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Abstract—In this paper, it is shown that the special case B-1 of the single-machine total tardiness problem
1 ZT ; 1s NP-hard in the ordinary sense. For this case, there exists a pseudo-polynomial algorithm with run

time O(n Y’ p;).
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INTRODUCTION

The NP-complete even—odd partition problem
(EOP) [1] and the single-machine total tardiness prob-
lem NP-hard in the ordinary sense [2] are considered. A

pseudo-polynomial time O(n4z p;) dynamic pro-

gramming algorithm was proposed by Lawler [3]. The
state-of-the-art algorithms proposed by Szwarc et al.
[4, 5] handle special instances [6] of the problem for
n < 600.

We show that the special case B-1 [7] is NP-hard in
the ordinary sense. Note that there exists a pseudo-

polynomial algorithm with run time O(nz p;) for the

case B-1 [8]. We propose a polynomial scheme of reduc-
tion from the NP-complete even—odd partition problem to

the special case B-1 of the problem 1 || z T;.

1. STATEMENT OF THE PROBLEMS

1.1. The Single-Machine Total Tardiness
Problem 1 || 2 T

Given a set N of n independent jobs that need to be
processed on a single machine. Preemptions of jobs are
not allowed. The single machine can handle only one
job at a time. The jobs are available for processing at
time 0. For each jobje N={1,2, ..., n}, a processing
time p; > 0 and a due date 7 are given. A schedule d; is
uniquely determined by a permutation of elements of
N. We need to construct an optimal schedule ©w* that

I Article was translated by the authors.

minimizes the total tardiness value

F(m) = max {0, ¢(m) - d}},
j=1
where ¢(7) is the completion time of job j in schedu-
le 7.

1.2. Even—0Odd Partition Problem (EOP)
Given a set of 2n positive integers B = {b|, b,, ...,
by}, b; > b;, 1, 1 <i<2n—1,is there a partition of B

into two subsets B; and B, such that zb cpbi =
i 1

Zb c szi and such that, for each i = 1, 2, ..., n, B,

(and, hence, B,) contains exactly one number of {b,;_,
b,;}? The EOP problem is a well-known NP-complete
problem.

Let 8i:b2i—l _b2i7 i= 1, ey N 8: 21.1218,'. NOW,

we construct a modified even—odd partition problem.
There is the following set of integers

a,, = M+b
ay; = 612i+2+b, l = n_l,...,]
ayi_1 = a2i+8i, I = n, ..., 1,

where b > nd, M > n’b. Obviously, we have a; > a; , ,
Vlz 1, 2, ooy 2}’1— 1, 6i=b2571 —b25=a2i71 — ay;, i= 1,
ey I

Lemma 1. The original EOP problem has a solution
if and only if the modified EOP problem does.

Proof. Let, for the original problem, there exist two
subsets B, and B, such that Zbe s bi = Zb_e 5. Di- We
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denote A, ={a;| b;€ B,},A,={a;| b; € B,}. Then, we

have Zaie Alai = Zaie Azai ’

Let, for the modified problem, there exist two sub-
sets A; and A, such that Za 4G = Za c4.a;-Letus
denote B, = {b;| a;€ A}, B,={b;| a, € A,}. We have

Zble B,bi = Zb[e szi'

2. SPECIAL CASES
OF THE 1 || ) T, PROBLEM

The following case B-1 of the problem 1 || ZT ;
was considered [7]:

pPi2p22...2p,
d<d,<..<d, @2.1)
dn_dl Spn

This case is referred to the so-called “hard” instances in
paper [7]. The research of known algorithms [4, 8, 9]
has shown that, for the case B-1, the number of branch-
ings in the search tree is the greatest [8]. Let us intro-
duce the necessary definitions.

The sequence & = (j;, j5, ..., j,) iS an SPT-schedule
(shortest processing time) if p; < p; ,andfor p; =
Pj. > We have djk < dfm’ k=1,2,...,n—1. The
sequence Tt = (J, j5, ..., J,) 18 an EDD-schedule (earliest
due date) if djk < djk+l and, for djk = djk+l , we have

P, > pjm,k: 1,2,....,n—1.

