved along the same lines. It suffices to notice that the job s from the set N
becomes job f in the set N \ {f} and one has just to replace N by N\ {f}.

We prove the following theorem about the properties of the jobs f and s.
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Theorem 1. Let all jobs of the subset N' C N satisfy the system of inequalities (1) for some
a €[0,1] and B € [0,+00). Then, for any time instant t' >t and any schedule w € II(N',t") there
exists a schedule ©' € TI(N',t") such that

(4)

and either the job f = f(N',t') or s = s(N',t) is satisfied first under the schedule ©'. If dy < ds,
then in 7' the job f is processed first.

Proof of Theorem 1. Let m = (7, f, w2, s,m3), where 71,79, T3 are partial subschedules of .
Consider the schedule 7’ = (f, 7,72, s, m3). We establish from the definitions of 7;(t) and f(N,t)
for each job j € N’ that

Consequently,

< Cmax((ﬂ'la f)a t/),
< Cmax(ﬂ'at/)'

Cinax((f,m1), 1)
Crax (7', 1)
Therefore,
Lj(ﬂ’,t') < Lj(w,t’), Vi € (ma,s,m3).
From Lemma 1 we obtain that
L;i(n',t") < Ly(m,t")
for any j € {m} U {m}. Obviously, for f we have
Le(n',t") < Ly(m,t)
from which it follows that
Linax(7',t') < Linax(m, 1)
{Cmax(vr’, t') < Cinax(m, t').
Let m = (m, s, ma, f,m3), that is, the job s is executed prior to the job f. In this case, we construct

the schedule 7" = (s, 71, w2, f,73) and repeat the proof along the same lines as above, which proves
the first part of the theorem.

Assume that dy < ds and 7 = (71, s, 72, f,73) and consider the schedules ©" = (s, 7,72, f,73)
and 7 = (f, 7,72, s,m3). Then, for the schedules 7, 7" and 7" the inequality

Cmax((fa 1, T2, 5)7 t/) < Omax(('sv 1, T2, f)v t/)
is true because r¢(t') < rg(t'). Consequently,
Lmax(ﬂ-37 Cmax((fa 1, T2, 5)7 t/)) < Lmax(ﬂ-?n Omax(('sv 1, T2, f)7 t/))v

and therefore, the maximum of the objective function Lyax((f, 71,72, s),t') is reached for a job
other than f. The maximum of the objective function Luyax((s, 71,72, f),t') cannot be reached for
the job s because dy < ds and Cs((s, 1,72, f),t') < C¢((s,m1,m2, f),t'). Then, by Lemma 1,

Lmax((fa 1,72, 5)7t,) = Ls((fa 1, T2, 8)7t/) = Omax((f7 1,72, S),t,) - ds
and
Lnlax((377rl77r27 f)at/) = Lf((877T177T27 f)7t/) - Cmax((877T177T27 f)7t/) - df

Therefore, from the fact that dy < ds and Crax((f, 71,72, 9),t") < Cmax((s, 71,72, f),1'), we deter-
mine that

Lmax((fa T, T2, 5)7t/) < Lnlax((s77r177r2a f)vt/)
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660 LAZAREV, ARKHIPOV

and
Lmax(ﬂﬂy t/) < Lmax(ﬂ',y t/),

which is what we set out to prove.

The schedule " € TI(N, t) is called efficient if there exists no schedule 7 € TI(N, t) such that the
inequality system

Lmax(ﬂ'y t) < Lmax (71'/, t)
Cmax(ﬂ'a t) < Cnax (71'/, t)

is satisfied, at least one of these inequalities being strict. Then, if for the jobs of the set N the
inequality system (1) is true under certain « € [0,1] and 8 € [0, +00), then it follows from Theorem 1
that there exists an efficient schedule 7’ under which either the job f = f(N,t) or s = s(N,t) is
executed first. Moreover, if dy < ds, then there exists an optimal schedule for which the job f is
executed first.

