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B nanHOM yueOHOM 11O0COOMU NPUBOASTCs 6a30BbIe CBEJACHUS O CIIEIUAILHOM
pasjiese IUCKpeTHOH Maremaruku - Teopunm pacuucanmii. OmnmcaHbl STaIbI
CTAHOBJIEHHUSI TEOPUN, CBOMCTBA M KJIACCU(MUKAINN 3321 TEOPUU pacluca-
HIIT, MeTObI UX pereHnd. Ha npuMepax KiaccudecKnx 3a,1ad IpeacTaBIeHb
IIpUEMBI JIOKA3aTe/JILCTBA, UX TPYAOEMKOCTU U aJITOPUTMbI PEIIeHUsI.

Y4aebHoe 1mocodue 0OCHOBAHO Ha Kypce Jiekiuil, untaemblx B MOTH, MI'V u
BIIID, u npeana3HadeHo JJjisl CTYAEHTOB U IIPelojaBaTesieil By30B MaTeMaTu-
YeCKUX CIIeIaJIbHOCTEl, CIIeIaJiCTOB B 00J1aCTH YIIPABJICHHS 1 IPAKTHKOB,
CTAJIKUBAIOIINXCs C 3aa9aMi 00beMHO-KaJIEHIaPHOI'O ILJIAaHUPOBAHMSI.
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IIpeauciaoBue pegakTopa

VYBazkaeMblii unTaresb!

KHuura, kotopyio Bbl jep:kute B pyKax, — OJHO U3 IE€PBbIX yIeOHBIX I10CO-
Onit, HaIMMCcaHubIX Ha Kadejpe PU3NKOo-MaTeMaTHIeCcKIX METOIO0B yIIpaBJie-
Hust MI'Y, coznannoit B 2009 roay Ha dbusndeckoMm ¢akyibTere yHUBEPCUTe-
ta. Ha kadeape mnpernogaiorcss METOAbI PellleHns pa3sHoOOpa3HbIX aKTyaJlb-
HBIX 33/a4 YIIPaBaeHns cucTeMaMi (pU3UKO-TEXHUIECKOI, OPraHn3aImOHHO-
9KOHOMMUYECCKOI U JPYTOil IPUPOIBI.

Perenne 1mo106HbIX 38184 IJIAHKPOBAHUS 1 YIIPABJIEHUS CTAJIO0 OCOOEHHO aK-
TyajbHbIM B 20-M Beke. VIMeHHO B 5TO BpeMsi (hOpMUPYeTCcs HOBasi 00JIacTh
MaTeMaTUKH — UCCJIeJIOBaHNE Ollepallnii, a TaK»Ke CMeXKHbIe ¢ Hell JIMCIUILIN-
Hbl — TEOPHsI MacCOBOIO OOC/IY2KUBAHUSI, TEOPUsI PACIUCAHUI, T€OPUsl aBTO-
MaTUYeCKOro yIIpaBJIeHUs, TeOPUs ONTUMAaJILHOTO yIIPaBJIeHUs, TeOPUs MHO-
FOKPUTEPUAJIBHOIO TIPUHSATHUS PEIIeHUI.

DTOT y4eOHUK MOCBAIIEH TEOPUH PACINCAHUIT — OJIHOI U3 CaMBIX IOIYJIAD-
HBIX C TEOPETUUYECKON U IPAKTUIECKO! TOYeK 3peHnst 00JIaCTH UCC/Ie0BAHISI
oneparnuii. 3aJ1a4n TEOPUN PACIIMCAHNUIT, pa3yMeeTcsl, CBSI3aHbl ¢ IIOCTPOCHNU-
eM pacIuCaHuii, T.e. ¢ ynopsijlounBaHNeM HEKOTOPBIX pabor (oreparuii) 1o
BpPEMEHH U /1N 10 uctojuuTeaM (mpudopam). [Tpu arom HEOOXOINMO Y-
TBLIBATL OFPAHUYEHUSI HA [0C/IeJ0BATE/ILHOCTD BBLIIOJIHEHN PaboT, OrpaHi-
YeHUsl, CBSA3AHHbIC C UCIOJHUTE MY, 1 T.11. Lleh pemenna Taknx 3ajad —
IIOCTPOEHNE JIOIYCTUMBIX PACIIMCAHUIl, IIpU KOTOPOM BCe OIPDAHUYEHHSA CO-
OJIIOJICHBI, WK, YTO SIBJIAETCS 00JIee CJ0KHDBIM, — HAXOXKICHIE OITUMAJILHO-
'O JIOIYCTUMOTO PACIIMCAHUS 110 TOMY HJIM MHOMY KPUTEPUIO OITUMAILHOCTH.
Harnpumep, mocrpoere onTuMaibHOIO PACIICAHUS 110 OBICTPOJIEHCTBIIO (T.€.
¢ MUHUMB3aIKei 06Iero BpeMeHn BBIOJTHEHIsT BeeX paboT), PacuCcaHus ¢
MUHUMAJILHBIMU (DUHAHCOBBIMU 3aTPaTAMU U T.I1.



Perrenne 3aja41 Teopun pacluucaHuil yCjJIoXKHsieTcss TeM (hakToM, 9TO 00JIb-
IIUHCTBO U3 HUX SIBJIAIOTCS N P-TpyIHBIMHU, T.€. aJlOPUTMbI UX DPeIleHMHs,
peasmm3oBannble Ha 9BM, moryT TpeboBaTh HempuemJieMoO OOJIbIIIOE BPEMSI
pPabOTHI JIJIsI PellleHrs PpaKTHIecKnX 3a4a4 “00JIbII0i pa3MepHOCTH .

B sToM ydeOHUKe M3j1aratoTcst MpeJIMeT UCCAeJ0BAHUS TEOPUN PACIIICAHUI
1 HUCTOPHUS €e CTAHOBJEHUS KaK OTIeJbHON Auciuiinabl. lIpuBoggarcs oc-
HOBHAasl TEPMHUHOJIOTHSI U KJacCUpUKAIMS 3aJa9, IPUMEHsIeMble B paMKax
TEOpUN paclncCaHuii.

Il1s1 obsterdeHns IOHMMAHUSI CBSI3U TEOPUN PACIICAHUI ¢ IPYTUMU Pas3ieia-
MU MaTeMaTHKH BO BTOPOIi TyiaBe ¢ 60Jjiee 00IUX MO3UIUIT PAaCcCKa3bIBAETCs O
TOM, KaK CTaBSTCS U PENIAIOTCH 33291 JIMCKPETHOI MaTeMaTUKN, K KOTOPbIM
OTHOCATCS U 3aJauil TEOPUU pacluCcaHuii.

B mocaeayommx riaBax paccMaTpUBaIOTCS KJIaCCHIeCKNe 3a/1adi IMOCTpOe-
HUsl PACIUCaHUil — JIJIsT OJIHONO M HECKOJIbKUX IIpudopoB. Kpome Toro, B pas-
BHUTHE 3TUX IIOCTAHOBOK M3JaraeTcs NpodieMaThKa YIIPABIeHUsS IPOEKTaMM
B 4aCTU MOCTPOEHUS PACIIICAHUS JJI TIPOEKTA.

C yderom cBejieHUil, IPUBEJEHHBIX BO BTOPOIl IjlaBe, JlaHHAS KHUTA MOYKET
HCII0JIb30BATbCsl ABTOHOMHO, T.€. 0e3 IPUBJIeUeHUs JIPYTUX HCTOTHUKOB.

Knnra pekomergyeTcs Kak OCHOBHO YIeOHUK K YnTaeMOMy Ha Kadepe Kyp-

)

cy “Teopust pactucannmii”.

SaBe/rytonuit kadeapoit
pusmKo-MaTeMaTUIeCKNX MeTOJI0B yipasierus MI'Y,

akajgemuk C.H. Bacuibes,
deppasb 2011



BBenenue

Ha nipoTsizkenun Bceit XKU3HN MBI CTAJTKUBAEMCS C PA3TMIHBIMUA PACIIACAHUSI-
MU: paciucanreM y4eOHBbIX 3aHATHl, TPAHCIIOPTa, TEeJIEBU3NOHHBIX Iepe/1ad.
Kazxkaprit m3 Hac cocTaBisgeT pa3yMHOe Ha ero B3IV paclnucaHnue BBIIOIHe-
HUsI TIOBCeTHEBHBIX PA0OT. i pereHnsi ObITOBBIX BOIIPOCOB IIPUMEHEHNE MH-
TYUTUBHOIO TIOJIXOJIa OKA3bIBAETCs JIOCTATOIHBIM. 1aCTO MBI ILJIAHUPYEM Ha-
1 JIefiCTBUs B IOPsIJIKE BO3pACTaHUsI KpPailHUX CPOKOB HCIIOJHEHUsT paboT.
Hanpumep, cTyaenTsl Bo BpeMs dK3aMeHaIllMOHHON ceccun ydaT MpeaMeT C
HAUMEHBIIIM JINPEKTUBHBIM CDOKOM (OJIMzKAIINii 110 jaTe ciadu SK3aMeH ),
TeM CaMbIM OHU MUHUMU3UPYIOT MaKCcUMaJbHOe BpeMeHnnoe cMmerenne. Tak
KaK JIydIllle paBHOMEPHO IIOJINOTOBUTHCA K 3-M dK3aMeHaM U IOJIYYUTh TPU
YeTBEPKN, YeM HEPaBHOMEPHO W IOJIYYUTh JIBE IATEPKA U TPONKY — MOXKHO
He MOJIyYUTh CTUIIEH/UIO.

Ho niepet ob1iecTBoM cTosiT 1 OoJiee TpyIHbIE 3a1a4un. PasBuBatoiasics crpe-
MUTEJIbHBIMI TEeMIIAMI aBTOMATH3aI[Usl IIPOU3BOJICTBA U HEYKJIOHHO YBEJIU-
YUBAIOIINIECs €ro MaciITadbl TPeOyoT pa3padOTKU aJropUTMOB COCTABJICHUSI
paCINCaHnii, B KOTOPBIX yITEHbI PA3HOOOpa3HbIE OrPAHNIEHNS.

Teopus pacnmcannii aBJIg€TCA OJHUM U3 Pa3/Ie/IOB UCCTIETOBAHNS OTePAITNii.
[lanHoe HalpaB/ieHne B HayKe, OePET cBOE HAYAJIO C U3BECTHON paboTh! ['eHpn
[arrra 1903 r. (Gantt H.L. [63]), npe/iyiosKuBiiero To, 9o cero/iHsi Ha3blBAIOT
nuarpaMMamu ['anTTa, KoTopble BCTpedaloTcst BO MHOTHX paboTax o TeOpun
pacIcaHuii, B TOM 4Hcje U B JaHHOIl KHure. TepMuHn “reopust pacrnucanuii’
npeioxki P. Beivan B 1956 rogy [39]. Merosibl u aqropur™Mbl perieHust
3aJ1a4 TEOPUN PACINCAHNI TPUMEHSIOTCs JIJ/IsT Pelenns 3a/1a9 KOMONHATOP-
HOII OIITUMU3AINN.

C 50-x rosoB 20-ro BeKa HadaJIOCh aKTUBHOE TEOPETHUYECKOE HCCJIe0BaHIe
3aJ1a9 TEOPUN pacIucanuii, caeayer ormeTuTb paborsr zxoncona (Johnson [69)]),
Jlxekcona (Jackson [67]) u Cvura (Smith [98]), a Tak:ke monorpaduu |23,



48]

OJHMM U3 TJIAaBHBIX BOIIPOCOB HOBOI'O HallpaBJIeHHd Oblia KjacCuuKallus
3aJlad U yCTAHOBJEHMEe WX CaoyKHocTh. Hanbosiee ycrosiBiasicss Ha HbIHEITI-
HUil JIeHb KjaccubUKallis 3a/iad TeOpUr paciucanuii Oblia npejioxena ['p-
sxamoM 1 1p. (Graham at al. [65]). Jocrarotumno mosabie 0030pbI 110 3a1a9aM
TEOPHHU PACIUCAHUI I UX CJOKHOCTHU [IPeJICTaBIeHbl B paborax ['apu u [Ixxon-
cona (Garey, Johnson [6]), Jlencrpsr u jap. (Lenstra et al. [82]), Jloynepa u
ap. (Lawler et al. [80], Tanaesa u jp. |23, 24, 25, 26|, Bpykepa u ap. [43, 41].

[TonasJisroniee OOJILITNHCTBO UCCIEI0BAHHBIX 3229 TEOPUHN PACIUCAHUIT sIB-
nsitored N P-rpyanbivu. HecMoTpst Ha 9T0, IpaKTHKa TpeOyeT pelleHus Ta-
KnX 3ajad. [ 9Toro cymecTByeT HeCKOJIbKO TOIX0/I0B.

[TepBBIM TI0JIXOJIOM SIBJIsIETCsl Pa3padOTKa, HOJMHOMHUAIbHBIX IBPUCTHIECKIX
aJICOPUTMOB. [IJIsT HEKOTOPBIX 9BPUCTUYECKUX aJIrOPUTMOB M3BECTHBI OLEHKI
MOTPEINTHOCTH TI0JIy4aeMOTo pelenns. Taknue ajJropuTMbl HA3BIBAIOTCS NpU-
onuostcérnomu [10, 11, 12]. CyimecrBytor npubInKEHHbIE aJIlOPUTMbI, FapaH-
TUPYIOIINE KaK OTHOCUTEIBHYIO TTOrpermHocTh |9, 96], Tak 1 abCcoTIOTHY O 110~
rperiHocTh [21]. Hekoropeie N P-tpyjiHble 3a/[aui JIOIMYCKAIOT CYIIECTBOBA~
HUEe TaK Ha3bIBAEMON annpokcumauuorHot cremov. B paMkax JaHHoil cXeMbl
MOXKHO HaiiTu npub/IMKEHHOE pellieHne ¢ OTHOCUTEILHOI IOrPeNIHOCThIO He
6oJ1ee 110000 3aJaHHOr0 3HaUeHus1 € > () 3a BpeMst, IOJIMTHOMHIAJILHO 3aBHCsI-
ee or 1/e 1 oT pasMepa BXOJHOM HHMOPMAIMN 38189, — BIIOJIHE TIOJIHHO-
MuaJIbHast alnpokcnMalontas cxema (FPTAS). Jlns 3ajaa Teopun paciu-
caHmii TaKkie cxeMbl pazpaborasn, Harnpumep, Kosasés 13|, Amon u ap. (Alon
et al. [30]), Macrposmmnu (Mastrolilli [83]), CeBactbsitos u Bérunrep (Seva-
stianov, Woeginger [97|. st 3aj1a4, He UMEIOIINX AIPOKCHMAIMOHHON CXe-
MbI, 0OOJIBIIIOE 3HAYEHIE MMEEeT yCTAHOBJIEHHE IIPeJeJIbHOI0 3HAYEHUs £, JIJId
KOTOPOI'0 BOBMOYKHO HAXOKJIeHUsI E-ITPUOJINKEHHOIO PeIIeHms 38 OJTMHOMU-
aJIbHOE BpeMsi,— MOJIMHOMEAJbHAST alllipoKcuMannontas cxema (PTAS).

B nHacrosiiuii MOMEHT IIMPOKOE PaCIpPOCTPaHEHNE MMEIT MEeTa’dBPUCTHYe-
CKHe aJrOPUTMbI, KOTOPbIE HAXOJAT ‘Xopolee’ pelleHune, O6JIM3Koe K OITH-
MaJIbHOMY, 3a IpuemMyieMoe BpeMd. HemocraTkoM TaknxX ajJropuTMOB SIBJIs-
eTcsi OTCYTCTBUE OIIEHOK KadecTBa I0JIydeHHOro perieHusi. HeussecrHo, Ha-
CKOJILKO peIlleHne OTJINYaeTCsl OT ONTUMAJILHOIO B HAMXY/IIIEM CJIydae.

Tounbim MeTomam pemenust N P-TpyaHbIX 3ajad TakxKe YJIeJeHO HeMaJsioe



BHUMaHUe B paborax 1o Teopun pacrucanuii. Hambosbiiee pacripocTparne-
HUE TTOJTyINJIN MEeTO/Ibl COKPAIEHHOTI0 Iepedbopa, Ha3biBaeMble METO/IaMI BET-
Beit u rpanur [22, 40, 45, 75|. s cokpatenusi nepebopa BbIYUC/IAIOTCS
HIKHIIE OTEHKH 11eJ1eBOii (DyHKIWN (B CIydae eé MUHUMI3AINN) U UCIOJIb3Y-
I0TCS KOMOWMHATOPHBIE CBOMCTBA 3a7a4. TakxKke /s pelenns 3aad TeOPUH
paciucaHuii MUPoOKO PUMEHSIETCs MeTO/ JUHAMUYECKOrO IIPpOrpaMMUpPOBa-

must |1, 6, 19, 43, 71].

Yacro 3a1aun Teopun pacuucaHuii MOryT ObITb CPOPMYJIMPOBAHbBI KaK 3a/1a-
91 1EJIOUNCIEHHOTO JTUHEITHOTO TporpaMMIpoBanus. Perennio Takux 3a1ad
MOCBSIIEHBI, HarpuMep, paboTs [33, 34, 93, 99.

B mnocsie tee BpemMst Mnpokoe paciipoCTPaHeHne MOy I METO/] TPOTrPAMMI-
posanust B orpanmndenusx (I[IBO, B anriosssranoii mmreparype — Constraint
Programming). Ojroit u3 obacteil ero ycrentoro mpuMeHEHNs siBJISIeTCST
Teopust pacnucannii [35].

HexkoTopble ciioyKHbIEe 3aJ1a9i TEOPUH PACINCAHUNE MOTYT OBITH OITHUMAJIBHO
pelennbl ¢ TTOMOIIHIO aJITOPUTMOB, UCIOJIL3YIOMNX 3JEMEHTHI CPa3y HECKO/Ib-
Kux MeToj10B. OJ[HO U3 ux HazBaHuii — “‘rubpuneie aaropurMbr” [68]. lantoe
HallpaBJIeHUe, Ha Halll B3IJIAJ, ABJISI€TCS OJHUM M3 IIePCIEeKTUBHBIX.

