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Abstract. We consider a modiﬁcation of dynamic programming algorithm (DP A), which is called as graphical algorithm (GA). For the knapsack problem (KP ) it is shown that the time complexity of GA is less
than the time complexity of DP A. Moreover, the running time of GA
is often essentially reduced. GA can also solve big scale instances and
instances, where the parameters are not only positive integer. The paper outlines diﬀerent methods of parallelizing GA taking into account its
main features and advantages to various parallel architectures, in particular by using OpenCL and M P I framework. Experiments show that
"hard" instances of KP for GA have correlation pj  kwj for all j, where
pj and wj are utility and capacity of item j = 1, 2, . . . , n.
Keywords: Graphical Algorithm, Knapsack Problem, OpenCL, MPI,
Parallel Algorithm.

1

Introduction

Dynamic programming is a general optimization technique developed by Bellman
[1]. It can be considered as a recursive optimization procedure which interprets
the optimization problem as a multi-step solution process. Bellman’s optimality
principle can be brieﬂy formulated as follows: Starting from any current step,
an optimal policy for the subsequent steps is independent of the policy adopted
in the previous steps. In the case of a combinatorial problem, at some step
j, j = 2, . . . , n, sets of a particular size j are considered. To determine the
optimal criterion value for a particular subset of size j, one has to know the
optimal values for all necessary subsets of size j − 1. If the problem includes n
elements, the number of subsets to be considered is equal to O(2n ). Therefore,
dynamic programming usually results in an exponential complexity. However, if
the problem considered is N P -hard in the ordinary sense, it is possible to derive
pseudo-polynomial algorithms [2,3,4].
In this paper, we give the basic idea of a graphical modiﬁcation of dynamic
programming algorithm (DP A), which is called Graphical Algorithm (GA). This
approach often reduces the number of it states to be considered in each step of
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a DP A. Moreover, in contrast to classical DP A, it can also treat problems with
non-integer data without necessary transformations of the corresponding problem. In addition, for some problems, GA essentially reduces the time complexity.
For the knapsack problem DPA with the same idea like in GA are known (e.g.
see [7]). In such DP A not all states t ∈ [0, C] are considered, but only states,
where a value of objective function is changed. Thus, the time complexity of
such DP A is bounded by O(nFopt ), where Fopt is the optimal value of objective function. However, these algorithms can be useful only for problems, where
Fopt < C, otherwise we can use the classical DP A. We generalize the idea of
such algorithms for the objective function, for which Fopt  C.
This paper is organized as follows. In Section 2, we give the basic idea of the
GA. In the next section we describe graphical algorithm for the binary knapsack
problem. Section 4 describes parallel implementation of GA using OpenCL and
M P I framework. Last section represents the results of experiments to search for
and analyse of "hard" examples.

2

Basic Idea of the Graphical Algorithm

Usually in DP A, we have to compute the value fj (t) of a particular function for
each possible state t at each stage j of a decision process, where t ∈ [0, C] and
t, C ∈ Z + . If this is done for any stage j = 1, 2, . . . , n, where n is a size of the
problem, the time complexity of such a DP A is typically O(nC). However, often
it is not necessary to store the result for any integer state since in the interval
[tl , tl+1 ), we have a functional equation fj (t) = ϕ(t) (e.g. fj (t) = kj · t + bj , i.e.,
fj (t) a continuous linear function when allowing also real values t).
Assume that we have the following functional equations in a DP A, which
correspond to Bellman’s recursive equations:
 1
Φ (t) = αj (t) + fj−1 (t − wj )
(1)
fj (t) = min
2
j=1,2,...,n Φ (t) = βj (t) + fj−1 (t − bj )
with the initial conditions
f0 (t) = 0,
f0 (t) = +∞,

for t ≥ 0,
for t < 0.

(2)

In (1), function Φ1 (t) characterizes a setting xj = 1 while Φ2 (t) characterizes
a setting xj = 0 representing a yes/no decision, e.g. for an item, a job [2],[6]. In
step j, j = 1, 2, . . . , n, we compute and store the data given in Table 1.
Here X(y), y = 0, 1, . . . , C, is a vector which describes an optimal partial
solution and which consists of j elements (values) x1 , x2 , . . . , xj ∈ {0, 1}.
Table 1. Computations in DP A
t
0
1
2
...
y
... C
fj (t)
value0 value1 value2 . . . valuey . . . valueC
optimal partial solution X(t) X(0) X(1) X(2) . . . X(y) . . . X(C)
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Table 2. Computations in GA
t
[t0 , t1 ) [t1 , t2 ) . . . [tl , tl+1 ) . . . [tmj −1 , tmj ]
fj (t)
ϕ1 (t) ϕ2 (t) . . . ϕl+1 (t) . . . ϕmj (t)
optimal partial solution X(t) X(t0 ) X(t1 ) . . . X(tl ) . . . X(tmj −1 )