For case (2.1), the sequence © = (1, 2, ..., n) is an
EDD-schedule. The sequence T = (n,n—1, ..., 1) is an
SPT-schedule.

The sequence T is a partial schedule if it contains
only jobs from the subset N' c N. Let P(N') = 2[ ey
be the subset N' © N of jobs processed in {7'} = N', and
we denote P(T') = 2

Lemma 2 [8]. For case (2.1), there exists an optimal
sequence T = (gpp, L, Tgpr), Where Tgpp and mepy are
partial sequences constructed according to EDD and
SPT rules.

Corollary. For case (2.1), late jobs for all optimal
schedules are processed according to the SPT-order,
except, perhaps, the first one.

Now, we present the polynomial reduction from the
modified EOP problem to the special subcase (2.1) of

the problem 1 Il ZTj. The number of jobs is 2n + 1.

We denote the jobs by V,, V,, Vi3, Vi, ..., Voi_ 1, Vo,
ceey V2n71’ VZn’ V2n+1,N: {1, 2, veey 2n, 2n+ 1}.T0 sim-
plify the notation, we introduce py, =p;, dy =d;, T\, =

ie{n‘}pi'
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T, and CV’_ =C,i=1,...,2n+ 1. The case that satisfies

the following constraints is called a canonical LG-
instance.

P1>D2> o> Doyt
d <d,<...<dy,

dyyi1—dy < Poyyi
3
Pus1 =M =n'b

Pan = Pons1 +b = ay,

P2 = Paivatb = ay, i :. n—1,...,1 2.2)
Paic1 = Pt 0 =ay g, i=mn,..,1
d = ip +p +16
2n+1 2i 2n+1 2
i=1
dyy = dyyy— 9
d2i=d2i+2—(l’l—i)b+6, i=”l—1,...,1
dy | = dy—(n-i)d,-€6;, i=n,..,1,

mind,
i

axo,

A 1
l

The due dates pattern of the canonical LG instance
is presented in Fig. 1.

Let

where b =n23,0<e<

2n
1
L= zzpi,

i=1
I
then, we have d,, . ; = L + p,, ., |, because QZZ \Di =

z?: Do + %6. It is worth noting that canonical DL-

instances from paper [2] do not satisfy case (2.2). The
first two inequalities show that (2.1) is not a subcase.

3. PROPERTIES OF THE SPECIAL CASE (2.2)
OF THE PROBLEM 11| ¥'T,

Let us formulate the following lemma.

Lemma 3. For case (2.2), for all sequences, the
number of tardy jobs equals n or n + 1.

Proof. We split the proof into two states. (1) Con-
sider the set N' of n + 2 jobs with the smallest process-
ing times and arrange them at the beginning of the
schedule. Obviously, we have

> pi>(n+2)puin = (n+2)1’b,

ie N
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; 53 ; -
_ w voé <
|+ . e~ _OO_
:;_ o\ ey W
& L S SR
- = e ——= = X
d, dy d3: dy d2(n—3) d2(n—2)—l: : d2(n - 1 ' dZn—l::d2n+l
dZ(n 2) idyn—1y day
: : : L e
(n-1)b-38 - , 3b-3§ © 2b-3 Ch-3§

dyy o1 —dy=(n—1+8)8, +((n—Dn)2)b—(n—1)8+8 < py, ., =n’b

b=n% 0<e<min Sj/max Bj

Fig. 1. Due date pattern of the canonical LG instance.

where p,.. = mm{ P;} =Pan+ 1. According to the fourth According to equations eight to eleven from (2.2),

we have
to eighth equatlons from (2.2), we have
dmax = maX{dj} = d2n+1 dmm - I;Illll\l/{d} B dl B d2n+1
jeN
1 n—1
= D'b+(b+2b+...+nb)+=8
(n+ Db+ (b+2b+ ... +nb)+ 30, —(2((n—i)b—8)+8+(n—1)81—881J
therefore, i=1
Dmax = Ao = (n+1)n3b+(b+2b+...+nb)+%8

= (n+ 1)fb+@b+%8<(n+2)n3b< Zp,-.