MarepuaJi aToro yueOHUKa pa3jie/ieH Ha IJIaBbl cjeyiomum obpasom. B mep-
BOIl IJlaBe JIaloTCsl OOINMe CBEJIEHHUsI O TEOPUM PACIUCAHUI, UCTOPUN ee BO3-
HUKHOBeHUA. [IpUBOAUTCS UCITOJIb3yeMble TEPMUHOJIO ST, 0003HAUEHU s, KJIAC-
cudukays 3aj1a4. Bo BTopoii r1aBe KpaTKo OIMCaHbl KJIaCCUIeCKHe 3a/1a M
JIICKPETHOI ONTUMU3AINN, METOJbl X PeIleHus] W KJaccudukalums 3a1ad
110 CJIOYKHOCTU. IDTHU CBEJIEHUS HEOOXO UMb JIjIsI TIOHMMAHKS T10CJIE/LYOIIEro
MaTrepuaJia.

B Tperneil ryiaBe paccMaTpUBAIOTCS OJHOIPUOOPHBIE 338Ul TEOPUN PaCIIi-
CaHMil, a B YeTBepTOil — MHOrONpuOOpHBIE. B 1siTOil raBe IpejcTaBjeHbI
HEKOTOPbIe pPe3yJbTaThbl 110 3a/ila4aM C OTHOIICHUAMM [PEJIIeCTBOBAHUA U
peCcypCHBIMU OIPaHUYCHUAMMA.

OcHoBHOE BHUMAaHNE B JaHHOM y‘{e6HI/IKe YAEJIEHO aJI'OPUTMaM pEIIeHUA 3a-
Jad 1 UX IIPUHaJJIE2KHOCTU KJlacCaM CJIOZKHOCTMU.

AJtropuTMBI perrenns 3ajad MOXKHO HaiiTi Ha crpanuiiax b4, 55, 74, 75, 90,

93, 101, 108, 127, 150.



Kak mokazars N P-Tpyanocthb 3ajadm — crpanunsl 92, 113, 117, 117, 119,
124, 140, 158, 183.

[TosiHast mosmHOMUANIbHAST AllIpOKCHMaIonHas cxema (FPTAS) npencras-
JleHa B naparpade 3.3.2. Merasppucruieckue ajaropuTMbl MOXKHO HalTH B
naparpadax 3.3.3 u 5.7. Kak 1mpoBOJUTb IKCIIEPUMEHTHI MOYKHO y3HATh B
naparpade 3.3.5.

BaaromaprocTn

CunraeM cBOUM JI0JITOM BbIpasuTh Osarojapuocts: | B.C. Tanaesy|, C.H. Ba-
cunbery, FO.U. 2Kypasisépy, B.B. IlIkypoe, B.K. Jleoutbeny, 11.X. Curaury,
FO.A. ®népony, |JI.C. Upremmépoii |, K.B. Pymakosy, B.H. Bypkosy, ®@.T.
AneckepoBy, I.A. Hosuxory, C.B. CepactbsanoBy, M.4. Kosasiény, .M.
[MTacdpanckomy, FO.H. Corckoy, H.H. Kysopuny, B.B. IlIkypoe, A.A. Ca-
noxkerako, M.H. Banomy, C.I1. Tapacosy, P.P. CagsikoBy, A.I". KBaparxennsi,
P.P. Cupaeny, C.A. Cxkungepeny, A.H. Yepnnix, 4.1. Saboruny, O.H. Hlyin-
runoit, P.®. Xabudymny, A.A. Kopoyry, I1. Bpykepy, @. Bepuepy (I'epma-
aust), @. Banrucre (@pantust), B. [sapiy (CHIA) 3a momorb B pabore u
00CyzKIeHne Oy IeHHBIX PE3YIbTATOB.

AsTopnl Beipaxkator Osarogapaocts E.I. Jlazapepoit u T.C. Edumosoii 3a
OOJIBIIIYIO ITOMOIIL B IOATOTOBKE U O(DOPMJIEHUN MaTePUAJIOB KHUTH M I10-
CTOSTHHYIO IOIJIEPIKKY.

Pabora BbITIO/IHEHA TTPU JaCTUYIHON (PUHAHCOBOI TOJIEPKKe HAYUIHBIX ITPO-
rpamm 15 u 29 PAH, a takske doungos: PODU (Poccus), DAAD (Iepmanus),
CNRS (®panrust), NSC (CIIIA).



I'maBa 1

Oo11ue cBeJjeHNs O TeOpuN PacHUCaHUIA

1.1 IIpeamer Teopum pacnmcaHuii

JIToau Ha IPOTSXKEHNN BCell CBOEl »KUBHM CTAJIKMBAIOTCS ¢ HEOOXOIUMOCTHIO
cocTaBJieHus paciucannii. Kaxkaplil 13 Hac 3aHIMAETCS IIJIAHUPOBAHUEM JIN Y-
HOro BpeMeHu. Mbl 3HaeM 9TO U K KAKOMY CPOKY HY>KHO BBIIIOJIHUTH, &
TakyKe UMeeM IIpejicTaB/lIeHne, CKOJIbKO BpeMeHH ToTpedyeTcs Ha KazKJioe Jie-
J10. Mlexons 3 9TUX JJaHHBIX Mbl COCTaBJISIEM pacliicaHue, COIJIacysl Halllu Jie-
J1a 110 BpeMmenu. Halie Bcero cocrapjieHHe JTUIHOTO PACIINCAHIS HE BhI3bIBAECT
caoxkHocTh. [IpakTmiaeckn Bee JTION TPH 3TOM PYKOBOACTBYIOTCA “TTOXOXKIMM
aJITOPUTMaMU’, CTPEMSICH CJIe/IaTh BCe jiejia I BOBPEMSI.

YHacTo MBI TIJTAHTPYEM HaIlN JIeHCTBUS B TOPSIIKE BO3paCTAHUS KPAWHIX CPO-
KOB HCIOJIHeHust paboT (zes). Hampumep, cTyieHTbl BO BpeMsl S9K3aMeHAalu-
OHHOM CeCCHU ydaT MpejMeT ¢ HAMMEHbINM JUPEKTHBHBIM CPOKOM (OJi-
KA 110 garTe caavyu 9K3aMeH). Ecymn nepBbIii 9K3aMeH HEOOXOIMMO CJIATh
12-ro guBaps, Bropoit 15-ro, a Tpetuit 19-ro, npu 3ToM Ha KaxK/blil 9K3aMeH
HEOOXOIMMO 3 JTHS, TO OOJBITNHCTBO CTYJEHTOB COCTABAT TAKOE PACIUCAHNE:
“c 9-ro 1o 11-0e g roTOBJIIOCH K ITEPBOMY 3K3aMeHy, ¢ 12-To 1o 14-oe Ko BTO-
pomy 1 ¢ 16-ro o 18-oe K TpeTbeMy’.

CJI0’KHOCTU TIPU COCTABJIEHUN PACIHICAHUN IOsIBJISIIOTCS TOIJIA, KOIJA pa-
00T CTAHOBUTCs MHOI'O, HY>KHO y4eCTb MHOYKECTBO JOIOJHUTEJIbHBIX YCJIO-
BUil 1/UJIM COCTABUTH PACIUCAHIE HE JJIsI OJHOIO YeJIOBEKA, & JIJIst TEJI0r0
kKoJuteKkTuBa. [IpejcraBbre cebe COTHM PabOT U JAECATKU UCIIOJTHUTEJICH, JIJIsd
KOTOPBIX HEOOXOJIMMO COCTaBUTh PaCIIUCAHIE.
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B mporecce perienns Taknux 3ajatd, ObLIN BIPAOOTAHBI 00IIIE PEKOMEH AL,
HPUHIUIIBI 1 METOJIMKN COCTaBJIeHUs paciucanuil. B nocsencrsun 1momo0Hbie
3aJ1a491 CTaJIM UCCJIEIOBATHCS B paMKax CIIeIiaJIbHOro pas/iesia HayKn — Teo-
pun Pacrucannii (nanee TP ).

OTa HayKa MOsABUIACH He Ha IyCTOM MeCTe, a BOZHUKJIA Ha CTHIKE JPYTHUX 00-
nacteit HayuHoro 3nanus. [Ipexie yem naTh onpenenenne, 9To Takoe Teo-
pus Pacnmcanmuii, onuieM oIy BayKHYIO 00JIaCTh MaTeMaTHKH.

UccaenoBanue onepamuii (HM0) — nayunodi memod 6upabomku kosuye-
CMBEHHO 000CHOBAHHBLT Pexomendayutl no npurasmulo pewenuti. Bascrnocmo
Koauvecmeenrozo garxmopa 6 MO u uesenanpasieHHocms chopmysuposat-
HoLT pexomendayuti noseoaarom onpedesums MO kakx meopuro npuramus
onmumasrvrolr peweruti. MO cnocobcmseyem npespateruto Uckyccmea npi-
HAMUA pewenuti 8 mamemamuyeckyro ducyunasuny. Tepmun “UO” sosnuk 6
pesyavmame OYkeasbHo20 nepesoda swpascenus “operation research’”, ese-
dennozo 6 Konuye 30-r 20006 20-20 6eKa Kax YCA08HOE HAUMEHOBAHUE 00HO20
u3 nodpazdesenuti bpumarcrkuxr BBC, zanumarowezocs sonpocamu ucnosv-
308aHUA PAOUONOKAUUOHHBLT YCMaH080k 6 obweti cucmeme oboporoi. Ilepso-
navarvro MO 010 c8A3aH0 € pewenuem 3a0ay 60€HH020 COOEPAHCAHUA, HO
yorce ¢ Konua 40-r 20008 NPowno2o GeKa 0OHO UCTLOAL3YEMCA OAA DEULEHUS
METHUMECKUL, METHUKO-IKOHOMUYECKUX 30044, a4 MaKHce 360a4 YNpPasAeHUs
HG PA3AUMHBLT YPOBHAL.

Terneps MBI MOXKeM JIaTh onpenesenne Teopuu Pacnucanmii.

Teopus pacriucanuii — 3To pa3aesa uccjieJoBaHusd onepaluii, B KOTO-
POM CTPOSITCSI ¥ AaHAJU3UPYIOTCS MaTeMaTudecKue MojJesn' KaJieH-
JIapHOTO IJIAHUPOBaHUs (T.e. yIOPsiOYMBaHUs BO BPEMEHM) pa3-
JUYHBIX IeJIieHANPaBJI€eHHBIX AENCTBUII C yd9eToM IieJieBoil (hbyHK-

o N pa3JINYIYHbIX OFpaHH‘IeHI/Iﬁ.

Baﬂa‘H/I COCTaBJICHUA paCHI/ICaHI/Iﬁ BO3HUKaIOT B 9aCTHOCTH:

® Ha IIPOM3BOACTBE, KOT'la HY?KHO YIIOPAIOYUTHL OTACJIbHBIE OllEepalnu 110
HUCIIOJITHUTECJIAM (uexa, CTaHKI/I) " 110 BPEMEHU,

TlocTpouTs MaTeMATHYIECKYIO MOJETb — 3HATHAT OMHCATD C HCIOIL30BAHIEM MATEMATHIECKOTO AIIla-
paTa u3ydaemble IIpOllecC WU SBJIEHUE.



® Ha TPAHCIOPTE IIPU COCTABJIEHUM PACIUCAHUS JBUKEHUS ITOE3/0B, Ca-
MOJIETOB, OOIIECTBEHHOTO IOPOJICKOTO TPAHCIIOPTA;

® [IpU IJIAHUPOBAHUU 3aHATHUIl B YIeOHBIX 3aBeIeHUSIX;

® [IpU IJIAHUPOBAHUU 3aHATOCTU IIepcoHaJjia, HalpUMep, JIeKypCTBa Bpa-
qeit;

® [IpU BBINOJHEHUN CJIOYKHBIX IPOJOJIZKUTE/IbHBIX IIPOEKTOB CTPOUTE/Ib-
CTBa 3JlaHuil, KopabJ/ieil 1 T.IL.;

® [IpU IJIaHMPOBaHUN ITPOBECACHUA CIIOPTUBHDBIX MepOHpI/IE{TI/Iﬁ;

® B KOMIIBIOTECPHBIX CETAX IIPU IJIAHUPOBAHUU OYE€PEIHOCTU IIepeadn Ia-
KETOB WH(MOPMAaIUN U T.JI.

CopepxkarebHo MHOrHE 333491 TP sIBISIIOTCST ONTHMUBAIIMOHHBIME, T.€. CO-
CTOSIT B BBIOOPE (HAXOXKJICHUN) CPEJI MHOYKECTBA JIONMYCTUMBIX DaCIUCAHUIT
(pacrcanuii, JOMyCKAEMbIX YCJIOBUSIMU 3aJ1a41) TeX PEeIleHuil, Ha KOTOPBIX
JIOCTUTAeTCs “onTuMaIbHoe” 3HadeHne 1eeBoit pyakimn. OObIYHO O “OIl-
TUMAaJIbHOCTBIO IOHIMAETCsl MUHUMAJILHOE I MaKCIMAJIbHOE 3HAYeHNe He-
KOTOpOIl 1esieBoit pyHKIUU. Jlonycmumocmsv paciucaHusg NOHUMAETCsS B
CMBICJIE €r0 OCYIIECTBUMOCTH, 8 ONMUMAALHOCMYH — B CMBICJIE €0 1Ie/1eCO-
00pa3HOCTH.

ITpumep. Heobxodumo nocmpoumsv dom Kak MoAHcHO Ovbicmpee, npu IMom
nocAedosamesvbHocmb pabom doadcha bvims cobardena. s dannoti 3ada-
YU donycmumoe Pacnucarue mo, npu Komopom o6ydem cobarodera nocredo-
8aAMENLHOCTL PAOOM, & ONMUMAALHOE PACTIUCAGHUE — IMO JONYCMUMOE PaC-
NUCAHUE, NPU KOMOPOM JoMm bydem nocmpoer 8 MUHUMAALHBIE CPOKU.

Hpyroit Tum 3ajad 3aKJII09aeTCd B IOUCKE JIOMyCTUMOTO PACIUCAHUI, Y10~
BJIETBOPSIIOIIETO BceM ycsioBusaM. [IpuBejem mnpumMepbl 000X TUIIOB 3a/1ad.

Ba,uaqa HaXO02KJA€eHndA AdOIIYCTUMOI'O paCIImCaHnuA

Ha onmowm mporieccope Tpebyercst BeIONHATL MHO)KecTBo N = {1,2,..., n}
sagtanuil. JIna kaxkaoro 3aganus j € N onpejeenbl JINTeTHLHOCTD BBITIOJ-
nenus p; > 0, Bpemd HOCTYILJICHUs 3aJlaiusl Ha npoueccop r; > 0 u Kpaiinuii
JUpeKTuBHbIil cpok D; > 0, K KOTOpOMy 3ajlaHie JIOJIZKHO OBITh BBINOJI-
Herno. [Iporeccop roToB K BBLIMOJHEHUIO 3ajJaHnii ¢ MoMeHTa BpeMenn () m



MOXKeT BBIIIOJIHATH OJIHOBPEMEHHO TOJIBKO OJHO 3ajaHue. IIpepoiBanus mnpu
BBIIIOJIHEHNN JII0OOT0 3a1aHus 3alipernienbl. Heobxo 1Mo mocTponTs 10y CT-
MOe pacCIICaHIe BBIIOJIHEHNUsI 3aIaHuil, TP KOTOPOM BCe YCJIOBUS 3a1a9H CO-
ourrosieHbl. ' To ecTh HEOOXOIMMO JIJIst KaxK10ro TpedboBanust j € N olpene/nThb
MOMEHT HavaJjla BbIIOJHeHHd S; TakKoil, 4To S; > 7 1 MOMEHT OKOHYaHusd
soinosnenns C; = S+ p; < Dj. [Ipudem ecomn S; < S;, T0 Sj+pj < 5;, rue
S; — MOMEHT HadvaJ/ia BBIIOJHEHUS JPYroro 3auanus ¢ € N, i # j.

B zanauax TP Bpemsa 3ajaercsa B ycjoBHBIX enununax. [lapamerpsr pj, 7j,
D;, C;, S; MoryT usmepsATbCs B MUHyTax, dacax, JHaAX 1 T.11. C TOUKHN 3penud
BBIUNCINTE/ILHOTO IIPOIECca ABa IIPUMepa — p; = 2 MUHYTBI, Po = 3 MUHYTHI,
r1 = 0 — HyJeBass MUHYTa, o = 1 — IepBas MUHYTa U, IIPUMEp, IJae p; = 2
Jaca, ps = 3 4aca, r; = 0 — HyJseBoll yac, 7o = 1 — 1epBBIit Yac, — ABJISIOT-
Cd UJIEHTUYHBIME, IIO9TOMY €JIMHUIYY U3MEePEeHUsI BPEMEHH IIPHU OlpPe e/ IeHIH
3a/1a4 OITyCKAIOT.

3ajlava HAX0XK/IeHUsI ONTUMAJIbHOIO PaCHUCAHMS

Momudunupyem mpeablIynyo 3ajady caeayomumM oopasom. Ilycrs kpaii-
une cpoku D; He 3ananbl (T.e. Dj = 400, j = 1,2,...,n). Bece ocranbuble
yecstoug ocratored Temu zKe. Oboznaunm Cj — MOMEHT OKOHYAHUS BbIIIOJI-
nHenud 3ajanud j, T.e. Cj = S; 4+ pj;, rae S; — MOMEHT HavaJla BbIIOJIHEHUA
zaianust J. HeoOXoamMo MoCTpouTh JOIYCTHMOE paciliicaHue, Ipu KOTOPOM
n
snadenne Gynknun Y Cj OygerT MEHIMAILHBIM.
J=1
Temepb ¢ ONIsAKOI Ha JiBe MpUBEJEHHbIE 3a]]adl MOYKHO JIATh CJIeIyIONIne
JIBa, OIIpeIeIeHI.