Let Q(N,t) be a subset of the set II(N,t). The schedule © = (i1, ...,i,) belongs to Q(N,t) if
any job ig, k= 1,...,n, is selected from

fk = f(Nk_vaikﬂ(Trﬂt)) and s, = S(Nik717cik71 (7T7t))7

where Nk—l =N \ {il, PN ,ik_l}, NO = N and Cio(ﬂ',t) =t If dfk < dsk, then ik = fk Ifdfk > dsk,
then either 7 = fj or i = si. Since at most two jobs claim for each place under the schedule, the
set Q(IV,t) contains at most 2" schedules. According to Theorem 1, it is always possible to construct
an efficient schedule belonging to the set (N, ¢) by enumerating at most 2" variants.

Let w(N,t) be a partial maximum-length schedule such that by considering successively the job
we have dy < ds. The schedule w(N,t) can be constructed by Algorithm 1 for any set of jobs N
and time ¢.

Algorithm 1
Data: N,t
Result: w(N,t)
N’ := N;
t =t
= f(vat,);
s:=s(N',t");
if dy < d then
w = (w, f);
else
return(w);
end
N' = N'"\ f;
t = T’f(t/) +pf;
if N # () then
go to step 3;
else
return(w);
end

=T R -2 A SR N UR R

e e e e =
= N T O

Algorithm 1 lies in that at each run of the cycle 5-13 consideration is given to the jobs f(N’,t)
and s(N',t'). If dy < dg, under the schedule w the job f(N’,t') is processed from the time instant
r¢(t') to the time instant 7¢(t') 4+ ps. The job f(N',t’) is eliminated from the set N, ¢’ := r¢(t') + ps
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Fig. 2. Construction of the schedule w(N,t).

is changed, and the cycle is repeated. If dy > d, then the algorithm interrupts its operation and
outputs the constructed partial schedule w(N,t) (Fig. 2). If dy > ds, f = f(N,t), s = s(N,t), then
w(N,t) = 0.

Lemma 2. Complezity of constructing the partial schedule w(N,t) by Algorithm 1 for any N and
t is at most O(nlogn) operations.

Proof of Lemma 2. Two jobs f(N’,t') and s(N',t') are determined at steps 3-4 of Algorithm 1.
Since the jobs are sorted out according to the release dates r;, at most O(logn) operations are
required to determined the jobs f and s. In view of the fact that the number of runs of the
cycle 3-13 is restricted by the cardinality of the set NV, we find that at most O(nlogn) operations
are required to construct the partial schedule w(N,t).

Lemma 3. If the jobs of the set N satisfy the conditions (1) for some a € [0,1] and § € [0, +00),
then any schedule m € Q(N,t) begins from the partial schedule w(N,t).

Proof of Lemma 3. If w(N,t) =0, the condition of lemma is satisfied in view of the fact
that any schedule begins from an empty schedule. If w(N,t) = (i1,...,%), then dy, < ds,, where
fre = f(Ng—1,Cr_1(m,t)) and s, = s(Ng_1, Cr_1(m,t)), is satisfied for any k = 1,...,l. At the same
time for f = f(N;,Cj(m,t)) and s = s(N;,Ci(m,t)) we have df > ds. In view of the established
relations between the due dates and definition of Q(V,t), we get that any schedule from Q(N,t)
begins from w(N,t), which is what we set out to prove.

We denote
W' (N, 1) = (f(N,1),w(N\ f,1))
and
wQ(N, t) = (s(N,t),w(N \ s,t")),

where t' = r¢(t) + ps and t” = ry(t) + ps. We notice that as follows from the definition of w!(N,t)
and w?(N,t) and Lemma 2, O(nlogn) operations are also required to determine them.

Corollary. If the jobs of the set N satisfy conditions (1) for some a € [0,1] and 8 € [0, 4+00),
then any schedule T € Q(N,t) begins either from w'(N,t) or w?(N,t).