n—1
e N - n—ib-38)+8+(n—-1)5, +&d, |>P(N");
Thus, the job processed on the (n + 2)th position is (z(( ) ) ( )01 : (N
tardy in all schedules. The subsequent jobs are also
tardy by the third equation from (2.2) since the differ- (b) Letn=2k+ 1;then, N'={V}, Vs, ..., Vor _ 1, Vo
ence between due dates of any two jobs is less than the Vaia1 1} and
processing time for each job. Thus, for every schedule k+ D=

i=1

T, the number of tardy jobs is greater than or equal to P(N") = an’h + 2nb +(n—1)b +
n+1. =
(2) Let us consider set N" of n jobs that are the long- f (ki Db) + (n— k)b + E 5

n- n-— i

est in the processing time and process it at the begin-

ning of the schedule. Two cases are considered. i=1

(@) Letn=2k;then N"'={V,, V,, ..., Vor 1, Vi }. We
have P(N") = nn3b+2(n(n2+ )

P(N") = nn’b+2(nb+(n-1)b+ ... ol
_(”‘k)(”‘k”))m(n—k)m 5,
F(n-k+1)b)+ Y8, 2 z{ )

3i=1 dmin = dl = d2n+1
P(N") = nn'b
n—1

(n(n2+ 1) (n-k)(n— k+1)) 25 —(E((ﬂ—i)b—5)+8+(n—1)8]—851]

i=1
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= (n+1)n3b+(b+2b+...+nb)+%8

n—1
—(Z(M ~i)b-8)+ 8+ (n-1)8, + Ealj > P(N").
i=1

This means that the first n jobs are not tardy. Hence, for
any schedule 7, the number of tardy jobs is less than or
equal to n.

Thus, for case (2.2) in all sequences, the number of
tardy jobs equals n or n + 1.

Lemma 4. For case (2.2), for all schedules t = (7,
T,), there exists a schedule ' = (gpp, Tepr), Where
(T} =A{mepp}, AT} = {Tpr}, U M =n + 1, {7} =1,
and, what is more, F(m) < F(7t') holds.

Proof. The partial sequence mt, is considered. The
first n jobs in &, are not tardy, only the last job may be
tardy, so the EDD order is optimal for the set of jobs
{m,}. In this case, on the (n + 1)th position, job j =
argmax {d;: i€ {m,}} is processed.

Now, we consider the sequence 7,. The EDD-order
is optimal for set of jobs {m,}, because all n jobs are
tardy.

The schedule (Vy 1, Vo1, «oos Vits oo, Viots Va1
Vias ooos Vias ooy Voo, Vi) is called a canonical LG
schedule, where {V; |,V ,} ={V,,_, Vo;},i=1,2,...,n.

Lemma 5. If the sequence &t = (%, T,), [{m;}| =n +
1, |{m,}| = n is not a canonical LG schedule or we can-
not reduce it to a canonical LG schedule by the EDD
and SPT rules to i, and 7, sets, then, in the schedule T,
two jobs {V,;_, V,;}, i < n are on-time processed or T
have the structure

(Vl,b V2,13 LRRE] Vi,1> LR Vn—l,l’ V2n—1’ V2n’ V2n+1’
3.1)
anl’z, ceey V[’z, ceey Vz’z, V1,2)’

i.e., the pair of jobs {V,,_;, V,,} is processed before
Vs, 41, One of the jobs of each pair {V,;,_,, Vy;}, i =1,
..., n—11s processed before V,, , |, the other job of the
pair is processed after V,, , ;, and the job V,, ., is pro-
cessed at the (n + 2)th step.

Proof. Let Tt = (1, m,), where |[{n;}|=n+ 1, |{m,}| =
n. Consider the following cases.

(D If {my} = {V}.,, ..., V,.»}, then m, consists of n
jobs and only one job from each pair {V,;_,, V;} for all
i=1,...,nbelongs to it. Jobs from &, are sequenced by
the SPT-rule. We have a new canonical schedule r'. By
Lemma 4, we have F(nt') < F(1).