Onpegenenue 1 3adaua, 6 Komopot 6ce 8L00HbBIE DaHHDBLE NOAHOCTNBIO ONPE-
deservl, HA3L6AEMCAs NHAUBAIYAJTIbHOM 3aaa4deii.

Omnpenenenue 2 MaccoBas 3aga49a — 6€CKOHEYHOE MHOHCECMEO UHIUGCU-
Ayarvrolr 3a0a4.

B nasbreiiniem Mbl OyjieM HA3BIBATH MACCOBYIO 3ajady POCTO 3adavet (Ha-
npumep, “3ajada KOMMIBOszKepa”), & WHMBUIYATBHY O 3a/1a1y — NPUMEPOM.



Tabaumna 1.1: IIpumep. Ucxoanbie aHHbIe, JOMYCTUMOE U ONITUMAJILHOE PACITHCAHUS
J 112 ]3] 4
Dj 6 223
T 0] 11]2]11
D; 71101915
Homyctumoe pacnncanne. Bpemsa navasa Bblnosnenus S 0|8 |6]11
Homyctumoe pacnmcanne. Bpemsa okondannd soinosnenus C) 6 |10 | 8|14
OntumanbHoe pacrucanue. BpeMs Havdasa BBIIOTHEHUSA S; 511 311
OnrtumanbHoe pacrmcanue. Bpemsa okonvanng seimosmnenus Cf 11 5|14

B rabsune 1.1 mpejcTaBiensl JOMYCTUMOE W ONTUMAIbLHOE PACITUCAHUS TSt
0benx 3aja4 Ha OJHOM W TOM ke mpuMepe. CXeMaTUuIHO MOJTyUeHHbIe PACIIN-
canng n300parkenbl Ha pucyHke 1.1. Ha sToM pucynke pacnmcanus mpejcTas-
JIeHbI B BUJie HaOOpa MPSIMOYTOJLHIUKOB, PACIOJI0KEHHBIX B/IOJb BHPTYyaslb-
HOIT BpeMeHHOiT ocn t. KaKIplit TPAMOYTOTBHUK COOTBETCTBYET HEKOTOPOMY
3a/IaHNI0, a JUINHA [PAMOYIOJbHUKOB COOTBETCTBYET IIPOIOJIZKUTEIHHOCTHI
BBIIIOJIHEHN 3a/IaHNil, a UX PacIoJIOZKeHNe Ha OCU YKasblBaeT BpeMsd HadaJla
I OKOHYAHUs BBIIIOJIHEHNA KayKI0T0 3/ aHusd.

st iepBoit 33,191 CyIIECTBYET €/ INHCTBEHHOE JIOMYCTHMOE PACIUCAHNE, TIPH
KOTOPOM TOPSAJ/IOK BBLITIOJTHEHUs 3aJIaHUil Olpe/iesieH CJIeTyIoNuM 00pa3oM:
(1,3,2,4). CHauasia BBIIOJIHSIETCsI [IEPBOE 3a/laHNe, IOTOM TPeThe, BTOPOoe
yerBepToe. QUeBUIHO, UTO JIJIsI JIAHHOIO HpUMepa JioOoH JPYToil mopsiioK
BLITIOJTHEHW 3a/JaHnil HetomycTuM. Hampumep, ipu mopsijike 00C/ Ty KNBaHus
(2,1, 3,4) oyner napymiero ycjiosue C; < Dy, tae Dy =7u Cp =9,

st BTOPOi 33,141 CXeMaTUIHO IIPEACTABICHO ONTHUMAJILHOE PACITHCAHUE.
Ha sToM ke pucyHke jijisi BTOpoii 3ajia11 n306pazkeHo jiomycrumoe (B Tep-
MITHAX BTOPOI 381441 ), HO HEONTUMAJIbHOE DACIIHCAHUE, 3JIAHHOE TIOPSTIKOM
(1,2,3,4). Jlerko ybemuTbcst, 9TO TIPH ONTUMAJIBLHOM PACITHCAHIN, 33 AHHOM

1
nopstikoM obcatyzkuBanust (2,3,1,4) umeem Y C; =114+3+5+14 =33, a
j=1

1
IIPU paciucanun, 3ajanHoM Kak (1,2, 3,4), umeem Y C; = 6+8+10+14 =
j=1
38.

Bamaun TP (kak 3amaun pazgena Vccrnenopanns Omepaiiuii) obiagaror psi-
JIOM 4epT, 0OyCJABINBAIOIINX METOJNKY HUX COCTaBJICHHs W peleHns. Bo-
IIEPBbIX, JIazKe JJId POCTHIX apaMeTPUYecKNX 3aJad He YJIaeTcd IpeJcTa-



JorycTumoe pacnucanue Jiid MepBOi 3a/1a4u:

1 3 2 4

T T T T T T T T T T

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

OnTuMasnbHOE pacircaHne Jjisi BTOPOil 3a,1adu:

2 3 1 4

r T T T T T T T T T T

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Heonrumaabaoe pacnucanue Jijisi BTOPOi 3a1adu:

1 2 3 4

T T T T T T T T T T

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Puc. 1.1: IIpumep. ['paduueckoe mpejcrapiaeHne paciucaHmii.

BHUTDH PEIIeHUs B BUJIE aHAJIUTUIECKOI'O BhIPAXKEHUsI OT COOTBETCTBYIOMINX I1a-
pameTpoB (B Buje dhopmyiibl). [losromy 3amaqun TP | B nogassstorem 60716
MIUHCTBE, HEe MOAJAI0OTCH aHaJUTUIeCKOMY PEIIeHUI0 W JOJZKHBI PelaThCsd
quceHHo. Bo-Brophix, 6osbmuHCTBO 3324 TP cogepkut B cBoux (opmy-
JINPOBKaxX OO0JIbINIOE KOJUYECTBO YNCIOBOTO MaTepHuaJia, He CBOJISIIEToc K
aHaJINTUIeCKIM BblpazkenuaM. [TlosToMy dmcennoe pernrenne 3Tux 3a1ad, 3a
HEMHOTMMHI NCKJIIOUEHUAMI, BO3MOYKHO JINIIH C TTOMOIIBIO KOMIILIOTEPA.

st pemenns 3a1a4d TP #eobxogumMo pazpaborars aszopumm pewerus. To
€CThb TOCJIeI0BATEIbHOCTD efICTBUI, BBLITOJHAEMbBIX KOMIILIOTEPOM, C ITOMO-
IBI0 KOTOPBIX MOYKHO ITOCTPOUTH HCKOMOE paciucanue (JomycTuMoe Wi Oll-
TUMAJILHOE).

AJroputM pemnieHns 3aJa9l — 3TO MOCJI€40BATEJIbHOCTD JIeiCTBUIA,
C MOMOINBIO KOTOPBIX MOXKHO MOCTPOUTHh MCKOMOE pelieHue AJis
JIIO0OTO IpuMepa 3aJIadu.

Berpeuatoriimecst Ha NpakTHKe 3a/adi COCTaBICHUS PACIUCAHUIT comepKaT
TBICSTIH, & [OPOl 1 MUJLIMOHBI 3aaunii. [loaToMy ocHOBHAs 1€/ IIPU UCCIIe-
noBarnn mogeseit (3amad) TP — sro mocrpoenne 3¢ dpekTuBHBIX, T.€.
OBICTPBIX, AJITOPUTMOB pellleHusd. Perenne npumepa JT0KHO ObITH 110-
JIy9eHo 3a “pasymMHoe” BpeMs.



1.1.1 Bo3HukKHOBeHUEe U 3Tallbl Pa3BUTUS TEOPUU PACIIUCAHUIA

o 20-ro Beka permenue 3ama4d TP He TpeboBaJjio MHOTO BpeMeHH i 00J1b-
IIIOr0 YKCJIa BbhlUKC/IeHnil. B Havase mponnioro BeKka pa3BuTue HAyKH U TeX-
HUKU YCKOPUJIOCH. Y BEJIMIIJICA TeMII 1 OObIJIeHHOMN YKU3HU. 3a/1a49i COCTaB/Ie-
HUsI PACIICAHUI OIIePUPOBAJIN BCE OOJIBIINM KOJIUIECTBO B3aUMOCBA3aHHBIX
paboT, U YIOPSIIOYNTH X BO BPEMEHH CTaHOBUJIOCH BCE TPYIHEE.

K nagasry 20-ro Beka OTHOCATCS JBa MOKa3aTeJbHBIX IIpuMepa. B nepuos ¢
1903 1o 1919 rr. amepukanckuit yaenntit ['enpu ['anTT myoukyeT psi Hayd-
HBIX pabOT W IpejiaraeT HOBBII CITOCOO Mpe/ICTaBIeHUs PACITUCAHNN, TTOTY-
quBmmiit HazBanue “/uarpamma ['anTTa’. ['aHTT 3aHUMAJICS HCCIEI0BAHIEM
¥ yJIydIlieHreM PYKOBOJICTBA (MeHe [ZKMeHTa ) Ha TIPOMBIIILIEHHBIX T1Pe/ TP
THAX (HAIIPUMED, B KOMIIAHUI I10 TPOU3BOJICTBY XJIOMUATOOYMAsKHbBIX TKaHEil
¥ Ha TIPEJIIPUATHAX 0 TTOCTPOiike Kopabueit). Iuarpamma [arTTa — 910 cxe-
MaTHIHOEe n300parkeHne KaJleHIapHoro 1miana. B Heit paboThI 1Ipe/icTaB/IeHb
B BHJIE IPAMOYTOJILHUKOB, pa3MelIeHHbIX BJI0JIb OcH BpeMenu. [l nna mpsamo-
YTOJbHIKA COOTBETCTBYET BpeMeHH!, HeOOXOIMMOMY Ha BBITOJTHEHIE COOTBET-
cTByIomIeit padboTwl. Ha quarpaMme ykazanbl KaK MPOIOIKATETHHOCTD Padbo-
TBI TaK U BpeMsd ee HadaJsa U oKoH4Yanus. Ha puc. 1.2 mpejcrasien npumep

TaKOI ILI/IanaMMbI2 .

pyroit mokazarebHbII TpuMep — n3o00perenue kouseitepa ['enpu @opom. B
1908-M romy on opranmsyeT MOTOYHOE MPOM3BOJICTBO HA CBOEM aBTOMOOU/Ib-
HOM 3aBojie 110 “KOoHBeliepHoMYy Tuily . B jgaHHOIl mHTEpIpeTannn KoHpeiiep —
9TO CIOCOO OpraHm3allii POU3BOICTBA KAKUX-JTU00 U3JIeuil, TpU KOTOPOIi:

® [Iponecc IIPOU3BOACTBa pPa3de/IdeTCA Ha OTAECJIbHBIE Oll€epallli (CTaﬂHM);

® O/IHOBPEMEHHO B IIPOU3BOJICTBE HAXOJAUTCSH HECKOJIBbKO U3JIeJINiT, HaXO/Id-
nyecs Ha pa3/IMuHbIX CTaUAX.

Ornepanun 1mpu TakoM crocobe Mpou3BOJCTBa yIIOPsigodeHbl. To ecTh cylie-
CTBYeT OUepeHOCTH Oollepalldili 1 HapyIlaTh ee HeJib3sl. Hanpumep, He nmeer
CMBIC/IA IPUKPYYUBATH KOJIECA WJIM BCTaBJISITH CTEKJIa, 1TI0Ka He coOpaHa pa-
Ma. KEire ojHa BayKHasi 0COOEHHOCTH TaKOI'O IIPOM3BOJICTBA — BBIIOJHEHHE

2Ha JAuarpamMme 1mnpeacTaB/IeHa XPOHOJIOTUA IIOAT'OTOBKU CTYACHTOM ,Z[I/IHJIOI\/IHOIU/I pa6OTbI.



Hanmvenopaue paboT /leKaOph| zluBaps [Pespaday Mapt [Alpesb
l

1. O3HaKOMJIEHNE C TEMOM

2. Nzydenne jimrepaTypbl

3. PazpaboTka MeTo/10B

4. IIporpam-ne ajaropuTMoB

5. Ormajzka mporpamMm

6. Odopmiterne padbOThI

7. Buecenune yrounenuit

8. Oxonuanue opopMIeHUS

9. PenensupoBanne pabOThI

10. IToaroroBka mpe3enTalmn

11. Bammura paboTh!

Puc. 1.2: Inarpamma ['anTTa

HE3aBUCUMBIX Ollepallnii rnmapaJiebno. 1o ecTh moka cobupaeTcst Ky30B, Ia-
paJiie/IbHO Ha JPYroil JIMHUU MOXKHO COOMpPATh JABUTATEIb.

Komnseiteproe mpon3BoicTBO 103010 Popiy B 1,5 pasa cokpaTuTh Bpe-
Msl BBbIITycKa aBroModbusieii. Termepsb konpeitep @opja MOKHO BCTPETUTH HAa
MHOTMX MaCCOBBIX ITPOU3BOJICTBAX.

Eme ogun npumep yxKe u3 coerckoit ncropuu. B 60-70-e roant 20-ro Beka
Ha HoBouepkacckoM 3/1eKTPOBO30CTPOUTEILHOM 3aBOJIE, & TaKKe IIPH CO3/1a-
HUU aBTOMATHU3UPOBAHHON CHCTEMBI yIIpaB/jeHnus Ha JILBOBCKOM TeJIeBU30D-
HOM 3aBoJie, ObLjIa MCII0JIb30BaHa CJIeJIyIONas MeTOAKa ylpaBjieHud. B oc-
HOBE ee JIeXKUT IIPOoCcTasl Ujiesi, U3BECTHAs B OTEYECTBEHHOI JIuTepaType Kak
cucrema “‘yrpapjeHus paboTOil Ha CKJaJl : BOCCTAHOBJIEHUE 3allaca JieTaleli,
COBJIAHHOI'O Ha CKJIaJe, 110 Mepe pacxojoBaHusl jeTajeil Ha cOOpKe — pas-
HOBU/IHOCTH CHUCTEMbI pPeryanpoBaHus 3amnacon. “Obnysenune” 3amaca HHTEP-
IpeTupyeTcs Kak “TodykKa 3akasza’, a “napTus 3akKaza’, T.e. PelleHne, CKOJIbKO
JleTaieii cjiejlyeT MpOU3BEeCTH JIJIsi BOCCTAHOB/IEHHUS 3aliaca, (PUKCHPOBAJIOCH
B CllelnaJIbHON KapTodKe, KOTOPYIO OpaJjl KaK CMEeHHOe 3aJlaHue padounii u3
siJeiiki, COOTBETCTBYIOMIEN jlare pabodero jHst. Tak co3jaBaJicss HEOOXO -



MBIiT 3amac jetajeil K Heobxoaumomy cpoky (T.e. “BéBpems’) u ympormanoch
OllepaTUBHOE yIIpaBJeHIe B MAaCCOBOM IIPOM3BOJICTBE JUCKPETHOIO THIIA Ha
HPEeIPUSITUIX, B3sBIINX 3a 00pasel] HOBOUYEPKACCKYyIo cucreMy. Kaprore-
Ka 3aJlaHunil paccrap/sjach 110 g49eiikaM B pacdeTe Ha HadaJbHbBIN 3alac,
COOTBETCTBYIOLINIT TOTPEOHOCTU COOPKU B OIpPEJIeJIEHHBI CTaHIapTHBIIH NH-
TepBaJl BpeMEeHH, HaIPUMeEp MecsI. BIOoC/IeJcTBIN UJIen ITHX JABYX CHCTEM
ObLJIM TIOJIHOCTHIO ITOBTOPOEHBI Ha SIIOHCKUX aBTOMOOMJIbHBIX 3aBojax. Te-
epb BCeMy MUPY U3BeCTHbI “sronckne” metonbl “Kanban” (sm. “kaprouka’)
n “Just-in-Time” (“Béspewmst”).

K cepenune 20-ro0 BeKa BBIJIEJININCH €Ile JBe 00/acTU 3HAHUI, HEKOTOPbIE
3aJ1a491 KOTOPBIX BIIOC/EACTBIH cTajtn 4acThbio TP . 910 cemesoe naarupo-
BAHUE U MEOPUA MACCOB020 00CAYNHCUBAHUA. TTOOBI OIIUCATH ITH JIBE TEOPHH,
JTaTUM HECKOJIbKO OITPe/IeIeHNI.

CereBast Monenb — MHMPOPMAIIMOHHO-AHAJIMTUYIECKAsT MOJIEJIb pe-
aJn3alu HEKOTOPOro KOMILJIEKCA B3aMMOCBSI3aHHBIX paboT, pac-
cMaTpuBaeMas KaK OPMEeHTHUPOBaHHBIA rpad 6e3 KOHTYypOB, OTOO-
PaXKaloIluii eCTeCTBEHHbI IOPsJOK BBINIOJHEHUS 3TUX PadOT BO
BpPEMEHU.

CereBast MOJIEJIb MOYKET COJIEPXKATH HEKOTOPBIE JAPYTHe XapaKTePUCTUKH (Ha-
IPUMeED, BPeMsi, CTOUMOCTb, PDECYPChI), OTHOCSIINECsT K OT/IEIbHBIM paboTaMm
I KOMILJIEKCY B I1€JIOM.

CereBoe miIaHWUPOBaHUWE — COBOKYNHOCTHL METO/OB aHAJJIM3a, ILJIa-
HUPOBAHUS M YHPaBJEeHUs, UCHOJb3YIOIINX CETEBYIO MOJEJb KaK
OCHOBHYIO (hopMy mpeacTaBjaeHuss MHPOPMAIUN 00 ynpaBIsgeMoOM
KOMILJIEKCE PadoT.

crionb3oBanne ceTeBOro MmIaHnpoBAHUS TT03BOJISET ITOBBICUTH KaueCTBO ILja-
HUPOBAHUS U YIIpaBJIeHUs IPU peasn3alun Komiuiekca padbor. Hampuwmep,
JaeT BO3MOXKHOCTH Y€TKO KOOPIUHUPOBATH JesITeIbHOCTh BCEX CTOPOH (HC-
MOJTHUTE/IEN ), YIACTBYIONINX B PeaJIN3aliii, BbIIEIATh HAnOOIee BasKHbIE 3a-
Jlaun, ONpeJIe/IATh CPOKU peau3alu 1 T.JI.