3. PROBLEM OF MAKESPAN MINIMIZATION
WITH RESTRICTED MAXIMAL LATENESS

Problem 2. Order the set of jobs N since the time instant ¢ so that the maximal lateness be at
most y. Needed is to establish the optimal schedule satisfying

Werlgll(i]r\lf,t) Cmax(ﬂ-a t)|Lmax(7Ty t) <.

The schedule satisfying the given objective function is denoted by ©O(N,t,y). If there is no such
schedule m € TI(N, t), we state that (N, t,y) = (.

We represent an algorithm to construct the schedule ©(N,t,y).

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 4 2016



662 LAZAREV, ARKHIPOV

Algorithm 2
Data: N,t,y
Result: O(N,t,y)

1 ©:=w(N,t);

2 if Lyax(w(N,t),t) >y then

3 return(();

4 end

5 while 7 do

6 N':=N\©;

7 t' = Chax(0,1);

8 if N’ = () then

9 return(©);
10 end
1 if Lyax(WH(N',#), 1) < y then
12 = (0,w! (N, t));
13 else
14 if Loyax(w?(N',t),1') < y then
15 0 := (0,W*(N',t));
16 else
17 return(();
18 end
19 end
20 end

The first step of the algorithm constructs a partial schedule w(N,t), includes it in O(N, ¢, y), and
modifies N := N’ \ © and t' := Cpax(©,t). Now, the partial schedule w!(N’,#) is constructed, and
the constraint Ly, (w!(N',t'),t") <y is verified. In the case of positive result, w!(N’,#) is added
to the schedule ©(N, ¢, y). Then, N’ and ¢’ are modified, and the cycle 5-20 is iterated. Otherwise,
the partial schedule w?(N’,#') is constructed, and the constraint Lyax(w?(N',t'),t') < y is verified.
In the case of positive result, w?(N’,#') is added to the schedule ©(N,t,5), N’ and ¢’ are modified,
and the procedure is repeated (Fig. 3). The algorithm aborts is all jobs of the set N are successfully
included in the schedule © or if at some step both schedules w!(N’,#') and w?(N’,#') do not satisfy
the constraint on the maximal lateness. In this case, the algorithm returns O(N, ¢, y) = (.

Lemma 4. Complexity of Algorithm 2 does not exceed O(n?logn) operations.

Proof of Lemma 4. At steps 1, 11, and 14 of Algorithm 2 the schedules w!(N’, ') and w?(N’,t')
are constructed using Algorithm 1. This requires at most O(nlogn) operations. As the result of
running cycle 5-20, at least one job is added to the schedule © or © = () is returned. Consequently,
cycle 520 is iterated at most n times. Therefore, Algorithm 2 establishes the schedule O(N,t,y)
at most in O(n?logn) operations.

(O] [O)]
( AR 0 f
(Dl 032 t
( R ( )
Lmax((ol7 f ) < y Lmax(ml’ [' ) > y
Liyax(0%, 1) <y

Fig. 3. Construction of the schedule ©.
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We prove a theorem about the properties of the constructed schedule ©(N, ¢, y).

Theorem 2. Let for the jobs of the set N satisfied be conditions (1) for some o € [0,1] and
B € [0,400). If the schedule O(N,t,y) established using Algorithm 2 is not empty, then

CHI&X((—)(N7 t’ y)7 t) < Cmax(ﬂ-ﬂ t)
is satisfied for any schedule m € TI(N,t) meeting the constraint Lyax(m,t) <y. If O(N,t,y) = 0,
then
Lyax(m,t) >y

is true for any schedule m € 1I(Nt).

Proof of Theorem 2. Since conditions (1) are satisfied for any 7 € II(IV, ), according to Theo-
rem 1 there exists a schedule 7’ € Q(N,t) such that

{Lmax(ﬂ-/a t) < Lmax(ﬂ', t)
Cmax(ﬂ',, t) < Cmax('n—, t)-
It follows from the construction of the schedule © (N, ¢, y) that it pertains to the set Q(N,t). Then it
follows from Lemma 3 that the schedule O(V,t,y) begins from the partial schedule w(N,t) denoted
by O = w(N, ).