) If {my} #{V} 5, ..., V, ,}, the following cases are
possible:

(@ Vi1 € (Ml

(b) there exists a pair of jobs {V,;_y, Vy;} € {m,}.

Then, for some i, we have {V,;_;, V,;} < {m},
because [{m,}| = n.
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In what follows, we show in Theorem 1 that, for
case (2.2), all optimal schedules are canonical LG-
schedules. We will prove that a schedule & can be trans-
formed to a canonical LG-schedule &' and F(1t) > F(1t').
In the proof of Theorem 1, Lemmas 6-9 are used.

Lemma 6. Let the schedule © has the form (3.1),
where the job V,, , | is processed on the (n + 2)th posi-
tion. For schedule @' = (V; 1, Vo1, ..., Vis oo0s Va1
V2n— 1> V2n+ 1> V2n’ Vn— 1,29 +o2» Vi, 25 sy V2, 2 V1,2)’ we
will have F(rt) > F(m').

Proof. In schedule &, the job V,,_, on the nth posi-
tion are processed. According to Lemma 3, the job
V,,—1 1s not tardy. The job V,, . ; on the (n + 2)th posi-
tion is processed, so it is a tardy job.

For jobs {V,, V4, ...y Voiy ooy Vo2, Vo1 }, we have

P({V25 V4, ey V2i: LR V2n—23 V2n—1})
3 _ 3 1
=n'b+ Y kb+8, =dy, —n'b-38+8

k=1

n?

by the eighth equation from (2.2). Obviously,
PAVi e Vo o Vin e Vici s Vanoi }) + Paa
2P({Vy Vi oots Vaiy oots Va0, Va1 1) + Do,
holds; thus,

C,,(m)>d,, . +b— %8 +9,>d,,.

Therefore, the job V,,, which is processed on the
(n + 1)th place in schedule r is tardy. Let © = (7, V>,
Von+ 1> Tp1). Consider the canonical LG schedule 7' =
(115 Vou s 15 Vaus Toy). Let us show that F(rt) > F(t').

(a) Let, in the schedule ', the job V,, , | be not tardy.
According to (2.2), dy, 1 — Gy, (W) < % d holds,

because the schedule 7' is a canonical LG.
From Fig. 2, we can see that the equation
F(n)-F(n') = T,,(n) + T5,,,(m)

_(T2n(n')+T2n+l(ﬂ:v)) = (T2n+l(n)_T2n+l(Tc'))

—(T,,(n") = T,,(R)) 2 (Pzn - %8) —Pon+1

1
= P2n+1+b—§8—P2n+1>0

holds.

(b) Let, in the schedule 7', the job V,,, is tardy,
then we have

F(m) = F(') = T5,(10) + T, 4 1(T)
- (T2n(n') + T2n+ l(ny)) =P —Pwm+17~ b>0.

Lemma 7. Assume that, in the schedule © = (7,
Vi 15 Vais Tia, T1s X, Typ), @ pair of jobs {Vy;_, Vy},
Vol. 45
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T : 2n : 2n + l| T P
dZn +1
T | 2n + 1I . 2n | Ty, T
d
2n+1
>p,,— 1/28
Fig. 2. The permutation of V,, and V,, | .
“Left” “Right”
I
1 n n 1
e e . ;l( !

Fig. 3. The permutation.

i < n, are not tardy, and, on the position i (“right”), the
jobXe {Vy_y,Vy},j2i+ 1. Then, for the schedule ' =
(1, Vai_ 1, X, o, Ty, Vi, Tap), we have F(1t) > F(TT).

Proof. Let, in the schedule &, only the jobs from
{m,,, X, Ty, } be tardy, where |{T,,}| =i— 1. The job X is
processed on the position i (“right”) (Fig. 3). In the
canonical LG schedule, the job V;, € {V,;,_, Vy;} is
processed on the position i (“right”).