MeTo bl ceTeBOTO IJTAHNPOBAHUS SABJISIOTCSA OCHOBOI CIEIUAIBHBIX KOMITHIO-
TEPHBIX ITPOIPAMM — CHCTEM CETEBOIO IJIAHUPOBAHUA U YIIPABIEHUS, TAKIX
kak Microsoft Project, Primavera u ..
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Puc. 1.3: CereBoit rpaduk

B 1958-Mm roay mo 3aka3y Munncrepcrsa Oboponsr CILIA g5t mpoekTa co3ma-
Hus pakeTHoit cucrems “Ilomapuc” 6nL1 pazpaboTana crienuajbHas TEXHUKA
aHaJIN3a 1 OLIEHKN KOMILIEKCOB B3auMocBsi3aHHbIX paboT. [IpoekT “Ilosmapuc”
OBLT OTBETOM Ha KPHU3UC, HACTYNMUBIINIT 1ocse 3amycka Coperckum Coroz30M
IIEPBOI'0 KOCMUYIECKOro ciyTHHKa. Co3gaHHasi TEeXHUKa, [0y Yn/Ia Ha3BaHKe
PERT (Project Evaluation and Review Technique). [IBymsi ee ocHOBHBIMU
SJIeMeHTaM1 ObLJIO — HaIJISIIHOE TIPeJICTaB/IeHe KOMILIeKca paboT Ha Oymare
B BHJIe T.H. CETEBOrO rpaduka (CM. cereBasi MOJIe/Ib) W METOJ pacdera Kpi-
TUYECKOro IyTH 110 ToMy Tpaduky. [lozjiHee MbI 10 pobHEe pacKarKeMm O
ceTeBOM r'paduke Kak 0 criocobe IpejicTaB/ieHnsi KOMILIeKca padboT Ha Oyma-
re (miockoctn). [lpumep cereBoro rpaduka mpejcrasieH Ha puc. 1.3. Dror
ceTeBOil rpaduK COOTBETCTBYET IIPOEKTY IOATOTOBKHU JIUILJIOMHON pabOThI,
n3obpazkennomy Ha marpamme I'anTra Ha puc. 1.2.

B nacrosiiee Bpemst cereBoe IiaHupoBanne — 31o pazjies TP, B Koropom
paccMaTpUBaIOTCs 3a/lad1 COCTABJIEHUs] PACITCAHUI JI/IsT KOMILJIEKCOB B3al-
MOCBSI3aHHBIX pabOT, HAIIPUMED, IIPU CTPOUTEIHCTBE 3/1aHus1, COOPKe KopadJist
WM CAMOJIETA, TIPH BBIIOJIHEHIN KPYITHBIX TIPOEKTOB (cTponTesiberBo BAM)
1 T.II.

Tenepb HECKOJIBKO €JI0B 00 oj1H0#1 cMexknoit obiact TP . Coznanne cucrem
TesiepOHHOI CBSI3U U HEOOXOIMMOCTh pacyuera UX IHPOIYyCKHON CIIOCOOHOCTH
nocstyKman B 20-x royrax 20-T0 BeKa CTUMYJIOM Pas3BUTHSA Teopuu macco6020
oocayorcusarus (TMO). B TMO usyuatorcst motokn TpeboBanuii Ha 06CTy-
KuBaHue (3aJIaHiuil ), HOCTYIAIONMX B CHCTEMbI OOC/IYKIUBAHUS U BBIXOJISIIIIX
U3 HUX, JUIATEJIbHOCTb OKUJIAHWA, JUIMHBI odepejieir u T.;1. OcHOBHAsI 11€Jib
uccaejoBanuit B TMO — pannonamsalins cucTeMbl 00C/IyKUBaHUS. fpKuii



npumep 3aaaun TMO — mraHupoBaHue paciucanust paboThl KACCUPOB B IIPO-
JIYKTOBOM cyliepMapkere. Keim HaM U3BeCTHO, KaK MEeHSIeTCsI KOJIMIeCTBO 110~
KyTarejeil B 3aBUCHMOCTH OT BPEMeHH CyTOK (BeYepoM MOKynaTe el 00bITHO
OOJIBINE), ¥ MBI XOTUM JOOUTHLCST TOTO, YTOOBI MOKYIATEN HE CTOSIN B OUe-
peJin CJAUIIKOM JIOJII'O, HO IIPU 9TOM KM KacCUPbl He “IpOoCTauBaJi’, TO MbI
JIOJIZKHBI CILIAHINPOBATH KOJMIECTBO KACCHPOB B KarKJ0€e BPeMsl OITHMAJIb-
HbIM obpasoMm. Ha creike nByx obsacreit snanumit — TMO n TP — nosgsuimch
HOBBIE 3a/Ia4M, [TOJIyYUBIINe HAa3BaHuUs ‘croxacTudeckue 3agadn’ TP .

TaK, B IEPBOIl TTOJIOBUHE 2-T0O BeKa, ObLT MYJIUPOBAH PsIJT MPAKTUIECKIX
Ura epBOiT MOJIOBWHE 2-10 BeKa OBLT co oBa a ec
I TeOpeTUUeCKNX 3aJlad cocTapjenns pacnucannii. B 1956-m rogy Puaapn
Berman  [39] mpemmoxun repmun “Teopust pacrmcanuit” st 0603HatIe-
HUS COBOKYITHOCTH JIAHHBIX 33789 U OTHOCAIINXCA K HUM HAyJIHBIX 3HAHUI.
B 1967-m roay mybnukyercsa monorpacdus Komnses, Makcsemra n Munjie-
pa “Teopus pacrmcanunii”. B 1975-M rojiy mepeBoji 3TOHl KHUTH Ha PYCCKUI
SI3BIK CUHXPOHHO BBIXOJUT ¢ KHUIOi coBerckux aropoB B.C. Tanaera u
B.B. IlIkyp6s! “Beenenune B Teoputo pacuucannii’. C 3THX 11OP MOXKHO CUH-
tath TP cchopmupoBasiiieiicst Teopueii.

B 70-x romax 20-ro Beka (Tocsie BBIX0j1a paboT 0 TEOPHUHU CJI0KHOCTH PEIIeHNUSs
ONTUMU3AIOHHBIX 3a/a4) aKIeHT B uccyeoBannn 3aad TP emectuiics. Te-
nepb npu u3ydenun 3ajga4d TP ucciegoBaresb He TOJHKO CTPOUT 3PPHEKTUB-
HbIE aJITOPUTMbI PETIeHNs], HO U UITEeT OTBET Ha BOIPOC — HACKOJIBKO CJIOYKHA,
3aj1a9a B TepMuHaAxX [N P-TpyJTHOCTH U TMOJTMHOMHUAJILHON PaspeninMoCcTH, U
KaKo#l OBICTPOTHI aJrOPUTM ‘B JIydIlieM cjiydae’ MOYKHO JIJIsd 9TOH 3aJladu
MOCTPOUTD.

1.1.2 Cnooco0bl mpeacTaBJIEHUs PACIIMCAHU

Panee MbI y2Ke IO3HAKOMIJIMCH C HEKOTOPBIMHU CIIOCOOAME IIPEJICTAB/ICHUS
pacriucannii. O003HAUNM IJIABHBIE 13 HIUX.

e TabimuHoe npeacTraBjeHne. B rabsmiie rnpejcTaBaeHbl TPOMEXKY TKI
BpEMEHU, B KOTOPBIE BBHITIOJHSAIOTCS 3a/IaHNsd, a TaKyKe UX UCIIOJTHUTETN
(HOMep cTaHKa, mporieccop u T.11. ). [Ipumep pacrcanust B Bujie TabJIHIIbL
peJICTaBJIEH B ITEPBOIT IVIABE;



e I'paduueckoe npeacrasaenune. Hanpumep, ¢ momorpio JnarpaMmbl
['anTTa.

e /ls1 mHekoropwix 3a7ad TP Bo3MokHO BeKTOpHOE (mepecTaHoBOY-
HOe) TpeJiCTaBJIeHne paciiucanus. [[pu 5ToM yKa3blBaeTCs JIUIIb M0-
PSLJIOK BBINOJIHEHYsI 3a1anuil, Hapumep (2, 3,4, 1). [lpumep Takoro to-
psIIKa TTPUBOJINTCS B MIEPBOIT TJIaBe.



1.2 Kaaccudukanusa 3agaga TP

[IpuBeem HekoTOpBIE cr1ocoObI Kitaccudukaiun 3aga4d TP | a 3aTem 1moapoo-

Hee pacCCKazKeM O HEKOTOPLIX M3 9THUX 3aJa4.

Cnocobbl Kinaccudukarum 3agad TP :

e Ilo

e Ilo

TUIIY ICKOMOTI'O penieHud:

3adavu ynopadovusanus. B 9TuxX 3a1auax yxKe 3a/1aHO pacipeieie-
Hue paboT 110 UCIIOJIHUTEJISIM, a TaKyKe OlpejiesieHbl BCe ITapaMeTphbl
paboT (IPOJOJIKUTEIbHOCTD BBIIOJTHEHUS, BPEMsI TTOCTYILICHUS U
T.71.). Heobxommo cocraBuTh paciiucanue (Ujim mopsiJIOK ) BBIIOJTHE-
HUsT pabOT KarKJIbIM UCIIOJTHUTEJIEM;

3adavu coenacosarus. OCHOBHOE BHUMAHNE B 9THX 3ajadax ye-
JIsIeTCsl BBIOOPY MPOJOJIZKITE/ILHOCTU BBIIIOJIHEHNsT pabOT, BpeMeH!
MOCTYIJIEHUST U JIPDYTUM IIapaMeTpPaM;

3adavu pacnpedesenus TOJIPa3yMEBAIOT MOUCK ONTUMAJIBLHOTO Pac-
npejiesieHns: paboT 110 UCHIOJTHUTEISIM.

TUIY 11eJieBoii PYyHKITNN:

3adavi ¢ CYMMAPHHMU KPUMEPUAMU ONMUMU3GUUY. B 1ipebiry-
IIeit r1aBe MbI IPUBEJIN IPUMEP TaKOii 3a/1a1, B KOTOPOil He0OX0 11~
MO OBLIIO MUHUMU3UPOBATH CYMMGPHOE 3HAUEHIHE MOMEHTOB OKOH-
n

gaHus obcstyKuBanus pador » | Cj;

j=1
3adavu ¢ minmazr (MUHUMAKCHYMU) KPUMEPUAMU ONMUMUSAUUL.
Oranmame 9THX 337184 OT 38789 ¢ CyMMAPHBIMU KPUTEPHUAMI 3aKJIHO-
JaeTcst B TOM, UTO HY’KHO MUHUMU3UPOBATH HE CYMMY HEKOTOPBIX
3HAYEHNH, & JINITh MaKcuMaJ/bHoe n3 Hux. Hampumep, ecin B ymo-
MSTHYTOM 3a/1a1e HeOOXOUMO MUHUMUSUPOSAMY MAKCUMAALOE 3HA-
gerne Cax, T1€ Chax = max (', TO MBI 1IOJIyYUM OJIHY U3 TPHUBU-
AJTBHBIX 33J1a1 9TOTO Kﬂacjca;
Mmnozoxpumepuasvhoie 3adavu onmumusayuu. Ecam B ncciemye-
MBIX 3aJ1a9aX HEOOXO/IMMO ITIOCTPOUTH ONTUMAJIBLHOE PelleHne ¢ TOY-
KU 3PEHHsT HECKOJBKIX IEJeBbIX YCTAHOBOK ((DYHKIWIT), TO TaKue



3a/1a491 HA3bIBAIOTCS MHOIMOKpUTepHasbHbIMU. Hanpumep, ecin B

VIIOMSIHYTOM 3aJj1a4e HeoOX0INMO He TOJBLKO MUHUMUA3UPOBATL 3HA-
n

genne »  Cj, HO MEHUMU3NDPOBATH U BPEMsI IIPOCTOSI HPOIECCOPA

J=1

(mpu6opa), TO 9TO MHOrOKpUTepHaIbHas 3a1a4a’;

— 3Badavu na nocmpoenue donycmumozo pacnucarus. B ripeaprayinem
pasjesie ObLI JaH IpuMep Takoil 3ajaqdn. HeoOXxommmMo oTMeTHTb,
YTO JAaHHBII KJjacce 3ajad MOXKHO CBECTU K ONTUMUBAIMOHHBIM 3a-
JadaM, BBeJls CIelUaIbHyI0 (DYHKINIO mTpada, KOTOPBIH HYKHO
MUHUMU3UPOBaTh. TeM He MeHee, IPUHATO BbIIEISITh TaKne 3a/a4un
B OT/IeJIbHDBIN KJIACC.

e Ilo cmocoOy 3agaHMss BXOMHON MWHMOPMAITAN:

— Jemepmunuposanmwie 3adavu (off-line). [Ina takux 3amad xapak-
TEPHO, UYTO BCe BXOJHBIE JAHHBIE 38/Ia41 TOYHO U3BECTHDI, T.€. JaHbI
3HAYEHNS BCEX IapaMeTpoB JI0 Hadajia ee PelleHus;

— Jlunamuueckue 3adavu (on-line). Jljist naHHbIX 3aja4 paclucaHust
CTPOSITCSI B PEZKIME PeaIbHOI'O BPEMEHH, T.€. Iepejl HauaIoM Pelie-
HIs 3a/1a91 MbI He 3HAeM 3HaUeHUsI BCex mapameTpoB. Pacrmcanue
CTPOUTCsI 110 YacTsIM II0 Mepe IOCTYILIeHUsI HOBOH MHMOPMAIIN.
[Ipu sToMm B J11000i1 MOMEHT MOXKET OBITh IIOHAJIOOUTHCS OTBET O
KaueCcTBe ITOCTPOEHHOIO ‘“9aCTUIHOrO  pacIuCaHUs.

e Ilo pazneny TP . B pamkax TP npunaro BbIIe/IATh ClIeIyTIoNe pas-
JIeJIbI:

— Cemesoe NAGHUPOBAHUE UAU NOCMPOEHUE PACTUCAHUA OAL MPOEK-
ma, Project scheduling (PS);

— Kanendaproe naanuposanue ui noCmpoerue pacnucaHus Oa8 npu-
bopos, Machine scheduling (MS);

— Cocmasaenue spemennvic mabauwy (Time Tabling),
— Jlocmaska mosapos 6 mazasunv, (Shop-Floor Scheduling);

— Cocmasaenue pacnucanuti 08UNCEHUA MPAHCIOPMHBLT cpedcme
(Transport Scheduling), [[ukauueckue pacnucanua das mparncnopms-
nox cpedems (Vehicle Routing);

3HekoTopble MHOIOKPHTEPUAJBHBIE 332491 MOT'YT OBITH MPEOOPA30BAHBI (CBEJIEHbI) K OJHOKPHTEPHU-
aJabHBIM. JIpyrue »Ke MOTryT mogpa3yMeBaTh HaxoxkaeHne “Ilapero-onTuMaabHOrO perneHns’ Wi HAX0K-
JIeHUe ONTUMYMa UePAPXUIECKON 1e1eBOil (DyHKIINN.



— Cocmasaerue pacnucanuti cnopmusHur meponpusmudti (Sports scheduling ).

[IpuBenennnle knaccudukanuu 3aad TP yc/loBHBI 1 JIUIIb yKa3bIBAIOT HA
HEKOTOpbIEe XapaKTepHble 0COOEHHOCTH PEIaeMbIX 3a/1a4.

1.2.1 lonmoJsiHUTEeJIbHBIE ycjgoBUd B 33ajia4ax TP

B nepsBoii riiaBe MbI UCIIOJB30BaJIM CJOBO ‘3ajJlaHne”’ AJiss 00o3HAa-
qeHne TeX AeiicTBUil, KOTOpble HY>KHO YyHOPSJOYNUTH BO BpPEMEHU.
B nanpHeiitmem mMbl OyJgeM HCHOJIL30BAaTh APYTHE, OOIEITPUHATHIE
B TP, cioBa obo3navaromue 3aganud: IT'pebosanue nam Paboma.

B zagauax TP moryT ObITh 3a/1aHbl JOIOJHUTE/IbLHbIE OIpAHUYIEHNs] Ha Ia-
pameTpbl TpeboBaHUil, IMOPSIIOK OOC/IY»KUBaHUS TpeboBaHUil, Ha IPUOOPHI.
[lepeunciimm HeKOTOpPBIE 0DO3HAUEHUSI, KOTOPhIE IOTPEOYIOTCS HAM B Jla/lb-
Heitirem. [Tapamerpnr TpeboBannii 0003HAYAIOTCS CJISYIOMIIM 00pa30M:

Tj — MOMEHM nocmynaenus mpebosarus na obcaysrcusarve. Janubril ma-
paMeTp ollpejiesigeT MOMEHT BpeMeHU, HaulHasi ¢ KOTOPOro TpeboBaHue
MO2KeT ObITh ITOCTaBJIEHO Ha 0OC/IYKHUBAHHIE, HO HE 00s13aTeIbHO ero 00-
CJIy?KUBaHUEe HAYHETCs B 9TOT MOMEHT;

pj — npodoasicumenvrocmo obcaystcusanus mpebosarus. Ilapamerp orpe-
JleJisieT BpeMsi, KOTOpoe HeOOXOUMO JIjIsi 00C/Iy KIBaHUs TPeOOBaHMUS;

d; — dupexmuenolil cpox sasepwerus obcaystcusarus. Jannplil napamerp
olpejie/isieT MOMEHT BpeMeHH, K KOTOPOMY KeJjlaTe/IbHO 3aBepIInThH 00-
cryzKuBanne Tpebosanust. Heobxommmo pasmmiaTh KeJaaTe bHbI 1 pe-
JeJIbHBLT MOMEHTBI 3aBeplienust oocitykusanns (anri. — due date d; n
deadline D;, coorBercTBenHo). 2Kemare/bHbLil MOMEHT 3aBepIeHs 00-
CJTYZKUBAHNs MOYKHO HAPYIIATD, XOTS TP 9TOM HaKJIaIbIBAeTCs MTpad,
KOTOPBIil BIUSET Ha 3HaUYeHne IeIeBoil PYHKINN 3a/1a4N;

D; — npedeavrvili cpok sasepuenus obcaysrcusarus. 1Ipenepablii cpok 3a-
BEpIIIeHNsT HAPYIIATH HEJIb3sI, U JII000€e paciicanie, B KOTOPOM eCTh 3a-
BEPIIAIOIIEeCs MOCe CBOErO MPeJIeIbHOIO MOMeHTa TpeDOBaHUe, siBJIsi-
ercst HejolycTUMbIM. IIpumepom jupexrtusHbix cpokos d; (due date)
u D; (deadline) MoryT c/iyKuTh: MOMEHT OKOHYAHHS Y?KINHA (KOTODBIIt



MOZKHO 1 HAPYIINTD) 1 JIeHb IIPOBEJIEHNsI 9K3aMeHa (KOTOPbI HAPYIIATE
KpaiiHe HexKeJaTesbHo);

w; — eec mpebosarus. JlaHnblit mapaMeTp XapaKTepusyeT “BazKHOCTD , “3Ha-

YUMOCTL  TPeOOBAHUS U YIUTHIBAETC B 1e1eBOil (DYHKIINN 3a/1a9u ITPH
nojicuere mrpada, KOTOPBIil HAK/Ia/IbIBaeTCsd Ha 0OC/TyKUBaHue Tpedo-
BaHU.