The partial schedule ©y, is obtained after k runs of cycle 5-20. At that, N' = N\ {©;} and
t' = Chnax (O, t). We assume that there exists a schedule © having minimal Cl,,x, beginning with
the partial schedule O, and satisfying the constraint Ly,.x(O,t) < y. Then, by Lemma 3 O can
be continued by a schedule from the set Q(N’,¢’). Three cases are feasible here.

1. Let Op 1 = (O, w (N, 1)), that is, Lpax(w'(N',t'),#) <y. Then, w!'(N', ') is a partial

schedule with the least C.x among all possible continuations of the schedule © satisfying

Lmax(ek—l—lyt) < Y.
2. If ®k’+l = (@k,w2(N',t')), then

Lmax(wl(N/a t,)y t/) >y

Linax(W?*(N', ), 1) <y,
which follows from the fact that any schedule from the set Q(N’,¢') can start either with
WH(N' #) or with w?(N',#') and Lyax(w!(N',#'),¥') > y. As follows from steps 11-19, this
case is possible only if w?(N’, ') is a unique possible continuation of the schedule 6.

3. Now we consider the case where after k runs of cycle 5-20 we have Ly, (w!(N',t'),t") > y and
Linax (W?(N',#'),#') > y. Tt follows from the assumption that if the schedule © € Q(N, ) exists,
then it must necessarily begin with . Additionally, for any 7 € II(N’,¢') there always exists
7' € Q(N',t') such that either

Lunax(m,') 2 Linasx (7', t') 2 Linax (W' (N, #),1') > y
or
Lmax(ﬂ'a t/) = Lmax(ﬂ'/a t/) = Lmax(wz(le t/)7 t/) > Y.
Consequently, © = ().
Therefore, the desired schedule ©(N,t,y) is constructed at most after n runs of cycle 5-20. If

case 3 arises at least once, then the schedule ©(N,¢,y) does not exist at all, which is what we set
out to prove.

4. ALGORITHM TO CONSTRUCT A SET OF PARETO-OPTIMAL SCHEDULES
BY THE CRITERIA Cyiax AND Lyax

We present below an algorithm determining the Pareto-set of schedules ®(N,t) such that 1 <
|®(N,t)| < n for any set of jobs N and time instant ¢. The optimal Pareto-set is constructed if
condition 1 is satisfied.
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Algorithm 3

Data: N,t
Result: ®(N,t)
1y = 4090,
2 = w(N,t);
3 O :=();
4 m = 0;
5 while 7 do
6 N':= N\ 7%
7 t' = Cryax (7%, 1);
8 if N’ =( then
9 O :=dU{r*};
10 return(®);
11 end
12 if Liax(wh(N',#), ') < Lyax(7*,t) then
13 %= (7, wH (N, ));
14 else
15 if Liax(w'(N',#),t') < y then
16 Y = Lax (WHN', ), t);
17 0 :=0(N',ty);
18 if © = () then
19 7= (7, W (N, 1));
20 else
21 7= (7%, 0);
22 if (m =0) or (Chax(m),,t) < Chpax(7',t)) then
23 m:=m + 1;
24 o, =T
25 ¢ :=dU{n,};
26 Y := Lax (7, 1);
27 else
28 o, =T
29 end
30 end
31 else
32 if Loyax(w?(N',t),t') < y then
33 7%= (1%, w?(N',t));
34 else
35 =7l
36 return(®).
37 end
38 end
39 end
40 end

Algorithm 3 runs as follows. By Lemma 3, any schedule from Q(N,t) that is optimal for the
criterion Ly, begins with w(N,t). Therefore, we denote myp = w(N,t) and consider operation of
cycle 5-40. Let the partial schedule 7* = 7, and the set ® = {r],..., 7}, } be constructed after k
first runs of cycle 540 of Algorithm 3, and let N’ = N \ {m;} and ¢’ = Cyax (7, t) be the values
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obtained at steps 5 and 6 during the (k + 1)st run of cycle 5-40. We consider possible continuations
of the schedule 7.