Construct a schedule ' = (7,4, V5,1, X, T2, M1, Vais
T,,). By Lemma 3, in both schedules, the number of
tardy jobs is greater than or equal to n. Therefore, the
number of tardy jobs preceding V,; in the schedule 7' is

greater than or equal to n — i and no greater than n — i +
1. Thus,

F(r) = F(1') 2 (py; — px)(n —i) = (dx — dy)).
The following situations are possible.
(a) If X = V;, then py; — px = (j — Db,

j-1
dy—dy = Y (n=k)b—-(j-i)3

k=i

j-1
=n(j—i)b—2kb—(j—i)8

k=i

j-1-i
=n(j-i)b-i(j—i)b- Z kb—(j—1i)d.
k=0
Hence,
F() — F(r) > (j — Db(n — i) — (n(j — )b — i(j — i)b
j-1-i j-1—i

- D kb =(j-Dd= Y kb +(j-)3>0.
k=0 k=0
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(b) IfX = V2’7 1s then
Pai—px=((—-Db~- 5,'),

j-1
dy—dy = Y (n=k)b—=(j-i)8—(n-)8;-ed,

k=i

j-1
= n(j—i)b—Zkb—(j—i)ﬁ—(n—j)Sj—&‘Sj
k=i
=n(j-b-i(j—i)b
j-1-i
- 2 kb—(j—i)8—(n—j)8,—€d,.
k=0
Hence,
F(m) — F(') 2 ((j — )b — 8)(n— i) — (n(j — i)b
j-1-i
—i(j=Db— Y kb —(j- )8 (n-))3—ed)
k=0
j-1-i
= Y kb +(j-D5- (-5 +ed>0.
k=0
Lemma 8. Assume that, in the schedule & = (m,,,
Vai_ 15 Vais T, T, X, Toyp), a pair of jobs {Vy; 1, Vi), i<
n, are not tardy, and, on the position i (“right”), the job

X € {Vy_1, Vy;},j <i— 1. Then, for the schedule 1t' =
(11, Vaio 1y X, Tip, Ty, Vai, Tp), we have F(m) > F(TU).

Proof. Suppose that, in the schedule &, only the jobs
from {m,,, X, m,,} are tardy, where |{my,}| =i — 1. The
job X is processed on the position i (“right”) (Fig. 3). In
the canonical LG-schedule, the job V; , € {V,;_{, Vy;}
is processed on the position i (“right”).

Construct a schedule ¢ = (7, V51, X, T2, T, Vi
Ty,). By Lemma 3, in both schedules, the number of
tardy jobs is greater than or equal to n. Therefore, by
Lemma 4, the number of tardy jobs following V,; in the
schedule 7' is greater than or equal to n — i and no
greater than n — i + 1. Thus, we have

F(m) - F(1') 2 (dy;—dy) — (px—p2)(n—i+1).
(@) If X =V, then px — py; = (i — j)b,

i-1
dZi_de: 2:(”—]()17—(1'—]')5

k=]

i-1
=n(i—jb— Y kb —(i—j)3
k=]
i-1-j
=n(i —j)b— (G- 1Di—-jb+ z kb — (i —))8.

k=0

No. 3 2006
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Therefore,
i-1-j
F(m) — F() 2 n(i — )b — (i — D)(i —j)b + Z kb
k=0
i-1-j
—({=-NO—-(i—jbn—i+1)= z kb —(i—j)d > 0.
k=0
(b) If X =V, 4, then py —py; = (i—j)b + 9,
i—1
dyi—dy_1= Y (n=k)b— (i - )8+ (n— )3+ €3,
k=]
i-1
=n(i—jb— Y kb —(i—))3+(n—))d;+ed,
k=]
=n(i—)b— (-1 -)b
i-1-j
+ Z kb — (i — )8+ (n—))d; + €8,
k=0
Hence,
i-1-j
F(m) — F(n) 2 n(i — )b — (i — D)(i —j)b + Z kb
k=0
— (=8 + (n—))d;+€d,— (i —j)b+0)(n—i+1)
i-1-j
= kb —(i—j)d—8; +€d;> 0.
k=0

Lemma 9. Assume that, in the schedule © = (7,
Vai_1s Vais T, Ty, X, Ty), @ pair of jobs { Vo, Vi, i <
n, are not tardy, and, on the position i (“right”), the job
X e {Vyi_1y-1» Vag_1}- Let, in the schedule ' = (7,
Voi_ 1, X, Ta, Ty, Vi, o), the job Y be processed on the
position n + 1 and T (n') < 28. Then, we will have
F(m) > F(1t').