CymecTByeT clienuaJibHasg cucreMa KojanpobaHus 3ajad TP, ¢ KoTopoii Mbl
MO3HAKOMUMCS T103/1Hee. B 3Toil cucreme MOXKHO BCTPETUTD CJIeLyloline 000-
3HaYEHUS:

pmin — JaHHast 3allCh 03HAYAET, UTO JIOIYCTUMbI IIPEPhIBAHUs B 00C/TY 2KITBa-
Hun TpedboBanuii. To ecTb MOXKHO IIpepBaTh 00C/IyKIUBaHIe TpeOOBaHNs,
O0CTYKUTBH Jpyroe TpebOBaHWe W IOCJe TPOJOIKUTE 0OC/TyKUBaHUE
IPEPBAHHOIO;

prec — 03HAYaeT, YTO MEeK/1y TPeObOBaHUSIMU 3a/IaHbl OTHOIIEHUST ITPEIIIIeCTBO-
BaHUsI. JTa »Ke 3alliChb MOXKET BBIIJIAIETb Kak tree, out — tree, in —
tree, chain, KOTopble 03HAYAIOT, YTO I'padd OTHOIIEHUIT IIPEJIIIeCcTBOBA~
HUA UMeEeT BUJL JIepeBa WIN 1eNO0YKU;

batch — cBujIeTEILCTBYET O TOM, UTO paccMaTpuBaeTcs 3aiada batching, koraa
TpeboBaHusI 00bEIMHEHB] B IPYIIIIHI.

1.2.2 lIlenesBble dpyHkum B 3aga49ax TP

O0bIYHO 3ajavua TEOPUH PACIUCAHUI XapaKTepusyercs IesieBoil (byHKImei
(KpuTepueM ONTUMAJBHOCTH), KOTOPYIO HEOOXO MO MUHUMHU3NPOBATHL (pe-
JKe, MAKCHMU3UPOBATH) HA MHOYKECTBE JIONYCTUMbIX pacrucanuii. [leresast
dyuknus B 3aadax TP Beraucisiercss Ha 0CHOBE HEKOTOPOT'o Habopa ITpa-
o (mrrpadubx GYHKINIT), KOTOPble BO3HUKAIOT MPH (DUKCAIUN TTOPSIIKA
o0CJIy>KNBaHUsl TpeOOBaHUIl B paCICaHUN.

B Teopun pacrnucanuii pasjmdaioT CJeLyIoe OCHOBHbBIE THIIbI MITpadHbIX

dyHKIIMIT:

o C; — momenm 3asepuienus, PaBHBI MOMEHTY OKOHYaHUs OOC/IyzKUBa-
HUsl TpeDOBaHUA J;



L; — epemennde cmeuwenue, pasnoe sennuune C; — dj;

T; — 3anaszdviearue, pasroe esmante max{0,C; — d;};

E; — onepeorcenue, pasuoe sesmiune max{0, d; — C;};

U; — mpebosanue sanaszdvsaem, pasno 0, ecin C; < dj, u 1, — B 11po-
TUBHOM CJIydae.

B sanauax, korja 3ajaH eec TpeOOBAHNA W, YKA3AHHbIE BLIINIE KPUTEPHN
HA3BIBAIOTCA 636€UEHHDIMU, & NX 3HAYEHNE BBIUYUCIISETCS IIyTeM yMHIOZKe-
HIsI HCXOJHOTO 3Hadenus Ha koaddunuent w;. Hanpumep, sssewennoe spe-
mennoe sanazdvearue w;1; Beranciagercs kak w; max{0,C; — d;}.

Panee Mbl npuBoimin Kiaaccudukauio 3a1a4d TP B 3aBUCHMOCTH OT THIIA I1e-
neBoit bynkuun. Terepb Mbl MOXKEM IIPUBECTH KOHKpEeTHBIE IIpuMepbl. Mork-
HO BBIJIEJIUTH CJIEJIYIONINEe KPUTEPUU ONTUMAaJILHOCTH:

1. murumarcnovie Kpumepuu — B 3ajadax ¢ TaKUMU KPUTEPUAMU IeJsie-
Bast (DYHKIINSA MPeJICTaBIgeT co00i (PYHKINIO MaKCUMyMa, OT 3HadeHu
mrpadgosB TpedoBanuii. [Ipumepnbl, MUHUMAKCHBIX KPUTEPUER:

o (lhax — min — KpuTepuit MEHIMI3AINN MaKCUMaJIbHOIO MOMEHTa,
zaBepirenust TpedboBannii, Chax = 51162}\}[( C';. 3ajiaun ¢ Taxoil neseBoil
dbyHKIMel HA3bIBAIOT 3aja9aMi Ha Oncmpodeticmeue, (makespan —
B AHIJIOSI3bIUHOlL JinTepaType);

® [ .x — Min — KpUTepnit MUHIMHUBAINN MAKCUMAaIbHOIO BPEMEHHOTO
cMeneHnst Loy = max L.
JEN
2. Cymmaprvie Kpumepuu — B 3aJadax ¢ TaKUMU KPUTEPUIMU Ie/ieBast
dyHKIMA npeicTaBiasgeT coboit cyMMy 3HaUEeHUi MTpadoB TpebOBAHUIA.
[Iprmepbl cyMMapHBIX KPUTEPUEB:

e > (; — min — kpurepuii MEHIMUI3AIUK CyMMapPHOIO BPEMEHH
jeN
OKOHYaHUs 00C/IYKUBaHHIsI TpeOOBAHMIA;

e > T; — min — KpuTepuii MUHIMI3AINH CYMMAaPHOTO 3alla3/[bBa-
jEN
HIsT TPeOOBAHMIT;



e > U; — min — Kpurepuii MEHIMU3AIUI KOJUYIECTBA 3alla3/[bBa-
jEN
IOIINX TPeOOBAHMII.

B TP raxxke HCCJIIEAYIOTCHA 3a a9 Ha MaKCUMN3aliO0 aHaJIOTUIHBIX ITEJIEBBIX

dbynkiwmit, nanpumep, » | 7 — max.
JEN

1.2.3 TIlocTrpoeHme pacnucaHusi JiJis IIPOEKTA.
Project scheduling (P.S)

B nanHoM pasjesie HPUHSITO BbIIEIATH ONHY 0a30ByI0 3ajady. OcrajbHble
33/ pasjiesia, Kak MpaBuiio, JUOO SIBJIAIOTCS €€ YaCTHBIME CJIydasiMU JIk-
60 ke MoJAU(UKAIUAMI. DTO 3aJia9a NOCMPOEHUA PACTIUCAHUA BHINONHEHUA
pabom npoexma ¢ YYEMoM OMHOULEHULT NPEJUWECTNBOBAHUA U 02PAHUMEHUA
na pecypews (Resource-Constrained Project Scheduling Problem. RCPSP).

ITpoekT — COBOKYIIHOCTH B3aMMOCBSI3aHHBIX JIEHCTBUI, HallpaBJIEHHBIX Ha
JIOCTUKEHIe KOHKPeTHBIX 1esieil. K mpumepy, IpoekT “cTponTebeTBO Joma’
MOXKeT COCTOSITH U3 PabOT “BbleMKa I'pyHTa’, “yKjajKa QpyHaMeHTa’, “Bo3Be-
JleHne cTeH 1nepBoro srazka’ u T.J. O4ueBHHO, 9TO 110 TEXHOJOINN “yKJIaKa
dynmamenTa’ TPOU3BOJNTCA TTOCTE “BHIEMKN I'pyHTa’, U T.JI. B 3TOM cityuae

roBOpPAT, 4TO MEXKIY pa6OTaMI/I CyLIeCTBYET OTHOIICHUE ITPEAIIECTBOBaHMA.

B zajiaue RCPSP neobxo/iuMO IOCTPOUTH ONTHMAJIbHOE pacIicaHne IPOeK-
Ta (BBIOJIHEHHsT PAOOT MPOEKTA) C YIETOM CeTeBOro rpaduka (OTHOIIEHMT
IPEJIIIeCTBOBAHKST MEKJLy PADOTAMU) 1 ¢ YIeTOM HEOOXOJUMBIX / JOCTYTHBIX
pPecypcoB, Ipu KOTOPOM OyJeT ONTUMU3NPOBaHa HEKOTOpas IejieBast QPyHK-
iusi. Camag ronyJisipHasi 1ejeBast (yHKIUs — 001Iiee BpeMsI BbIIIOJIHEHHS 11PO-
ekta (makespan mmn Chay).

J/lannble 387241 9aCTO BOBHUKAIOT HA MTpaKTHKe. HampuMep, Ipu cTponTesb-
CTBE TOI'O WM WHOTO O0beKTa Ha Pa3HbIX CTaJIUAX CTPOUTETLCTBA HeOOX0 -
MO Pa3HOe KOJIMYECTBO TPYJIOBBIX PECYPCOB, CTPOUTEIbHON TEXHUKHU, MaTe-
puajoB n T.I. MexXay OTIeNbHBIMU CTQJINAMU CTPOUTEIHCTBA CYIIECTBYIOT
OTHOINEHUS MTPEe/IIeCTBOBAHNS 00yc/IoBIenHnble TexHo orueii. Tpebyercs co-
CTaBUTH PacIlcaHue BLIOJTHEHNS PAa0OT, TP KOTOPOM He HapyIIaloTCs OTHO-
IIEeHUs IPeJIIIIeCTBOBaHNS, PeCypCHble OT'PAHUYEeHNUs, U IIPU 3TOM CPOK OKOH-
YaHUsI CTPOUTENbCTBA ObLT Obl MUHIMAJIEH. AJITOPUTMBI PENIEHIs 9TOi 3a,/1a-



Y1 UCIOJIB3YIOTCS B M3BECTHBIX IPOrPaMMHBIX ITpoaykTax Microsoft Project,
Spyder Project, Primavera, 1C: Yupasieaune Crpourenbroit Opranusalimei
U T.JI.

ITocranoBka 3agaun RC PSP 3ByuuT cjieayionmmM 00pa3oM.

Jano muoxkecto Tpebosanuit N = {1,...,n} u K BO306HOB/IsIEMbIX PeCcyp-
coB k =1,..., K. B kaxKapIif MOMeHT BpeMeHU t HOCTYIIHO Q) €IUHUI] pe-
cypca k. 3ajaHbl IPOJOXKUTEIBHOCTH 00CTyKuBaHus p; > 0 JJIsi KaxKJI0ro
TpedoBanust ¢ = 1,...,n. Bo BpeMsi o0c/1yKuBaHusi TpeOOBaHUsA © TPeOyeTcst
Gir < Qp emunur pecypca k = 1,..., K. Ilociie 3aBepiienust o0CIyKuBa-
Husi TpeOOBaHUsI, OCBOOOYKIEHHbIE PECYPChl B IIOJHOM O0bEeMe MOIYyT OBITb
MI'HOBEHHO Ha3HAYeHbI Ha OOC/Iy:KHUBAHHE JIPYIUX TPeOOBAHMIA.

Mexk/1y HEeKOTOpPbIME ITapaMu TpeOOBaHWil 3aJlaHbl OrpaHUYEHUs IIpeIie-
CTBOBaHUSA: ¢ — J O3HaYaeT, 9TO OOCIyKUBaHUEe TpeOOBaHUS j HATMHAECTCS
He paHbllle OKOHYaHUs 0OCTYKUBaHUsT TPpeOOBAHUA 1.

O6ciyzkuBanne TpedboBaHuilt HaunHaercsi B MoMmenT Bpemenn t = 0. [IpepbI-
BaHue PN OOCTYKUBaHNN TPeOOBAHUIT 3alpeleHbl.

Heobxoaumo orpeie TuTh MOMEHTHI BpeMeHHN HadaJsia O00CTyKUBaHus Tpedbo-
Banuit S;, ¢ = 1,...,n, TaK, 9T00Bl MUHUMHU3UPOBATH BPEMsI BBIIIOJIHEHUSI
BCEro MPOEKTa, T.e. MUHUMU3UPOBATH 3HAYCHUE

Chax = max {C},
1=1,...n

rae C; = .5; + p;. [Ipu 310M [10JIZKHBI OBITH COOJIFO/IEHBI CJIEIYIONINEe OrpaHU-
YEHMUSL:

1) B kaxkpiii mMomenT Bpemeru t € [0, Ciax) JIOJZKHO BbITOJTHSITHCST

n
Yooqirpi(t) < Qr, k= 1,.... K, tiae p;(t) = 1, eciin TpeboBanue i
=1
00CJIY?KIBAETCsI B MOMEHT BpeMen t u ;(t) = 0, B IPOTUBHOM CJIydae.

To ecTtb TpeboBaHUsI B IIPOIECCE CBOEI'O OOCIYKMBaHUS JTOJXKHBI OBITDH
IIOJTHOCTBIO 0O€ecIIeueHbl PecypcaMit;

2) He HAPYIIAIOTCST OTHOIIEHUSI MTPE/IIeCTBOBAHUST MEZK/Ty TPeOOBAHUSIMI,
T.e. S;+p; <S5, ecim i — J una i, j € N.
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Puc. 1.4: IIpumep zagaun RCPSP.

Snauenne Cpax B aHIVIOSI3BIYHON JinTepaType HasbiBaeTcss makespan. K co-
JKaJIEHUIO, HAM HEU3BECTEH aJIEKBATHBIN MEPEBOJI STOTO TEPMUHA Ha PYCCKUIT
sa3bIk. Ha pucynke 1.4 nipejicraBien npuMep 3aJiaqn ¢ CETEBBIM IPpapUKOM 1
JIByMs$I PACHUCAHUSIMU — OITUMAJIbHBIM U HEOITUMAaJIbHBIM.

Tpebosanusi (paboThl) B Takoil 3aj1a1e MOTYT ObITh, HATIPUMED, TAKUMU: “Bbl-
eMKa rpyHTa’, “ykijajka gpyrgamenTa’ un T.I1. B KauecTBe HEOOXOIUMBIX Pe-
CYpPCOB MOTYT BBICTYTATh: KCKABATOPHI, paznopadovune, KAaMeHIIUKA 1 T.]T.
[TosTomy jitst BeITTOJIHEHNST pabOTHI “BbIeMKa IpyHTa’ MOYKET TOTPebOBaThHCH
OJ/IHOBPpEMEHHOE ydacTHe 3-X 9KCKaBaTOPOB, Tpopada U 7-MU Pa3sHOPabOINX.

Heobxogumo 3aMeruth, 4To cyiecrByer Kjiacc 3ajgad RC PSP ¢ HeBo300-
HOBUMBIMHI DPECypCcaMu, HAIIPUMeEp, JEHLIU, TOPIoUe-CMa309Hble MaTeprabl
1 T.II.

Heobxoaumo 3aMeruTh, 4To cyiecrByeT kjacc 3ajad RCPSP ¢ HeBo300-
HOBUMBIMHU PecypcaMi, HaIIPUMeEp, JEeHbI'M, NOPIUe-CMa30uHble MaTepUaJIbl
U T.II.



1.2.4 TlocrpoeHue pacnucanusi Jijisi IPpuGOPOB.
Machine scheduling (M S)

B orimmame ot Project Scheduling, rje st BoinosiHeHust oiHON padOTH Tpe-
OyeTcst OJTHOBpEMEHHOe yJacThne HEeCKOJIbKUX NCHOJHUTEeH, B 3aad9ax Jiis
prbOPOB KazKi0e TpeboBaHme 0OBITHO BBITOTHSIETCsT (00CTYKUBACTCS) €11~
HOBPEMEHHO TOJILKO Ha OJJHOM Ipubope (Marinte).

Hnga 3amay M S ucnosHnTeassMu saBJisiiorca IIpubopot, Mawurot
nan Ilpoueccopwvi. Ecaim He mpumBOASTCS yTOYHEHUS, 3T TPHU Tep-
MHIHA CUMTAIOTCH YKBUBAJIEHTHBIMMU.