L If Lpax(WH(N', '), ') < Lyax(7k,t), then carried out are the assignment m*:i=mj, 1 =
(7, w!(N’,#)) and the return to step 5 after selecting the optimal continuation for the cri-
terion Chyax without violating the current value of the objective function Lyax(mgi1,t) <
Lmax(ﬂ-ka t)'

2. Linax(Tk, 1) < Liax(WH(N',#),t") <y and O(N',t/, Lipax (W' (N, '), t')) = 0. In this case, car-
ried out are the assignment 7* := 7,1 = (7, w!(N’,#')) and the return to step 5 after selecting
the optimal continuation for the criterion Ciyax without violating Lyax(7mgi1,t) < y.

3. Liax(Tg,t) < Luax(WH(N',#),t") < y and O(N', ¥/, Lyax (W (N, #),t")) # 0. The assign-
ment 7" :=(7*, O(N',#', Liax(w(N',#'),¢'))) is carried out. Since 3’ < y, the schedule 7’ sat-
isfies the constraint Lyax(mri1,t) <y. If the value of Chax(n,t) increased as compared
with Chyax (7, t), then the counter is incremented by m := m + 1, inclusion of 7’ in the set ® is
performed, and the constraint y is modified (steps 23-26). If we have Cpax (7', 1) <Cax (7, 1),
then the schedule 7/, is replaced by 7’ in the set ® (step 28). After any possible outcome, the
return to step 5 is performed.

4. Lypax (W' (N",¥),t") >y, Lpax(W?(N',t'),#') <y. The unique possible variant of continua-
tion 7, without violation of the constraint Lyax(mr41,t) < y (step 33), the assignment 7* :=
Th1 = (T, W2 (N, 1)) is performed, followed by the passage to step 5.

5. Lyax (W' (N, t),t") > 9, Lyax(W?(N',t'),t') > y. It is impossible to continue the schedule 7,
without violating the constraint Lpax(mg+1,t) < y. Execution of the system is interrupted
(step 36). The algorithm completes operation if all jobs of the set N are included in the
schedule 7* or if there is not way to continue the schedule 7* without violating the constraint y
(step 36).

Lemma 5. The complexity of Algorithm 3 is less than or equal to O(n®logn) operations, and
the cardinality of the set ®(N,t) does not exceed n.

Proof of Lemma 5. Constructions of the partial schedules w!(N’,#') and w?(N',t') and ©
represent the most laborious operations at running cycle 5-40. Determination of w!(N’,#) and
wW?(N',t') requires O(nlogn) s, and the schedule © needs O(n?logn) operations. Since the partial
schedules w!(N’,#') and w?(N', ') consist of at least one job, at least one job is added to the
partial schedule 77* at each run of the cycle, and the set ®(N,t) includes at most one schedule.
Consequently, the number of runs of cycle 540 of Algorithm 3 is less than or equal to n. Therefore,
the cardinality of the set ®(N,t) does not exceed n and the total number of operations is less than
or equal to O(n3logn).

Theorem 3. Let the conditions (1) be satisfied for the jobs of the set N under some o € [0, 1] and
B € [0,+00). Then, the schedule ™™ constructed by Algorithm 3 is optimal for the criterion Lyax.

For any schedule m € TI(N, t), there exists ' € ®(N,t) such that
Lyax(7',t) < Lyax (7, t)
{Cmax(ﬂ',t) < Cpax(, )
and the set of schedules ®(N,t) is Pareto-optimal for the criteria Lyax and Cpax.

Proof of Theorem 3. Let us assume that there exists a schedule 7 € II(N,¢) not belonging to
®(N,t) and for which at least one of the inequalities

Cmax(ﬂ-y t) < Cmax(ﬂ-/y t) (5)
or
Lmax(ﬂ-y t) < Lmax(ﬂ-/a t) (6)
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Cmax

‘max

Fig. 4. Set of Pareto-optimal schedules

is satisfied for any schedule 7' € (N, ¢). According to Theorem 1, there exists a schedule 7" € Q(N, t)
such that

Lmax (777 t)

Lmax (77”7 t)
Crnax(T, 1).