Proof. Let, in the schedule &, only the jobs from
{m,,, X, Ty, } be tardy, where |{T,,}| =i— 1. The job X is
processed on the position i (“right”) (Fig. 3). In the
canonical LG-schedule, the job V;, € {V,_y, Vy} is
processed on the position i (“right”).

Construct a schedule ' = (7t;;, Vy;_ 1, X, T2, Ty, Vo,
T5,). By Lemma 3, in all schedules, the number of tardy
jobs is greater than or equal to n. Hence, the number of

tardy jobs preceding V,; in T is greater than or equal to
n —1i. Thus,

F(r) = F(r') > (dy; = dy) = (px — p2)(n—1i)
—(TYn) = T(m)) > (dy; — dx) = (Px — P2)(n — i) = 28.

@It X=Vy;_yy, thenpy—py=b,dy; —dy;_»=(n—
i+ 1)b—0. Thus,

Fm)—F(n)>n—-i+1)b—0—(n—i)b—28=b-35>0.
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(b) If X = Vy;_yy_y, then py —py; = b + 06,4, dy; —
d2i—2 = (I’L—l+ l)b_8+ (I’l—l+ 1)61‘_1 +86i_1. There-
fore,

Fm—-F@®)>n—-i+Db-30+mn—i+1)J,_,
+e8,_—(n—ib+8_,)-25
=b-30+90, ,+¢€d,_,>0,

because b = n?d.

The results of Lemma 9 are employed in the proof
of Theorem 1. Note that the inequality Ty(T) < 20 takes
place. The situation Ty(1t') > 20 is not considered since
it does not occur. Based on the lemmas obtained, we
prove the following theorem.

Theorem 1. For case (2.2), all optimal schedules are
canonical LG schedules or can be reduced to canonical
LG-schedules by the application of EDD-rule to the
first n + 1 jobs.

Proof. Assume that 7 is an arbitrary schedule. By
Lemma 4, we can consider only schedules of the form
Tt = (Tgpp, Tspr)> Where [{Ttgpp}l = 1 + 1. Note that the
job V,, ., is processed on the position n + 1 or n + 2.
Suppose that the schedule m is not a canonical LG
schedule.

Then, in 7T, two jobs {V;_, V,;}, i < n, are not tardy
or T has structure (3.1) (see Lemma 6). Therefore, by
Lemma 6, there exists a canonical LG schedule 7' =

(Vl,l’ VZ,I’ sy Vi,l’ s Vn—l,l’ V2n—1’ V2n+1’ VZm Vn—1,2’
ooy Viay ooty Voo, Vi), so that F(1t) > F(nt'). Redenote
T=Tm.

The following algorithm transforms a schedule &t to
a canonical LG-schedule. The algorithm consists of
two cycles.

Cycle 1. WHILE, in the next schedule T, there exists
i such that, on the position i (“right”), a job X ¢
(Va1 Vag_ny}s X # Vy, 41 18 processed AND jobs
V,i_1, Vy; are not tardy DO

We apply a permutation for V,,;, and X are denoted in
Lemmas 7 and 8. We have a new schedule rt'. The total
tardiness is decreased.

End of cycle 1.

Denote m = ©'. Obviously, the number of steps of
cycle 1 is fewer than n. Then, apply the EDD-rule for
the first n + 1 jobs in 7.

The job V,, , ; is processed on the position n + 1 or
n + 2 in the schedule 7. If the job V,, , ; is processed on
the position n + 2 (“left”), then the job V,,_, has the
position n and V,, has the position n + 1 according to
cycle 1 and the EDD-rule.

The following cases are possible.

I. Let the job V,, . | be processed on the position 7 + 2.

We consider the schedule t = (7t;, Vo, _ 1, Vaus Von 415
T,), where V,, is processed on the (n + 1)th position.
Here, we have |{rt;}|=n -1 =|{m,}|.
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According to cycle 1, only the situations described
in Lemma 9 are probable. So, P(wt,) + 2gb + & > P(T,) >
P(m,) + 2gb — 8, where ¢ is the number of situations in
the schedule 7.