Samaum i OOHOrO IIpudopa

C npumepamu 3aJ1a4 J1Jisl OJHOIO HPUOOPa MbI ITO3HAKOMUJINCH B IIPEIbIITY-
mux pasjgesnax. Vx xapakTepHoil 0COOEHHOCTBIO SIBJISIETCS TO, YTO OJHOBpE-
MEHHO TIPHOOD MOYKET 00CTyKUBATH (BBINOJIHITE) TOJBKO OJHO TpeboBaHUE
(3amanme). HecMoTpst Ha KaxKymiyiocsk IPOCTOTY B OIPEJIEIEHIN, peleHie
OJIHOIPUOOPHBIX 3811 IPEJICTABIIACTCSA TPYIHON, HO BayKHOI BBIYHCIUTE b
HOIT 11p0o0OJIeMOit. AJITOPUTMBI UX PEIeHNs UCIIOIb3YIOTCS JIJIs peleHns 60jiee
CJIOYKHBIX 3a/a49, TIO9TOMY OZHOIPUOOPHBIE 332Ul HA3BIBAIOTCS (DYHIAMEH-
TaJIbHBIMI.

Samaum Jid napaJijiejbHbIX IIPUOOPOB

JLJ1s1 9THX 38189 BMECTO OJIHOT'O IIpudopa JocTyiHO m upubdbopoB My, Ms,. . .,
M,,. Mexay TpeOOBaHUSIMHI MOI'YT OBbITH 3a/JaHbl OTHOLIEHUS IIPEIIIeCTBO-
BaHusi. Kaxkjoe TpeboBaHne MOYKET BBIIOJIHATHCS Ha, JI000M mpudope. Ecim
puOOPBI UIECHTUYHDBI, TO BpeMsd 0OC/Iy?KUBaHud p; TpeOOBaHUs j He 3aBUCHT
OT BbIOOPa MAIIIMHBI, Ha, KOTOPOIi TpeboBaHue OyaeT 00C/IyzKeHO. JTa 3a/1a4a,
COOTBETCTBYeT JacTHOMY ciydaio 3ajadn RCPSP, tne K =1, Q1 = m u
HeoOX0IUMOe KOJINYeCTBO pecypca g1 = 1, aJid Beex Tpebopanuit j € N.

ITpumep. Paccmorpum npumep Ha puc. 1.5. Jlano n = 8 TpeboBaHmii u
m = 3 upubOpoOB, BpeMeHa 00CayKUBaHust p1 = 1, po = 3, p3 = 4, py = 2,
ps = 2, pg = 3, pr = 1, ps = 5. Jlonmyctumoe pacrucanue, Jijisi KOTOPOTO
Chax = 9, TIpeJIcTaB/IEHO Ha TOM K€ PUCYHKE.
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Puc. 1.5: Pacrucanue fjist MAeHTHYIHBIX MAIITH

[ToMuMO HAEHTUIHBIX TPUOOPOB, MOTYT PacCMATPUBATLCS ITPUOOPHI C pa3HOI
IPOM3BOINTENLHOCTRIO. [ Kaxk 10it paboThl j um npubdopa k MOKeT OBITDH
3a/1aHo0 CBOE BpeMs pji oOcily»KuBaHusd TpeboBaHus j Ha 1pudope k.

Bamaum Ilexa (Shop Scheduling)

B s1ux 3ajauax Kaxkj0e TpeboBaHe COCTOUT U3 OLepPALNil, BLIIOIHEHNE KO-
TOPBIX MOXKET Ha3HAIATHCS TOJBKO Ha ONpeJeJIeHHbIe TPUOOPHI (MAIIIHDI).
B obmem ciaydae mano m upudopoB My, Mo, ..., M,, n Kaxxjgoe TpedoBa-
nue j cogepxut oneparuu Otj, ..., Oy ;. Mexty onepamusamu MOryT GbITD
3aJIaHbl OTHOIIEHUs [PEeIIeCTBOBaHNSA (MapuipyT obpaborku jgerasm). /Ise
olepaIyy OJIHOTO U TOrO Ke TPeOOBAHUsI HE MOT'YT BBIIOJHITLCS OJIHOBDPE-
MEHHO, U KazKJIblil Ipubop MOKET BBIIOJIHATEL €JINHOBPEMEHHO TOJLKO OJHY
onepanuio. Bpemst Bbiosinenns oeparuu O;j PABHO P;j, 1 OHA MOZKET BBIIIOJI-
HATbCs Ha Mantiue i € {My, Mo, ..., M,,}. Jannas 3ajada Takyke MOXKeT
ObITH NpeobpasoBana (cejena) B 3agady RCPSP.

ﬂaﬂee MBI OIIMIIEM BazKHbI€ 9aCTHBIE CJIy9al 3aJda49M IIeXa.

Job-shop

st jaHHorO Cirydas 3aJlaHbl OTHOIIEHUS IIPEJIIeCTBOBAHIA MEXKIY Ollepa-
nuamu Buja O — Oy — -+ — Onjj. [Ipu sTOM HeET OTHOIIEHUil IIpej-
IIIECTBOBAHUsI MEKJIy OTJEeJIbHBIMU TpeboBaHusgMu. KojmuecTBo oneparuii y



Pa3HBIX TPEOOBAHMIT MOXKET ObITh Pa3IMIHBIM.

Flow-shop

JlJ1s1 TaHHOTO YaCTHOrO CJiydas 3ajJa4i Iexa KaxKjasd paboTa COCTOUT U3 O/I-

HUX U TeX Ke onepanuii, r.e. n; = m,Vj € N, a TakxKe 3ajaHa Malll-
Ha, Ha KOTOpOil 00C/Iy:KMBaloTCdA olepanun, T.e. f;; = M;, + = 1,...,m,
7 = 1,...,n. Torna pacnucanme Jjisi KayKJI0ro MpubOpa 3a/1aeTcsi BEKTO-

POM — IIOPSIJIKOM OOC/IY>KUBAHMS OIepaliiii, OTHOCAIINXCS K Pa3sHbIM pabo-
TaM. B pycckosi3bluHOIl JinTeparype JaHHbIe 33J1a49i [TOPOoil HA3bIBAIOT 3414~
JaM KOHBEHepHOro TUIla.

Open-shop

3ajaun 9TOro TUIA UMEIOT TaKyIo yKe MMOCTAaHOBKY, Kak 1 Flow-shop 3aadm.
EnncTBenHoe oTIn4Ine — OTCYTCTBUE OTHOIIEHWI MPe/IIeCTBOBAHIS MEYKTY
ornepanusgMu. To ecTh KOJMIECTBO Ollepalyii y KaxKjaoro TpeboBaHms paBHO
M, HO TIOPSIJIOK UX BBIITIOJIHEHUST MOYKET OTJINYATHCS JIjIsT pa3HbIX TpeOOBaHUI.

IIpoune 3agaunm Machine scheduling

OCOOHAKOM CTOAT 3ala9M, B KOTOPbLIX Ha HpI/I60pr HaJlal'alOTCd CII€lIaJIbHbIE
OrpaHn4dcHUAg.

Hampuwmep, B 3amauax batching (“rpynmuposanust” win “naptuii”) ofuH mpu-
O60p MOXKeT O0CJIy?KUBaTh OJIHOBPEMEHHO HECKOJIbKO TpeboBanwuii. IIpu sTom
BCce TpeOOBAaHWS M3 OJHON M TOH Ke “TapTuu’ UMEIOT OJIHO W TOXKE BpPEeMs
HavaJa 00C/Iy?KUBAHUST U OJIHO U TOXKE BPEMsi OKOHUIAHMS.

B My/bTHIIPOTIECCOPHBIX 33 1atax 061y KuBaHne TpeboBaHMsT (OIepAaIiit) MO-
JKeT HPOM3BOJIUTHCA OJTHOBPEMEHHO HECKOJBLKIMHI TIporieccopamn (rmpubopa-



1.2.5 Cucrema obo3Havenuii aaga 3agad Machine Scheduling

B pazgene Machine Scheduling st kparkoro o003HaUeHUsT 3aa4 [IPIHSI-
Ta clernuajbHas cucreMa 0OO3HAUEHUI. DTa CHCTEMa II03BOJISIET HCIIOJIb30-
BATH HE IPOMO3JIKUE Ha3BaHUs 3ajad (Hampumep, MuHuMu3anms B3BeIeH-
HOI'O CyMMAapHOI'O 3alla3/IbIBAHIS JIJIg OJHOIO IPHOOpa ¢ Pa3sHBIM BPeMEHeM
HOCTYILJIEHUs U OJIMHAKOBOM 11POJIOJIZKUTE/ILHOCTHIO 00CTY KIBaHsT TpeboBa-
Huit”), a UX KparTkoe obo3HadeHue (coorsercTBeHHO, l|p; = p, ;| > w;T}).
[Toapobuee pacckazkem 00 3TOil cucTeme 0003HAYEHNUI, T.K. OHA, [I0BCEMECTHO
UCII0JIb3yeTcs B myosmKanugax 1mo TP .

['paxewm, Jlaynep, Jlencrpa u Punnoit Kan (Graham R.L., Lawler E.L., Lenstra
J.K., Rinnooy Kan A.H.G) B 1979-m rojy [65] mist 3a1a1 Machine Scheduling
IPEJIOZKIIN TPEXIO3UIMOHHYI0 cucteMy obo3HaudeHuii Buja afB|y, obire-
IPUHSTYIO Ha JaHHBINH MOMeHT. [lojie v onmebiBaeT XapakKTepuCTUKN 3a1a49M1,
CBsI3aHHBIE ¢ IPUOOPAMI, 1 COIEPKUT BCErO OJIHY 3allCh. SHAUEHUs B I10JIe
£ YTOUHSIOT XapaKTePUCTUKU O0OCIYKIUBAHUsI U OrpAHIMYEHUsI, HAKJIa/IblBae-
MbIe Ha IIPOIece 00cIyKnBannst TpedboBanuii. KogmdaecTBo 3ammceit B JaHHOM
110J1e MOYKEeT ObITh TPOU3BOJIbHBIM (ITyCTOE 3HAYEHNE, OJIHA 3aINChH, HECKOIBKO
sarnmceit). [Tosie v onmcsiBaeT meeByo GyHKIMIO 3a/1a91, 3HAUYEHTEe KOTOPOit
HEOOXOJIMMO MUHUMU3UPOBATH (UM MAKCUMU3UPOBATH ), 1 OOBITHO COJIEPIKHT
BCET'0 OJHY 3aIlNCh.

B nosie o romycTuMBbl CJ1eIyIonne 3Ha eI :

e 1 — 3adaua das odnozo npubopa;

o Pm — udenmuunvie napasieavrvie npubopol. KoamaecTBo mjaeHTHIHbIX
npubopoB paBHO M, a P pacmmdposbiBaeTcs Kak parallel, To ects 1a-
paJiieIbHble WIN UJIEHTHYHbIE TTPUOOPHI;

o (Qm —napasiresvrvie NPubOPLL ¢ Pa3AUMHOT NPOU3BOJUMEALHOCTIDIO;

EF'm —cucmemvr muna Flow-Shop;,

Om —cucmemnv. muna Open-Shop;,

o Jm —cucmemnv, muna Job-Shop.



B sToM mosie MoryT ObITH yKasaHbl TAKXKE JIPyTHe 3alliCH, Hampumep (sa)
win (nd), HOsICHSAIONIE XapaKkTep 00CTyKUBaHUs TPeOOBAHU, O KOTOPBIX
OyIeT paccKaszaHo IO37Ke.

OrpaHquHMﬂ 1 YCJIOBUSI, HaKJaJblBaeMble Ha OOC/Iy»KUBaHKIe TPpeOOBAHMUII,
HEPEUHUCISIIOTCSI B 110J1€ 3 ¢ IIOMOIIBIO IIePeYunC/IeHns OJIHOM Wl HECKOJIBKIX
3allncein:

o 1, — momenmo, nocmynaenus (release dates). Ecin pannoe 3nadenne
yKazaHo B 1oJie 3, To 00CayKIBaHme TpebOBAHUS J He MOYKET ObIThH Ha-
4aTo palee ero MoMeHTa HocTyIeHud 7. Ecn r; orcyTersyer B 11odie 3,
TO MPEJITOIAraeTCs, UTO BCe TPeOOBAHNUS TTOCTYHAIOT Ha, 00C/TyKUBaHUe
OJIHOBPEMEHHO B MOMEHT BpeMenu ¢ = 0;

o D; — npedeavnnie cpoku sasepuierus obcayscusanus mpebosanul;

e pmnt — donycmumor npepwviearus (preemption). Eciu sTor napamerp
OIIYIIIEH, TO IPepPbIBaHUsI 00CIyKUBaHUsI TPeOOBAHMIT 3alpeIeHbI;

e prec — omuowenus npedwecmeosanus (precedence relations). Bamecro
9TOI 3alncu B 0003HAUEHUAX 3aJilad MOYKHO BCTPETUTH 3allicu tree,
mn — tree, out — tree unn chain To ecTh OTHOIIEHUs IIPEJIIIECTBOBA~
HUY 3a/IaHbl B BUJIE: JIEPEBA; BXOIAIIEI0, BBIXO/ANIETO JlepeBa; Iel0YeK;

e batch(b) — 9Ta 3amKCh O3HAYALT, YTO PACCMATPUBAETCSI 3a/1a4a, IJIe TPe-
boBaHmsT 00CTYyKUBAIOTCS MapTusiMi. To ecTh pedub UJIeT 0 3a/ia4ax THIIa,
batching.

B nojie § MoryT ObITh yKa3aHbl U JIpyrue HOHATHbIE 3HadeHus. Hampumep,
3allUCh p; = p O3Ha4aeT, 4TO JJld BceX TpeboBaHUil 3ajaHa OlHa U Ta XKe
IPOJIOJIZKUTE/ILHOCTD 00CTyKUBaHUST (KOHCTAHTA P).

B nosie v ykazbiBaeTcs 1esieBas gpynkins. Kiaccudaeckue eieBble (OyHKITNN
ObLJIN TIepEeYNCJIEHbI BBIIIE.

Cortacuo s1oit cucreme obosznadennii 3auch F2|r;|Chayx, HAIIPIMeD, O3HAYA-
eT 3aja1y ‘Munumunzamnusa ob1ero BpeMeHn o0C/ 1y KIUBaHus TpeOoBaAHUN J1sT
cucrembl Flow-shop ¢ nBymsi nmpubopamu 1pyr HEOJIHOBPEMEHHOM IIOCTYILIe-
Huu TpedboBaHuii’. Jlymaem, duTaTesr0 He COCTABUT TPYyAa pas3odpaTbCd U B
sanucsx suga: 1p; = p,rj| > w,;T; um Pmir;, pmtn| ) C;.



1.2.6 CocraBienune BpemeHHsix Tabsmi (Time Tabling)

Kaxkaplit 13 Hac CTaJKuBaJjCs ¢ YyIeOHBIM pacluCaHueM B INKOJe WA B
BY3e. Haie Bcero yuedbHoe paciucatue Jijisd IPYIIbl CTYACHTOB IIPEICTaB/IsI-
ercs B Bujie Tab/uiibl (mosromy sror pasjen TP wasoisaercs “ Time Tabling”),
B KOTODOIl Ha MepecedeHnst CTPOK (JHU HeJesIn, BpeMsl JIeKI[Hit) U CTOJIOIOB
(HOMEp TpYIIIIBI) YKa3aH MPeJMEeT U HOMED ayUTOPUH, B KOTOPOH COCTOUT-
cd 3aHATHe 1o dToMy mpeamety. Obtiee pacnucanne BY3a — cOBOKYITHOCTD
pacrucanmii s KaxkKaoi rpynnbl. PakTudeckn B TAKOM PACIIUCAHUN COTJIa-
COBaHbI ME2K/1y coDOiT BO BpeMeH! ayuTOPHH, TPYIIIbI yUIaIUXCsT 1 IIPeroia-
Baresin. CocraBiieHne TaKux PacluCaHUii, MOPoii, Hejlerkas 3a/a4da, 0CoOeH-
HO KOTJIa CYIIEeCTBYeT JAeMUIINT MOMEIeHnil, a KOJMIeCTBO 3aHATHIT W TPy
CTy/IeHTOB OoJsibioe. [Ipu cocTaBieHny pacnucanns Hy»KHO yIeCTb pa3HO-
obpasHble TpeboBaHUs K ayJUTOPUH, BpeMeHrn u T.J. [IpuBejieM HeKOTOpbIe
[PUMEPBI TAKUX YCJIOBHUIA:

YceioBusi, CBsI3aHHbIE ¢ ayauTopusMu. [IoHATHO, UTO ayauTOpus JOJIK-
Ha BMeIaTh BCEX YUYEHHKOB, U B Hell JIOJI?KHO OBITb COOTBETCTBYIOIINE
obopyaoBanue. EJIMHOBPEMEHHO B ayIUTOPUN MOYKET IIPOXOIUTH TOJIHKO
OJTHO 3aHSITHE;

e YcJIOBUS, CBA3AHHBIE CO CTyAeHTaMu. 2KemaTe/lbHO, 9TOOBI MEXK/1y JIeK-
USIMI He OBLI0 OOJILITIX MTepepbIBOB. Heobxo 1Mo 9TOObI CTYIEHT yCIIe
nepeiiT B JIPyroii yaeOHbIIl KOPITYC, eCJIi 3aHSITHsT IPOXO/ST B PA3HbBIX
3AHUAX;

e VcJI0BUd, CBSA3aHHDBIE C IperojaBaTesaMu. Y IMpernojgaBaTe/ieil TakxKe
€CThb CBOM JINYHbIE IIPEJIIIOYTEHN, HATIpPUMED, B KaKUe JITHA U BPEMsI IIPO-
BOJIUTH 3aHATU;

e VCJIOBUS, IIPeIbdBIIsieMble K yaeOHOMY Iporieccy. zKenarebHo, YTOObI
110CJIe 3aHATUI 110 (PU3KYJILTYpe He OBLIO JIEKITMOHHBIX 3aHSITHIA.

Bajgauu Time Tabling BO3HUKAIOT NPU ILJIAHUPOBAHUU 3aHATOCTU [1€PCOHA-
JIa, TPU COIJIACOBAHUN BPEMEHHU Pa3/IMIHbIX BCTPed U T.JI. 3a9acTyio 3a/adu
Time Tabling Mmoxno cBectn K 3a7auam Project Scheduling.



bubimorpadpunieckas copaBka

[Tpu OArOTOBKE IVIABBI UCIIOIB30BAHBI TEPMUHBI 13 paboThl [20|, duciieHHbIe TPUMEDPDI U PUCYHKH
u3 pabor [41, 43|, a TakKe HEKOTOpBIE HOsICHeHUsI u3 MOHOrpaduu [23].