However, this data can also be stored in a condensed tabular form as given in
Table 2.
Here, we have 0 = t0 < t1 < t2 < . . . < tmj = C.
To compute function fj+1 (t), we compare two temporary functions Φ1 (t) and
2
Φ (t).
The function Φ1 (t) is a combination of the terms αj+1 (t) and fj (t − wj+1 ).
Function fj (t − wj+1 ) has the same structure as in Table 2, but all intervals
[tl , tl+1 ) have been replaced by [tl − wj+1 , tl+1 − wj+1 ), i.e., we shift the graph of
function fj (t) to the right by the value wj+1 . If we can present function αj+1 (t)
in the same form as in Table 2 with μ1 columns, we store function Φ1 (t) in the
form of Table 2 with mj + μ1 columns. In an analogous way, we store function
Φ2 (t) in the form of Table 2 with mj + μ2 columns.
Then we construct function
fj+1 (t) = min{Φ1 (t), Φ2 (t)}.
For example, let the columns of Table Φ1 (t) contain the intervals
[t10 , t11 ), [t11 , t12 ), . . . , [t1(mj +μ1 )−1 , t1(mj +μ1 ) ]
and the columns of Table Φ2 (t) contain the intervals
[t20 , t21 ), [t21 , t22 ), . . . , [t2(mj +μ2 )−1 , t2(mj +μ2 ) ].
To construct function fj+1 (t), we compare the two functions Φ1 (t) and Φ2 (t) on
each interval, which is formed by means of the points
{ t10 , t11 , t12 , . . . , t1(mj +μ1 )−1 , t1(mj +μ1 ) ,
t20 , t21 , t22 , . . . , t2(mj +μ2 )−1 , t2(mj +μ2 ) },
and we determine the intersection points t31 , t32 , . . . , t3μ3 . Thus, in the table of
function fj+1 (t), we have at most 2mj + μ1 + μ2 + μ3 ≤ C intervals.
In fact, in each step j = 1, 2, . . . , n, we do not consider all points t ∈ [0, C], t,
C ∈ Z + , but only points from the interval in which the optimal partial solution
changes or where the resulting functional equation of the objective function
changes. For some objective functions, the number of such points M is small
and the new algorithm based on this graphical approach has a time complexity
of O(n min{C, M }) instead of O(nC) for the original DP A.
Moreover, such an approach has some other advantages.
1. The GA can solve instances, where pj , wj , j = 1, 2, . . . , n, or/and C are
not integer.
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2. The running time of the GA for two instances with the parameters {pj , wj , C}
and {pj · 10α ± 1, wj · 10α ± 1, C · 10α ± 1} is the same while the running
time of the DP A will be 10α times larger in the second case. Thus, using
the GA, one can usually solve considerably larger instances.
3. Properties of an optimal solution are taken into account. For KP, an item
p
with the smallest value wjj may not inﬂuence the running time.
4. As we will show below, for several problems, GA has even a polynomial
time complexity or we can at least essentially reduce the complexity of the
standard DP A.
Thus, the use of GA can reduce both the time complexity and the running time
for KP . The application of GA to the partition problem is described in detail
in [5], where also computational results are presented.

3

Graphical Algorithm for the Knapsack Problem

In this section, we describe the application of this approach to the onedimensional knapsack problem [5].
One-dimensional knapsack problem (KP ): One wishes to ﬁll a knapsack of
capacity C with items having the largest possible total utility. If any item can be
put at most once into the knapsack, we get the binary or 0 − 1 knapsack problem. This problem can be written as the following integer linear programming
problem:
⎧
n

⎪
⎪
pj xj → max
f (x) =
⎪
⎪
⎨
j=1
n

(3)
wj xj ≤ C,
⎪
⎪
⎪
j=1
⎪
⎩
xj ∈ {0, 1}, j = 1, 2, . . . , n.
Here, pj gives the utility and wj the required capacity of item j, j = 1, 2, . . . , n.
The variable xj characterizes whether item j is put into the knapsack or not.
The DP A based on Bellman’s optimality principle is one of the standard
algorithms for the KP . It is assumed that all parameters are positive integer:
C, pj , wj ∈ Z + , j = 1, 2, . . . , n.
For KP , Bellman’s recursive equations are as follows:
 1
Φ (t) = pj + fj−1 (t − wj )
fj (t) = max
(4)
2
j=1,2,...,n Φ (t) = fj−1 (t),
where

f0 (t) = 0, t ≥ 0,
f0 (t) = +∞, t < 0.