For example, {1} = {Vy, |, V;} U{V, , Vo, ...,
ViowViervo Ve h i} ={Vou_ 11, Vau_y} L
{V1,29 V2,2’ ERRE} Vi—2,2’ Vi+l,2’ LR Vn—l,z}-

Then, g =1 and P(m,) + 2b + 6 > P(,) > P(m,) + 2b —
d holds, because (6 —98,_;—6,—9,) <P({V, , Vo 1, ...,
Vi—2,lv Vi+l,l’ sy Vn—l,l}) _P({VI,Z’ V2,2’ (RS Vi—2,2’
Viet,2 s Vio12) <8-8,_1 - 8,— 8, and P({Vy;_yy_,
VaioyD=PU Va1, Vi) =2b + 8 -0

Consider two cases when g=1and g > 1.

In the case ¢ = 0, we have (3.1) (see Lemma 6).

(a) Letg =1.

It is known that

2n+1

z pi =2L+py,. = 2L+n’b.

i=1
We denote A = P(,) — (P(rt,) + 2b), where -0 < A <.
Let S=P(m;). Then, 2S +2b+ A+ py, 1+ Do+ Pons1 =
28+ A +2b+3n°b + 2b + 3, = 2L + n’b. Thus,

L= S+%A+2b+n3b+%6n,

then,
CZn(Tc) = P(nl)+p2n—l+p2n

= S+2n°b+2b+3, = L+n3b+%8n_%A,

It is known that L + n’b = d,, , |; then, =0 < C,,(T) —
dy 41 <O

There exist two subcases when C,,(T) = d,, ., ; and
CQn(TE) < dZn +1°

(1) C,,(m) 2 d,, , . For the schedule ' = (®;, V,,_ |,
Von+ 1> Vaur T,), we have

F(m) — F(n') = T5,(T) + T, 4 () — (T3,(T0)
+ Ty 1 () = (T 1 (M) = T4 1(T0))
— (15, () = T, (1)) = (Do + 1 + (Cop(M) — sy 4 1))
—Pam+1=Co(M) —dyy 1 20.

(2) G,,(m) < dy, 4, and C,,(T) > d,, holds, because
oy i1~y =dand dy, | — Cp, (M) <.

Let us describe the schedule T:
T = (T, Voo, Voo Tias Vaou o1
V2ns V2n+ 1s Tc21a X’ 7.[;22)’

where [{}| =i -1, X € {Vy;_py_1, Vot IfX =
Vai_1y_1> then the permutation of neighboring jobs
Vai_1y-1 and V,; ), according to the SPT-rule, does
not increase the total tardiness.
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LetX=V,;_ ). Inm,n+ 1 jobs are late. We construct
the schedule

o= (T, Vo X, Ty, Vg,
Vouw Vans1s Tats Vap M)
Here, we have F(nt) — F(1') = (dy; — dy; 1)) —(n —i +
1)(p2(i—l)_p2i) = (I’l—l+ l)b—ﬁ—(l’l—l+ 1)b=—6, SO
the total tardiness is increased by 9.

Then, we have C,, (%) —d,, , ; > b — 8. We construct
the schedule

T = (T, Vi1, X, T, Va1
Vousts Vaw Tt Vai M)

We have F(Tt') — F(t") > (py, 41 + b —08) —pa, .1 >b 0.
Then, F(n) - F(t")=b—-06-06>0.

(b) Let g > 1. Then, d,, — C,,(Tt) > b —20.

If g = 2, then, in the schedule w' considered in

Lemma 9, for job Y = V,,, we have T\(nt') < 2. There-
fore, we can use the permutation described in Lemma 9.

If g > 2, then, in the schedule 7', n jobs are late, and,
by Lemma 9, we have F(rt) > F(1t').

II. Let the job V,, , | be processed on the position n +
1. Then, from Lemma 10, we have T(wt') = T,, , () <
1
2
Lemma 10.