CytecTByeT MHOXKECTBO MOHOrpadmii, nocssimerabix TP . Cpemn HUX 0060 CTOUT OTMETHTH
cepuio pabor no pykosogcTBoM akajgemuka B.C. Tanaesa [23, 24, 25, 26|.



I's1aBa 2

Metoabl pelieHus: 3a1a4
KOMOUHATOPHOI OIITUMMI3aIU

2.1 Kiaccudyeckue 3aaa4u JUCKPETHOI OIITUMU3AIAN

JrcKpeTHOE IIPOTrpaMMUPOBAHNE — Pa3des MAMEMAMUYECKO20 NPO2PAM-
MUPOBAHUSA, MOCBAWEHHBT HATOHCIEHUIO IKCMPEMYMO8 GYyHKuul, 3a0aH-
HOLT HG KOHEYHHLT MHOAHCECNEAT.

[Tox 3ajaqeit ANCKPETHOTO MTPOrpaMMUPOBAHUST (JIICKPETHO ONTUMI3AIIN )
MOHUMAETCH 3a/[ada MATEMATHIECKOTO TTPOrPAMMUPOBAHNs B KOTOPOiT 0ObIY-
HO HEOOXOIMMO MUHIMU3UPOBATD (I MAKCUMI3HPOBATD ) 3HAUEHIE HEKOTO-
poit dbyukiun f(x) Ha MHOXKecTBe jonycTuMbIX perteruii G. To ectb HEOO-
XOJIIMO HaiiTn Takoe perenue ' € G, 4To

f(2%) = min f(z). (2.1)

relG

[Ipu 5TOM MHOYKECTBO JOMYCTUMBIX periennii G KoHewHo, To ecTh 0 < |G| <
00, rae |G| — aucso snemenTos Muoxkectsa G.

CyiecTByeT JOCTATOYHO IIHPOKII KJIACC 3aa4 JIUCKPETHO! ONTUMU3AIIN,
KOI'JIa HEoOXOJIMMO MAaKCUMU3UPOBATh 3HaudeHue IejeBoil dpyHkiun. VHTe-
PECHBIM SIBJIETCSI BOIIPOC: MOXKHO JII MOJAUQUIINPOBATH aJITOPUTM PEIIeHMSI
3324l MIHUMHA3AIMI TaK, YTOObI UCIIOJIb30BATL €r0 JIJIsI PEIIeHUs 3a/1a4l C
oOpaTHBIM KpUTEPUEM OINTUMU3AINN, T.€. JJIs 389 MaKCIMU3AI[UNL.

Tax Kak MHOKecTBO (G KOHEUHO, TO MOYKHO IIepedparh Bce JIOIYCTUMBbIE pe-
IeHus, T.e. BeraucanTh f(x) misa xkaxmoro x € G. Ho 3aga4du qucKperHoro

40



IIPOrPAMMUPOBAHIST HETPUBUAJIbHBI B TOM CMbICJIE, 9TO YUCJIO JOIYCTUMBIX
peleHnii B peaJibHbIX 3a/1a9ax HACTOJILKO BEJINKO, YTO UX IIOJIHBINA 1Iepedop
(T.e. BBIYUC/IEHUE U CPABHEHIE BCeX 3HAYEHUT (DYHKIIHI) TPAKTHYECKH HEBO3-
MOXKHO JIazKe ¢ UCIIOJIb30BaHueM KOMITbIoTepa. B mannoMm ciaydae “HeBO3MOK-
HO’ O3HaYaeT “HEeBO3MOXKHO OCYIIECTBHUTDH IIOJIHBII 11epebop 3a IpreMieMoe
BpeMst .

HpHBeﬂeM HEKOTOPbIE IPUMEDPDLI 3a a4 ,ZLI/ICerTHOﬁ OIITHMMU3aIllN.

SAJAYA Ob OJHOMEPHOM PIOK3AKE (BA/JAYA O PAH-
IIE, Knapsack problem). lneercss n npejiMeToB, KazKiblii 13 KOTOPBIX
XapaKTepusyerca cTonMocTbio p; > 0 m Becom w; > 0, j = 1,2,...,n.
meercs paHell, rpy301obeMHOCTb KoToporo papaa C' > 0. Tpebyercsi 110-
JIOKUTH B paHel, Habop NpeJMeTOB MaKCUMaJIbLHON CYyMMApPHON CTOMMOCTH.
[Tpu 3TOM Bec BIOpAHHBIX IIPEJIMETOB HE JIOJIZKEH IPEBBIIIATH IPY30I10/heM-
n
nocrn panna. Ilpenonaraercs, €ro Y w; > Cunw; < C,j=1,2,...,n.
=1
Jl1st ommcaHust 3a1a91 Ha SI3bIKE U;eJICJ)‘{I/ICHeHHOFO JINHEIHOI'O IIPOrpaMMHIPO-
Balllisl BBeJIeM cJiejtyrontue Oysesnl mepemennpie z; € {0,1}, j=1,2,...,n.
Ecmn x; = 1, To npejmer “KiiajieM” B PIOK3aK, B IPOTUBHOM ciydae — x; = 0.

[Tonygaem cieyrontyio 3ajiady OyJieBa JUHEHHOTO TPOTPAMMUPOBAHUS:

n
f(z) =" pjr; — max,
j=1

z; €{0,1}, 7=1,2,...,n.

B nasnbreiinem 1o “pemieHnemM 3aja4dn’ OysieM IIOHUMATh TOJBKO “JIOIYCTH-
Moe pellleHne”’ Wil ke “ONTUMaJIbHOe PelieHne’, eC/ii 9TO SICHO 13 KOHTEKCTA.

MuozkecTBO G Jij1s1 9TOM 38181 — MHOZKECTBO BEKTOPOB & = (X1, T2, . . ., Tp),
n

VJI0BJIETBODAIONIX yejoButo »  w;z; < C.
j=1

Ompenenenue 3 PasMepHOCTD 3809l — YUCAO NEPEMEHHDIT, HEPAGEHCME
U ypasHeruti, onpedesarouur 3a0aqy.

Mg BAJIAYN O PAHILE rosopsit, uTo pasmepHocTb pasha n. O4ueBuiHO,
YTO YUCJIO JOMYCTUMBIX PEIIeHUIT /I 9TOM 3a/1a91 MOYKeT ObIThH Topsiika 2",



Ecin MbI orpobyemM pemmuTh 9Ty 3ajiady Ha KOMIIbIoTepe IIyTeM Iepebopa
BCEX JOIYCTUMbBIX PELIeHMIl, TO 9TO MOXKET 3aHsAThb HEIIpHeMJIEMO MHOI'O Bpe-
Menn. [lompobyem oleHUTb BpeMsi HEOOXOAMMOE KOMIIBIOTEPY JIJIsI PEIIeHMsI
zajgaun pazmepraoctu n = 100. [Ipu n = 100 KoMIIbIOTEPY HEOOXOINMO Iepe-
opars nopanka 2% sapuanTtos (pemennit). [Ipmdaem 171 TPOBEPKH KazKI0TO
pelienns HeoOXO0IUMO BBIIIOJIHITH HECKOJILKO ‘“djieMeHTapHbIX  onepanuii. To
€CTh KOJIMIECTBO OTepalnii, KOTOPOe JTOJIXKEeH BBITTOJTHATHL KOMITHIOTED, MOYKET

npessimary 2100,

CoBpeMeHHbIE CYIePKOMITbIOTEPHI (110 cocTostanio Ha KoHer| 2010 r.) crocob-
HBI BBIIOJIHATD Hopsaka 23 sjieMeHTapHBIX omeparnuil B ceKyHty. Torma s
1epebopa BcexX pelleHuil HaIlero npuMepa J1axke MOITHOMY CYIIEePKOMIIbIOTe-
py nonaobutca nopska 270 cexyn (Gosee 290 nneit), To ecThb Jg0JTHE TOJIBI,
XOT 9TO JIOBOJILHO TaKW IMPUBBIUHAs JIJIA MIPAKTUKHI Pa3sMepHOCTh 3a1a4u. 13

9TOI'O IIPUMEPa Mbl MO2KEM CHEJIaTb Cﬂeﬂy}OHLI/Iﬁ HpI/IHLLI/IHI/IaJIbeIﬁ BbBIBO/I:

g 3aga4 JUCKPETHOM ONTUMMI3AIM HEOOXOIMMO IMOCTPOUTH aJI-
TOPUTM peIlleHns, BpeMsi paboThl KOTOpPOro MUHUMAaJbHO. Vcko-
MBIl AJICOPUTM JOJI2KE€H HAXOJIUTh ONTHMAJIbHOE WJIN ITPUOJINKEH-
HOe pellleHne 3a “paszymHoe”’ BpeMs.

To ecTb HEOOXOAUMO COKPATUTH KOJMYIECTBO BBIIOIHSIEMBIX omneparnii. Cre-
JIaTh 9TO MOYKHO CY3UB KPYTI' IIOMCKa ONTUMAJbHOI'O PelleHus, TO eCTh Pac-
cMaTpUBas He BCe pellleHns n3 MHOKecTBa, (5, a JINIIb HeOOJIbIIYIO UX YaCTh,
II0/IMHOKECTBO, KOTOPOE I'apaHTUPOBAHHO COAEPXKUT OIITUMAJbHOE PEIeHHE.

3ATAYA KOMMUBOSAYKEPA.

CrpancTByOIMil TOpro.er, (KOMMUBOSIZKED) JIOJIZKEH MOCETHTb 7 TOPOJIOB.
st ynoberBa nmponymMepyeM ropoja 1,...,n. Mexay Kax1oil 1mapoit ropo-
J0B © 1 j 3ajlalo paccrognue c¢;; > 0, npuueM MoKeT OBbITb CUTYyallls, 4TO
Cij 7# Cji, T.6. B Pa3HOM HalIPaBJICHUH PACCTOAHHUA MEXKJY IOPOJaMU MOLYT
OBITH pasHbIMU. B HavabHBIT MOMEHT BPEMEHM KOMMUBOSIZKED HAXOIUTCS B
ropoze Homep 0. OH BbIe3KaeT U3 3TOT0 I'OpPojia, 00be3zKaeT BCe ropo/ia, Ioce-
THUB KaxK/JIblil U3 HUX POBHO OJIMH pa3, 1 Bo3Bpailaercs B ropo 0. Heobxommmo
HaiflTH TaKylO II0CJIeI0BaTEIbHOCTD IIOCEIIEeHUsI TOPOJOB, IIPU KOTOPOIl CyM-
MapHasg JJINHa TPONHJIeHHOTo MyTH MIHIMaJbHa. BMecTo paccToduuii MoryT
OBITH 3aJIaHbl CTOMMOCTH IIePee30B U3 Iropojia B NOPO/I.

Kak m B 3aj1adue n3 1epBoil Ij1aBbl, MBI MOYKEM IPEJICTABUTDL pelleHne TOH



3319 KaK BEKTOp, XapaKTePHU3YIONNil MOPsIOK MOCeNeHns TOPOJIOB, T.€.
B Bugie (0,71, J2,-- -5 7n,0), nie {Jj1,J2,- -, jnt = {1,2,...,n}. 10T 1MIOpSI-
JIOK HAa3bIBAIOT “‘MapIipyToM’ u obo3HadaloT OyKBoit 7. s mapimipyra 7
CYMMApHYIO JIJTUHY MPOHIEHHOrO paccTositust [(7) MOKHO BBIUHC/IUTH TaK:

n—1

() = coj, + E Ciijin + Cin0-
=1

[Tyctb G' — MHOXKECTBO BOBMOXKHBIX MAPIIPyTOB. Toraa KoJIMIecTBO pelenuii
B 9ToM MHOKecTBe |G| = n! Besmunna n! "acrpoHomudeckn" 6bICTPO paCTET
C POCTOM 7, TIO3TOMY aJTOPUTM TIOJTHOT'O Tiepedbopa SBHO He TPHUEMJIEM . . .

SAIJAYA PASBUEHUNA].

Basmano muoxkectBo N = {by, by, ..., by} qucen by > by > -+ > b, > 0, vj1e
bi € Z,, 1 =1,2,...,n. HeobxoauMo 0TBETUTHL Ha BOIPOC, CYIIECTBYET JIN
takoe nogmuozxkectso N’ C N gucen Takoe, 4To

Zbi:A:%Zn:bi?
=1

1EN’

Hecnoxxno mokaszaTh, 9TO pa3MepHOCTDL 3TOI 3aJa4un paBHa 1 U CYIIEeCTBYET
2" pas3sIMIHbIX MMOAMHOYKECTB MHOXKeCTBa [NV, BKJII09as MIyCcTOe MOAMHOKECTBO
1 IIOJIMHOKECTBO paBHOE caMOMy MHOXKecTBy V.

SAJIAYY PASBUMEHUSA moxkaO chopMynpoBaTh 1 CAELYIOMIIM 00Pa30B:
| > ienr bi — Al = min. Herpynno nokasars, uro SAJAYA PASBUEHNA
B TaKOil 1OCTaHOBKE siBJisieTcst dacTHbIM ciaydaem 3AJIAYIN O PAHIIE.

Ompenenenue 4 Ecau 6 nekomopot 3adaye Juckpemmoti onmumudauuil
cokpamumo muoocecmeo G- donycmumux pewenuti 66edenuem (dobasreru-
em) KaKuT-AUuUO0 HOBVT 02PAHUMEHUT, MO NOAYYEHHYIO 30004y HA3BIEAIOM.
YJACTHBIM CJIyYaeM 3agadu. Hcroduyio 3adany npu smom Ha3veaom oo-
IIUM CJIyYaeM.

Ecm 8 SAIJAYE O PAHILE mel 3adhuxcupyem yciosue p; = w;, IpH 3TOM

1 .n

5 231 w;, 1o Mbl noryanm 3AJTAYY PASBUEHUA. [eit-
j:

CTBUTEJIBHO, ecan p; = w; = bj, 7 = 1,2,...,n, 1 oNTUMaJIbLHOE 3HAYCHUE

npumem C' = A =



nenesoit dyukiun s 3AJJAYN O PAHLE f(2°) = A, Torma orser jjs
SAJIAYN PABBUEHNA “JIA, nonmuoxKectBO cyiecrByer”, nnade “HET,

Takoe paszdoueHue He CyIecTByer .

aJ1a4ul, B KOTOPBIX HY?KHO JaTh OTBET In HaIlpUMe -
3 : “ITA” “HET” , PA3
BUEHNE) wa mekoTopbIil BOIPOC, HA3BIBAIOTCA 3a/ia9aMi PACIIO3HABA-
HUS.

Tpu yrnoMstHyTHIE 320891 ABJISTFOTCS KJIACCHIECKIMI 33 1a9aMn JINCKPETHOI
onTuMu3annu. B yueOHNKe MbI MHONOKPATHO Oy/eM HCIOJIB30BaTh MX JIJIsI
HJLTIOCTPAIN HEKOTOPBIX CBOMCTB paccMaTpUBaeMbIX 3ajad, a Ha IpuMe-
pe SAJTAYN O PAHIE wmbr pacckazkeM 0 MeTo/IaX, ¢ ITOMOIIBIO KOTOPBIX
OJ0OHDBIE 3a1a91 MOYKHO PEHIaTh.

OTU TPU 3aJa9K TaK:Ke SIBJIAIOTCS 3aJadaMu KOMOUHAMOPHOT ONMUMUSG-
YU,

Bajga4m KOMOMHATOPHOM ONTUMMU3AIAN — 9TO 33/a91 BbIOCOpA U/ MjIn
PaCIIOJIOXKEHNS HEKOTOPOr'o, OOLIYHO KOHEYHOI'0, MHOXKECTBa B CO-
OTBETCTBUU C 33aJaHHBLIMU IPABUJIAMU C LEJbI0 MUHAMU3UPOBATD
(MaKCMMU3UPOBATh) HEKOTOPYIO EJIEBYIO (DYHKIIUIO.

Heiicrurenbio, B SAJIAYE O PAHIIE Mmbl j0/12KHBI BHIOpATh ONTHMAJIb-
HbLiH Habop peameros, a 8 SAJAYE KOMMUBOSIZKEPA — “yuopsigounts”
MHOYKECTBO TOPOJIOB. BosbimuacTBO 3a7a9 TP Tak:Ke SIBISIOTCS 3a1adaMK
KOMOMHATOPHON ONTUMUBAIINN.

PazMepHoCcTh 33/1a1 KOMOMHATOPHOI ONTUMU3AINKA OOBIYTHO PaB-
HO MOITHOCTU MHOXKECTBa, 3JIeMeHTbl KOTOPOro HEeOOXOJIMMO BbI-
OpaTh WM yHOpPsSd0YUTh.

TTostomy rosopsr, aro pasmeprocts 3AJTAUYN KOMMUBOSZKEPA pasua
n, Tae n — 9ucjao ropoaos, a pasmeprnoctu 3AJIAYN O PAHIIE n PA3SBU-

EHUE Tak:xe paBHBI n, T/e 1 — YUCIO0 IPEIMETOB U YNCE/I.



2.2 Hekortopble cBeieHNs O CJIOXKHOCTH (TPYTOEMKOCTH )
3a/1a9 KOMOMHATOPHOII ONTUMU3ALNN

B sToit gacTu riaBbl Jal0TCA KpaTKHe CBeJIeHHsI O TPYI0EMKOCTH, KJIaccax
P u NP 3agad guckpeTHOil onTtuMusanny, o0bsiCHAETCsI, 9To Takoe [N P-
nostabie 1 N P-TpyaHble 3a/a4ui, a TakK:Ke Jal0Tcd CBeJIeHHUsI O CBOIMMOCTH
3aJ5a4 ApYr K Apyry. [IpuBenennast maGopMalins He NCUePILIBAIOIIAs U TOIb-
KO IIPU3BaHa, JaTh 00IIee [IpeICTaBIeHne YNTaTe/IsIM O XapaKTepe peraeMbIX
3aJa4, HeoOXoauMoe JIJIsl JajbHedinero u3noxkenus. Iloapobaee 00 3Tux cBe-
JeHHsIX MOXKHO mpounTarh B Monorpaduu M.I'spu u 1. /T:koncona [?].