<
Cmax(7r”7 t) <

If #” € ®(N,t), then, obviously, none of conditions (5) and (6) can be satisfied. Consequently,
7’ € Q(N,t) \ (N,t).

As follows from the definition of the set Q(N,t), any schedule 7’ from the set Q(N,t) is
representable as a union of the partial schedules 7’ = (wg,w1, . ..,wk), where wy = w(N,t) and
w; is either W (N}, C!) or w?(N/,C/) and N = N \ {wo, ..., wi—1}, C!' = Cax((wo, - - - ,wi—1),1),
1=1,...,k".

The schedule 7’ is structured similarly because ®(N,t) C Q(N,t), that is, 7’ = (wp, W], ..., w}),
where wj) = w(N,t) and w! is either w!(N/,C!) or w?(N/,C!) and N = N\ {wf,...,w! 1}, Cl =
Crax (Why - ywl_q),t), i =1,..., K.

Let us assume that k first partial schedules 7’ and 7" coincide, that is, w, = w; Vi = 0,...,k — 1,
and wj, # wy. We assume that y = Liyax(wo, ..., wk—1,t), Ny = N, = N}/ and Cj, = C}, = C}/ and
construct the schedule © = O(Ny, C, y) using Algorithm 2. If © = (), according to Algorithm 3 we
establish that w), = w!(Ng, Cy). Since wy # w),, we obtain that wy = w?(Ny, Cy). The condition
Liax (w?(Ny, Cy), Cr,) < y cannot be satisfied because © = (). The entire structure of Algorithm 3 is
built around the idea of arranging the jobs as densely as possible until a job with the critical Ly ax
occurs. Consequently, by continuing the partial schedule w'(Ny, Cy) we obtain

Cmax (77/7 t) < Cmax (77”7 t)
Lmax(ﬂ'la t) < Lmax(ﬂ-/la t)-
In the case of © # (), we have for the schedule 7’ = (wy, ... ,w}, ©) that
Chnax(7',1) < Cax(7”, 1)
Lmax(ﬂ'la t) = Lmax(ﬂ'/la t)-

Consequently, for any schedule 7" € Q(N, t) \ ®(N,t) there exists a schedule 7’ € ®(N,t) such that
Crnax (7', t) < Crnax (7", 1) and Lyax (7', t) < Lax (7", t).
For the set of schedules ®(N,t) = {n},...,7,} we have (Fig. 4)

Crax (7], 1) < Cax(mh,t) < +++ < Cppax (1, 1)
Linax (7], t) > Linax(7h,t) > -+ > Liax (7}, t).

(7)
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Consequently, ®(N,t) is the Pareto-optimal set of schedules, and by Lemma 5 we have
|®(N,t)| < n. Therefore, we obtain that the schedule 7] is optimal for the criterion Cpax, whereas
the schedule 7/, has the best value of the maximal lateness Ly, which is what we set out to prove.

5. MEMBERSHIP VERIFICATION FOR AN INSTANCE
OF POLYNOMIALLY SOLVABLE AREA

For an arbitrary instance of the problem 1|r;j|Lyax, needed is to know whether it is possible to
select @ and (3 such that the inequality system (1) is true. For that, it is necessary and sufficient
to solve the following problem.

Problem 3. Given are 3n real numbers rq,...,7r,,d1,...,dn,p1,...,Pn. Are there real numbers
a € [0,1] and S € [0,+00) such that the inequality system (1) is satisfied?
It is known that d; < --- < d, foralli=1,...,n — 1. We make changes
Di = diy1 — dj,
P = pit1 — pi,
Ri = rig1 — 1.
Then, the system of inequalities (1) is given by
D1 >0

Dn—l 20
aPy + BRy = Dy

aPy 1+ BRy1 2 Dy1.