Cycle 2. WHILE, in the next schedule 7', there exist
two jobs V,;_, V5;, so that, on the position i (“right”), a
job X € {Vy;_yy_1, Voi_1y}} is processed AND jobs
Vai_ 1, Vo are not tardy DO.

We apply the permutation for V,; and X described in

cases I and II. We have a new schedule w'. The total tar-
diness decreases.

End of cycle 2.
End of algorithm.

Therefore, we can transform a schedule m to a
canonical LG-schedule * in O(n) time, and the ine-
quality F(r) > F(it*) holds.

Theorem 2. The modified EOP problem has a solu-
tion if and only if in an optimal canonical LG-schedule

C2n + 1(75) = d2n +1°
Proof. Consider a canonical LG-schedule

T = (Vl,la V2,1’ v Vi,la tee Vn,la V2n+1: Vn,2’
ey Vi,2’ ooy V2)2, VI,Z)‘

The jobs V,, 5, ..., Vi, ..
job V,, , | can be tardy; then,

0. Therefore, we can use the permutation described in

.» V.2, V), are tardy. The

F(n) = Y Ty (0)+ Ty, (1.

i=1
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We denote 22’: 'p, = C. Then,

i
n—1

ZCV,-_Z(TC) = nC- Z(n —)py,,-
i=1 i=1
Denote

then,
dv,.v2 = dyy iy

—{Z(n —k)b+(n-i+1)o+0(i)(n—10)d;+ ef)i)J.

k=i

Therefore,

n n-1 n
YTy (7)) = nC=Y (n-i)py,, - Z[dzm

i=1 i=1 i=1

n—1
—(Z(n —k)b+(n—i+ D3+ 0()((n—10)8, + Eﬁi)].

k=i

The problem

minF(n) = min[z Ty, (m)+ TV2n+l(n)]

i=1
is reduced to the problem max®, where

n—1

® = (n-i)py,

i=1

- 0 (n—0)8;+8) Ty, (7).

i=1

(1) If ‘/i,2: V2i’ l= 1, e N then

n-1
1 . 1
Ty, . (m) =58, @ =Y (n-i)py-35d.
i=1

(2) If ‘/i,Z: VZi—l’ i= 1, A (N then

Ty, (m) = max{—%S,O} =0,

n-1 n

® =Y (n—i)py_i— Y, ((n=0)5,+€3)

i=1 i=1

n-1 n—1
=Y (n-i)py+ Y. (n-)3,

i=1 i=1

JOURNAL OF COMPUTER AND SYSTEMS SCIENCES INTERNATIONAL

n . 1 n
=Y ((n-i)8;+€3) = @, + 58~ ) e,

i=1 i=1

The function ® has the maximal value

1. 1w
(I)1+§8—5288i,
i=1
when
n . 1 n
D 0()(Ed) = 33 s,
i=1 i=1

therefore,

Zq)(i)Si = %281‘-

i=1 i=1

Hence, for the modified problem, there exist two sub-
sets A; and A, such that
2

3 o
a, e A,

a, e A
(the modified EOP problem has a solution). Here, we
have Cy, (M) = dpy 4 1.

If the modified EOP problem does not have a solu-
tion, then

Zq)(i)si = %261‘

i=1 i=1
does not hold. Taking into account the value d,, , |, we
have Cn + I(TC) # d2n +1-
If C2n + l(n) = d2n +1» then

Pv,, = Dy, +50 = Dv, ,»
Spv, = Spet3d= S

i=1 i=1 i=1

therefore, the modified EOP problem also has a solu-
tion.

4. CONCLUSIONS

In conclusion, we note that there exists a pseudo-
polynomial algorithm with O(nz p;) run time that

solves cases (2.1) and (2.2) [8]. To solve canonical DL-
instances [2] and case (2.1), we proposed an exact algo-

rithm B-1 with O(nz p;) run time. For the special case

(2.2), there exists a pseudopolynomial algorithm B-1
canonical with O(nd) run time. The algorithm B-1 mod-

ified is able to solve instances when 1 || ET ;> SO We
can find a solution for the noninteger EOP problem.
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