Φ1 (t) represents the setting xj = 1 (i.e., item j is put into the knapsack) while
Φ2 (t) represents the setting xj = 0 (i.e., item j is not put into the knapsack).
In each step j, j = 1, 2, . . . , n, the function values fj (t) are calculated for each
integer point (i.e., "state") 0 ≤ t ≤ C. For each point t, a corresponding best
(partial) solution X(t) = (x1 (t), x2 (t), . . . , xj (t)) is stored.
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Parallel Implementation

This section describes the parallel implementation of GA using OpenCL framework and M P I.
4.1

Column Parallelization

The classical Bellman’s recurrence (4) can be implemented by creating an array
with C + 1 rows and n columns to store all the values in each step of the
program that sequentially adds items into the problem by ﬁlling up the table
column by column, where C – is capacity of the knapsack. To compute the
values for any column the values from the previous column are only needed. Such
economical consumption of memory allows us easily implement this algorithm
using a variety of parallel programming models including shared memory and
distributed memory AP Is.
The speciﬁcity of GA allows us to renounce the use of the columns of the same
length C in each step of the host program, and gradually increase the number
of parallel processors while we add items to the problem. For the GA "length"
of the column in each step depends on the distance between the boundary break
points. Furthermore, taking into account this feature we could essentially reduce
the running time of the program by initial sorting the items in non-decreasing
order of values wj .
Fig. 1, 2 show plots of the number of break-points for GA and DP A in the
n

wi .
two cases: when C is chosen at a rate of 10% and 90% of the Cmax =
i=1

4.2

Interval Parallelization

This parallelization is not easy to implement but it allows us to take main
advantage of the GA.
When we look closer to the GA we note that to create a table of intervals in
step j, j = 2, . . . , n, of the sequential program all we need are values from the

Fig. 1. The dependence of the number
of break points on the number of items.
C = 10%Cmax .

Fig. 2. The dependence of the number
of break points on the number of items.
C = 90%Cmax .
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Fig. 3. The dependence of the number of break-points on the value of C for sorted
and unsorted initial data

previous table in step j − 1. Therefore in each step we can partition the table of
intervals from the previous step into columns, and make each parallel processor
responsible for only one column i.e. one interval between two break points. Then
each processor has to update information about break points and corresponding
intervals for the table in the current step.
This is quite a tricky procedure because we could obtain one, two or none
current intervals depending on situation for each previous interval. Furthermore,
every parallel processor should have access to the table of intervals to calculate
the new values. The last obstacle is easily bypassed on shared memory models
but the ﬁrst one requires additional memory and computational resources to
store and extract the temporal information given by every parallel processor
for the current table of intervals in each step of the sequential program. The
practical realization of this procedure depends on the chosen data structure.
When parallelizing intervals we also should note that in each step of the
sequential program the number of intervals may be doubled, so the partition
of the table of intervals in a coarse-grained manner without regular reassigning
columns to the new parallel processors could lead to the explosive load on one
or several parallel processors and full stop of the program.
While solving large instances it is helpful to control the load of the grid by
p
initial sorting the items in non-increasing order of values wjj . Fig. 3 shows the
plots for examples with dimension n = 10000.

5

Experiments

The main objective of experiments was to search and analyse "hard" examples
for which graphical algorithm would show the maximal time complexity. The
basic unit of GA is the break point. More break points we have are for more
complex problem we encounter. Thus, the main objective of our programming
activities was to create the procedure for ﬁnding instances with so many break
points as possible.
It is obvious that the theoretical maximum number of break points is 2n+1 −1.
To obtain this result in real example on positive integers the value of C should
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Fig. 5. Hard instance, n=10, B=2047

be more than maximum number of break points or we should simply exclude
C and associated restrictions from the problem. Additionally, to study the GA
deeply we should totally switch into integers by allowing negative values for wj
and pj .
As mentioned before the maximum number of break points that we can get
is 2n+1 − 1. This is the most complicated example that is practically impossible
to get randomly as it turned out during experiment which instead of it was
giving us less than n2 break points for the most of the times. After a series of
experiments we came up to some heuristic procedure that could increase the
number of break points through the gradual change of the parameters of the
initial randomly generated instances.
Our method, despite its apparent simplicity, has shown to be highly eﬀective
in the rapid searching for hard instances for which the number of break points
is approaching to the maximum value 2n+1 − 1. Fig. 4 and Fig. 5 show ﬁrst
and last stages of this process correspondingly. The experiment was carried out
for n = 10, wj and pj are integers drawn from the normal distribution within
interval [-1024, 1024], and B is number of break points.
It is easy to look that all points in Fig. 5 lie very close to the line passing
through the center of coordinates (0, 0). This property became apparent in all
our experiments, which gives us the right to predicate that all hard instances of
KP for GA should satisfy the following correlation pj  kwj , j = 1, . . . , n.
In summary the most complex instance of KP for GA can be written as
follows:
⎧
n
⎪
⎪
k · wj xj → max
⎪
⎪
⎨ j=1
n

(5)
wj xj ≤ C,
⎪
⎪
⎪ j=1
⎪
⎩
xj ∈ {0, 1}, j = 1, 2, . . . , n.
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Concluding Remarks

The graphical approach can be applied to problems where a pseudo-polynomial
algorithm exists and Boolean variables are used in the sense that yes/no decisions have to made (e.g. in the problem under consideration, for KP , an item
can be put into the knapsack or not), for example for partition and scheduling
problems. However, for the knapsack problem, the graphical algorithm mostly
reduces substantially the number of points to be considered but the time complexity of the algorithm remains pseudo-polynomial.
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