Theorem 4. For the set of parameters r1,...,ry,d1,...,dp,p1,...,pn there are o € [0,1] and
Bo € [0,400) such that the inequality system (8) is satisfied if and only if there exist ay € {0, 1}
and By € [0,+00) for which system (8) is satisfied.

Proof of Theorem 4. Let us consider possible variants of the inequalities of system (8) (Fig. 5).
Let M = {1,...,n — 1} be the set of indices used in system (8). Represent M as a union of subsets
MU ---UMT depending on the values of P; and R; in compliance with the following rules.

1. If P, =0, R; = 0 are satisfied for i € M, then i € M', and the inequality aP; + BR; > D; is
satisfied for any values of o and 5 under D; = 0 and not satisfied under D; > 0.

2. If P, =0, R; # 0 for are satisfied for i € M, then i € M?. In this case, the inequality has the
form fR; > D; < B > %' Denote min;¢ 2 gz’ by gj. Then, the inequality aP; + SR; > D;
is satisfied if and only if 5 > g; .

3. If P, #0, R; =0 are satisfied for i € M, then i € M 3. In this case, the inequality is given
by aP, > D;, & a > IDDZ. Denote min;¢ s IDDZ by g;. Then, the inequality aP; + SR; > D; is
satisfied for all values of o > gﬁ,’ and only for them.

4. If P; < 0, R; < 0 are satisfied for i € M, then i € M*. In this case, solution exists if and only
if « = 8 =0. Consequently, if M* # (), then o = By = 0 are the sole possible coefficient for
which (8) has a solution.

5. If P, > 0, R; < 0 are satisfied for i € M, then i € M° and

P; + BR; > aP; + BR; > D;,
D, P,

)

>8>0
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Fig. 5. Types of inequalities of system (8).

We notice that the inequality aP; + SR; > D; is satisfied for « =1 and g < P i P Denote

B = min;¢ s b iR_iP " and notice that B > 0 and for any i € M?° the inequality aP; + BR; > D;
is satisfied for « = 1 and S € [0, B].

6. If P, <0, R; > 0 are satisfied for i € M, then i € MS.
7. If P, > 0, R; > 0 are satisfied for i € M, then i € M.

We note that all possible pairs of P; and R; were considered, whence it follows that M = MU ...
UMT7. We assume that there are ag € [0,1] and By € [0, 4+00) such that system (8) is true.
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If M' # (), then the inequality agP; + BoR; > D; < 0 > D; is true for any i € M*. Consequently,
this inequality is satisfied for all « € [0,1] and 3 € [0, +00).

3
If M3 # (), then for any i € M3 the inequality aP; + SR; > D; is true if and only if a > gg.
0

3
Consequently, if the inequality has solution for some ag € [0,1], then for a1 =1 > o > gg this

0
inequality is also true for all i € M3,

If M* # (), then g = 0, By = 0 is a sole possible solution of system (8). Consequently, system (8)
is true for ay = 81 = 0.

Let M® # (). We demonstrate that the inequality aP; + SR; > D; can be satisfied for all
i€ M?UM>UM®UMT under some ap € [0,1] and By € [0, +00) if and only if it is satisfied for
a1 =1 and B; = B. For i € M? this assertion is a self-evident truth.

If M5 # () and M? # (), then 5y > gj is satisfied. We note that since M?® # (), then B > f3y, and
consequently, the inequality aP; + SR; > Dj is satisfied for all i € M? U M?.

If M® # (0 and M5 # (), then the inequalities apP; + BoR; — D; = 0 and aoP; + foRj — D;j > 0
are satisfied for any i € M® and j € M®. We take i = argmin;c s DEPZ' and obtain

DZ' - OéoPZ' Dj - Oéon Dz Dj Pz Pj

> By > = — — ~ > 0.
R; 60 Rj R; Rj @o R; Rj

Since R; < 0 and R; > 0,

Di_Di oo a( T - 1) 50
fR— a fR—
Ri R, \R, R, ’

consequently,

that is,

Pj + BRJ > Dj.
Therefore, we obtain that for all j € M5 the inequality aP; 4+ BR; > Dj is satisfied under o = 1
and f1 = B.
If M? # () and M7 # (), then for any i € M® and j € M7 satisfied are the inequalities agP; +
BoR; — D; > 0 and aogP;j + BoRj — Dj > 0. Let i = arg min;¢c 5 DZR_Z_PZ'. We establish that

Di — OéO,Pi Dj — Oéo,Pj Dz Dj R Pj

= Po = = - - - = 0.
Ri 60 Rj RZ Rj a0 Rz Rj

Since 0 < ap < 1 % < 0 and g > 0, we obtain
D; D;j\ (P B > D; D, - Py P >0,
R; Rj R; Rj R; Rj R; Rj

D; — P, < D; — P;

R, =~ R;

P;+BR; >

Therefore, for all j € M7 the inequality aP; 4+ BR; >

p1 = B.
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As follows from what was proved above, if M?° # (), then the inequality aP; + BR; > D; is
satisfied for all 1 € M2U M® UMSU M under oy =1 and 1 = B. The inverse proposition is
evident, it suffices to take g = 1 and By = B.

If M5 = (), then the aforementioned reasoning is true for B’ = max;c 20607 p iR_iP . There-
fore, if for some ag € [0,1] and [y € [0, +00) the system of inequalities (8) is true, then:

o if M* # (), the system (8) is true for a; = 0 and 31 = 0;

o if M* =0, M> # (), system (8) is true for oy = 1, f1 = B;

o if M* =0, M>=(,M # M3, system (8) is true for ay = 1, 31 = B/;

o if M = M3, system (8) is true for ay = 1, 31 = 0.

We present an algorithm for determination of g € {0,1}, 81 € [0, +00).

Algorithm 4
Data: Pl,...,Pn,Rl,...,Rn,Dl,...,Dn
Result: a1, 51

1 if M* # () then
2 ap:=0,61 :=0;
3 else
4 if M?> # () then
in Di—PFi.

5 oy :=1,061 := 2211\1}15 R

else
7 if M # M3 then
’ o =101 = ieM2IEJlﬂa/[}guM7 DZRZ'PZ;
9 else
10 ay:=1,61 :=0;
11 end
12 end
13 end
14 for (1 =1,i <n,i++) do
15 if o P, + 1 R; < D; then
16 return(Do not exist o € [0,1] and B € [0,+00) for which system (1) is true.);
17 end
18 end

19 return(oq, 1).

To make sure that there are ag € [0,1] and Sy € [0, +00) such that system (8) is satisfied, it
suffices to verify for satisfiability all system inequalities for the determined values of oy and Sy. If
at least one of the inequalities is not true, then it follows from the above proof that there is no
ag € [0,1] and By € [0, +00) for which the system of inequalities (8) and, consequently, system (1)
are true.

Therefore, the system of inequalities (1) is true for some «q € [0, 1] and 5y € [0, +00) if and only
if the system of inequalities (8) for ay, 51 determined using Algorithm 4 is true, which is what we
set out to prove.

Lemma 6. Complezity of Algorithm 4 does not exceed O(nlogmn) operations.

Proof of Lemma 6. Algorithm 4 performs one sorting, two assignments, O(n) clarifications of
the types of inequalities, and verification of satisfiability of O(n) inequalities. Sorting in terms of
complexity of O(nlogn) operations is the most difficult part.
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6. CONCLUSIONS

Extended was the polynomially solvable area of the classical N P-hard in the strong sense prob-
lem 1|7j|Lmax. In compliance with the criteria Lyax and Ciax, presented was the algorithm to
construct the set of Pareto-optimal schedules of complexity of O(n?logn) operations. An algo-
rithm was presented to determine membership of an instance to the polynomially solvable area and
the parameters o and 8 having complexity of O(nlogn) operations.
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