Korma MbI perraem 3a1ady KOMOMHATOPHON ONTHMU3AIN, BOSHIKAET BarK-
HbIi BOIIPOC — HACKOJIBKO CJIoxKHaA (min “rpypnoémka’) sra sajada. Ecmm s
HEKOTOPOIl HOBOI 3a/1a49i He yIaeTcsl OCTPOUTH ObICTPBIA aJIrOpuTM pere-
HUsI, TO IBITAIOTCA OIPEJIEeJUTh, He sIBIeTcs JIi dTa 3ajada N P-TpyaHOIL.
Ecim 9o nojrBep:KaeTcs, To B npejnooxennn P # NP, “ObicTpblit” aji-
TOPUTM JIJIsI JJAHHOI 3a/1a91 IIOCTPOUTD He yaacTcst. B KoMOuHaTopHOit OnTu-
MUBAIAN 33JIa91 YCJIOBHO JEIATCS Ha MOJUHOMHUAIBHO pa3pertnmbie (OTHO-

cuTesIbHO TpocTbie) u N P-TpyHbie (COOTBETCTBEHHO, CJOXKHBIE).

2.2.1 TpynoeMKOCTH aJITOPUTMOB 1 IMTOJJMHOMUAJILHO Pa3pernmbie
3aJa4u

Db PeKTUBHOCTD AArOPUTMOB OIEHUBALTCSI 110 BpEMEH! UX PabOThI, TO €CTh
110 KOJITYECTBY HEOOXOJIMMBIX OIlepalliii, KOTOPhIE BBIIOJIHAIOTCS B aJIOPUT-
Me JIJIsI KOHKPeTHOro npumepa. PaHee ObLIO cKa3aHO, UYTO aJrOPUTMbBI perlie-
HUsI PeaJIn3yIoTCsl, KaK IIPaBUJIO, Ha KOMIIbloTepax. /s pelieHns Kakoro-
MO0 TpUMepa, MbI JIOJIZKHBI “‘COOOIIUTL KOMIIBIOTEPY HE TOJIBKO aJIlOPUTM
(mocJieoBaTeIbHOCTD ONepalliii, KOTOPbIe KOMITBIOTED JIOJI?KEH BBITOJIHUTH ),
HO U IIEPeJIaTh eMy 8L00HbE JaHHbIE, TO €CTh 3HAUYEHHSI YMC/IOBBIX IIapaMeT-
POB pelaeMoro npuMepa. Pasmep BXOIHBIX JaHHBIX input size olpeaesisieTcst
OOBIYHO YKCJI0M OUTOB, HEOOXOIMMBIX JIJIsI OMHAPHOI'O KOJUPOBAHNS BXO/IHBIX
naHHbIX. Hampumep, s npejcrapjeHusl 9ucaa ¢ B OMHAPHONI KOIUPOBKE
neobxoauMo log, a 6ural, a g KogupoBaHUs m HUCes, caMoe OoJbllee 13

Tloapobaee o ToM, KaK JaHHBIE KOAUPYIOTCS B BBIMHCINTEILHON MAIIMHe MOYKHO y3HATH U3 Kypca
napOpMaTUKHA. B COBpeMEHHBIX KOMITbIOTEpAaX HH(MOPMAIHS Ha TEXHUIECKOM YPOBHE IPEJCTABJISIETCS



KOTOPBIX PABHO a, HeoOXoanMo n log, a out. Takum obpaszom, I KOJINPOBa-
nust upumepa 3AJTAYN KOMMUNBOAZKEPA pazmeprocti n HeoOX0iuMo
npuMepHo n?logy a 6uT (Ha BXOJ MbI IOJIaeM PACCTOSHUS MEKLy TOPOJaMHU,

MaKCHMAJIbHOE U3 KOTOPBIX PaBHO a), a jia kojnposanust 3AJTAYN PA3-
BUEHUS nlog, a 6ur.

[Ipu omenke BpeMeHH PaOOTHI AITOPUTMA, KAK IPABUJIO, OEPYyT B pacder
HEe JUINHY BXOJHBIX JaHHBIX (Hampumep, nlog,a), a pasMepHOCTb pUMe-
pa n. To ecTb TPYJ0EMKOCTH Pa3yMHOIO AJrOPUTMA JIOJI?KHA 3aBUCETH OT
pasmeprocTH 3a7a4qn n. OUeBUIHO, 9TO JJId JBYX HPUMEPOB 3aa9l C OJI-
HOM ¥ TOM »Ke Pa3MEepHOCTBIO, BpeMst paboThl AJrOpuTMa (KOJIMIECTBO Ole-
paiuii) MoxkeT ObITh pasHbIM. [109TOMY BaKHO ONpENE/INTh MaKCUMAaJbHOE
BpeMst paborel. st sroit nesm BBogsiT dyukuuo T'(n) — TPymIoEMKOCTD
AJITOPUTMA, KOTOPasi SABJSETCS BepXHel TpaHuleil BpeMeH:u paboThl asro-
puTMa Jijisi BCeX MPUMEpPOB pasMepHocTu m. Yale BCero TsixKeso 3ajiarh
dbyukiio T'(n) TOYHO, OITOMY PACCMATPUBAIOT TOJIBKO €€ HAMOOJIbIINIT 110-
pstiok. MBI TOBOpHM, 9TO TPYJIOEMKOCTE ajqroputma 1'(n) mmeer mOpsiIoK
O(g(n)), ecu cymmecTByer Takne KoHcTauTsl (vucsia) C' u ng, 9TO BLITOJHS-
erca T'(n) < CG(n) pist moboro n > ng. puuém koucranra C He 3aBu-
CUT OT pasMepHOCTH 3ajaqu n. Hamnpumep, ecjin TPy0éMKOCTh HEKOTOPOI'O
anroput™a T'(n) = 37n3 4+ 5n% + 17, T0o roBOPAT, YTO aJTOPUTM HMeeT TPy-
noémrocTh nopsaxka O(n?) onepanmit (Wan /sl KPaTKOCTH “TPYI0EMKOCT
anaropurma O(n3)”). Hna dyukmuu T(n) = n?2" + n®% + 7n? + 4 umeem
Tpy0éMKocTh nopstiaka O(n?2") onepanuit. [0BOpAT, YTO JAHHBII AITOPUTM
MMeeT SKCIOHEHIINATBHYIO TPYI0EMKOCTb.

Ecan Tpyno€éMKocTh ajaropurMa pelieHune 3aJadu paBHA O(nk), rae
k — HeKoTopas KOHCTaHTa, He 3aBHUCANIAd OT 7, TO TOBOPAT, UYTO
331292 NOAUHOMUAABHO PA3PEUUMA.

[TommHOMMAIBEHO pa3penuMble 3a/1a91 TPUIUCSTIOT K KJIacCy 3ajad, KOTO-
pbiit Ha3bIBaeTcs: P. OObIYHO 3a1a91 13 KJacca P IPUHSITO CUUTATh “HECI02kK-
HbIMI 111 “TIpocThIMI . COOTBETCTBEHHO, &JITOPUTMBI C TAKON TPYI0EMKOCTbHIO
HA3BIBAIOTCSI MTOJIMHOMUAJIbHBIMMU.

B Buze Habopa exunmdek u Hysteidl (1 u 0, wiu “npasna’ u “noxp’). Bur — 310 HauMeHbInas exuHUIA
nadopmarnn. PakTHIECKH, 3TO TUEHKa B MAMATH KOMIBIOTEPA, B KOTOPO# MOTYT OBITH 3alIUCAHbBI JIHOO
1 6o 0. Ilpu 6Gumapnoit kKoguposke uuciao 617 npeacrasisgerca B Buge “10011010017, T.e. 20 4 23 4+ 2° +
26 429 = 617. Takum 0b6pa3oM, JyIs KoaupoBanus duciaa 617 zam meobxomumo 10 6ut. Takyio KOIUPOBKY
TaKKe HA3BIBAIOT JBOUYIHOIA.



Ecin Tpya0oéMKOCTh aJIrOpUTMa 3aBUCUT OT 3HAUEHUI YMCJIOBBIX IapaMeT-
pos npumepa, Hapumep O(nA) mia 3AJAYN PASBUEHUA, To roopsir,
YTO aJrOPUTM HCEBAO-IIOJIMHOMMAJIBbHBINA. AJITOPUTM TPYIOEMKOCTU BU-
ma O(n"y™), rie © n Yy — KOHCTAHTBI, HA3BIBACTCS SKCIIOHEHIUATBHBIM. Ote-
BIJIHO, UTO JIJI HEKOTOPBIX N BpeMsi pabOThI IOJIMHOMUAJIBLHOTO AJTOPUTMa,
MOKEeT ObITH OOJIbIIE, YeM BpeMsi PabOThl SKCIIOHEHIUAJIHHOIO aJroOpUTMA.
Hanpumep, yist 1ByX aaropuTMor Tpypoémkoct O(n?) n O(2") onepanuit
COOTBETCTBEHHO, JId n = 5 noayunMm 5° = 125 > 32 = 2° no yxe s
n > 10 MbI ToTyanM 2" > n?, a Tak Kak HaM BayKHa aCHMIIOTHYECKAs OIleHKA
P N — 00, TO MOJUHOMHUAJBHBII AJIFOPUTM CUUTaeTCst OoJjiee MpeodTh-
TEJIbHBIM.

2.2.2 Kuaacc NP u TpyaHopeliaeMble 33124

He a1 Becex 3a/1a9 KOMOMHATOPHON ONTHMHU3AIINN MOYKHO TIOCTPOUTD MTOJTITHO-
MuaJIbHBIH ajroputM. Mbl yzke obo3HadmIm KJjiace 3aa4d P, KoTopble MOI'yT
ObITH pelIeHbl 3a MOJMHOMUAILHOE BPeMsI OT JJIMHBI BXO/IHOM nHMOpMaIun.
[IpecTaBum, 9TO Yy HAC €CTH CIENUATBHBIN KOMIBIOTED, KOTOPDLIN COTEPKUT
“yrajpiBaroruit” 6,10k (KoMioHeHTY) — “opaky.r’. JomycTuM, Mbl peraem Ha
TAKOM KOMIIbIoTepe 3ajia4y pactiosaasatus (Hanpumep, 3AJIAYY PA3SBIUE-
HI14T). Ha Bxo TaKOTO BBIMBIILIEHHOT'O KOMITBIOTEPA [IEPEIAeTCsT PeraeMblii
npumep. Ecin st mannoro npumepa cymiectsyer orset “JIA”, To opaky.1 BbI-
71aeT HeKoTopoe mojMHoykectBo N’ Takoe, uto » | b; = A u HaMm ocraercs

SV
TOJILKO IIPOBEPUTD, IIPABUJIBHOCTDb PEIIEHUA, BBIIAHHOI'O OPaKyJIOM.

Kiaacc N P coziepKuUT Bce 33/la4W paclo3HaBaHUs, B KOTOPBIX JIJIs

KaXk/10T0 npuMepa ¢ orBerom “IA” opakyn BbigacT pemnienue (mMo/i-
muoxkecTBO uncea B 3AJTAYE PASBUEHN ), takoe 4To:

® JIJIMHa pelnieHnd IIOJMHOMMAJIbHO OI'paHNYeHa ,ZLJ'[HHOfI BXO/J-
HbIX JaHHBbIX, 1

® pellleHne MOXKeT ObITh MPOBEPEHO 3a MOJIMHOMHUAJbHOE BpeMs
OT pa3MEPHOCTHU 33aJIaYMN.

JI100011 onTUMU3AIMOHHON 3a/atue MOXKHO IIOCTABUTHL B COOTBETCTBHE 3a/la-
qy pacrio3HaBanus. Hanpumep, paccmorpum 3ajady RCPSP. Eciu nocra-



BUTb BOIIPOC TaKuM obpazoMm: “CylinecTByeT Ji JOIYCTUMOE PaCIcaHnue, 9To
Chax < Y77, TO MBI IIOJIYINM 3a/jla4dy paciio3HaBaHust. JaHHas 3aja4a paciio-
3HaBaHu NpUHaAIEe:KUT Kiaccy N P. Herpyano nokasarhb, 9T0 OOJIbIITHCTBO
3aJ1a4 TeOPUN pacircanii, copMyINPOBAHHBIX KaK 3a/1a9a Paclio3HABAHUSI,
npuHaiexkatT Kiaaccy N P. Bosee Toro, Bce 3a/1aun pacio3HaBaHusd, IPUHAI-
nexkarne Kiaccy P, npunajexxar n kiaccy NP, r.e. P C NP. CoBuanaior
JIN 3TN JIBa KJacca 3aJad — 9TO OJWH N3 BayKHEHINX Ha JaHHLI MOMEHT
BOIIPOCOB MaTeMaTUKN, OTBET Ha KOTOPLI MOKa He HaliIeH.

I'oBopgaT, uro 3agadya A 3a moJIMHOMHAJbHOE BpPeMs MOXKET ObITh
cBejieHa K 3aja4de B (obo3Hadaercss Kak A < B), ecau cyiiecTByer
IMOJIMHOMUAJIbHBIN aJropuTM MOANMDUKAIINN 32 IIOJIMHOMHRAJILHOE
BpeM4 Jifoboro npumepa [, 3amaunm A B npumep [p 3ajgaum B Tak,
4TO ecJii oTBeT Ha npumMep [, “JIA”, Torga m TOJbKO TOrJa, KOTrJa
oTBeT Ha npumep Ip Toxe “/1A”.

[TommrOMBa BHOE cBeferne A o< B roBoputT o TOM, 9TO 3ajada B Kak M-
HUMYM TaKxKe TpyjHa, Kak 1 3aja4da A. Ecin cymecrByeT MoJnHOMUAIbLHbII
AJITOPUTM PeleHns 3aJa9n 3, To CyIecTByeT 1 MOJNHOMIAJILHBIN aJITOPUTM
pemrenns 3agaun A. Ecin »xe 3aja1a A He MOXKeT OBITH pellleHa 3a MOJIITHO-
MUaJbHOe BpeMsl, TO 3ajiada B TakyKe He MOKeT ObITh “TOJIMHOMHUAILHOI" .

Ecmm Ax Bu B x C, To Bepuo u A x C.

Bagaga B uaszbiBaercsa N P-tiosnoii (N P-complete), ecu:

e B mpuHa/uIeKuT KJjaccy NP, n

e Jirobaga spyrad 3agada A € NP noJimHOMHMAJbHO CBOJAUTCS K
3aga4de B.

Ecym BoIosIHAETCS TOJIHKO BTOpPOE yCjIoBHUe, To 3ajada B naszpiBaercd N P-
tpyanoit (N P-hard). To ecth ontuMunsannonnasi 3ajada sisjsiercss N P-
TPYAHOM, eciu COOTBETCTBYIOIIAA 3ajiada paclo3HaBaHus sipiserca N P-
nmostHoi. Ecimn kakas-im6o N P-miojtHas 3a/ia4da, MOJIMHOMUAJIBHO pa3pelii-
Ma, TO U Bce 3314 13 Kjacca [N P MoryT ObITH pelieHbl 3a I0JIMHOMUIAILHOEe
BpeMsI, TO €CTh OKaxKeTcsd, uro P = NP.

Bajava B nasbiBaercs N P-TpyaHOII B CUMJIBHOM CMBbICJIE, €CJIN JIJIsl Hee
HE CYIIECTBYET ICEBIO-TIOJIMHOMUAIBHBIN aJrOPUTM pereHus (B Ipenoio-

xerun P # NP).



B 1971 rony Ctus Kyk mokaszas, aro NP-T1osHBIE 33191 CyIIECTBYIOT Ha
npumepe 3aja4qu o BoinosHIMocTH. Popmysnposky 3aja4dn O BBITTOJTHN-
MOCTU un poxazarenbctBo Kyka moxkHo Haiitn B MoHorpadun M.I'spu u
1. /1>xoHCOHA.

SAJTIAYA O BBIIIOJIHUMOCTMN. danbl n Oy/aeBbIX IepeMeHHbIX

T1, T2, ..., Ty Taknx, uto z; € {0,1}, 4 = 1, n. Onpegenum Tpu byHKIUN:
x Yy KOH'BIOHKI[USI JIU3BIOHKI[UST OTpULIAHKE
x&y xVy T
0 0 0 0 1
0 1 0 1 1
1 0 0 1 0
1 1 1 1 0
[lycte f(z1,...,2,) Hekotopas Oyresa dyukiusa. V3 xkypea “/luckpeTHbrii

aHans’2

IIOMOIIIBIO IIePEYUCCHHBIX BbIIIe Tpex (DyHKIINIL.

U3BECTHO, 9TO Jiobas OyJsieBa (DYHKINS MOYKET ObITh BhIpayKeHa, ¢

3amada O BBIIIOJIHUMOCTMU. CyriiecTtByeT Jin Takoii Habop 3Ha-
YeHUil mepeMeHHbIX Ii,...,T,, 9YTOo OyneBa dyukusa f(ry,...,z,)
npununmaer 3uaderue 1 (“Ucruna”)?

Coryacho 3Toit Kiaaccudukamnuu TpygoéMroctn 3aga4: 3AJAYA PASBUE-
HUA sasnserca N P-nogmoii; SAJJAYA O PAHIIE N P-tpyanoii; a 3A-
JTAYA KOMMUBOAZKEPA N P-tpyaHoii B CHJIBHOM CMBICJIE.

YT1006bI MOKa3aTh, UYTO HEKOTOpPAad 3a/4a4a X gaBjdgercda N P-TpyaHoii,
HeoOX0AMMO J0Ka3aTh CBOJIMMOCTh K Heil HeKoTopoii N P-moJjiHoii
3aa49d Y, TO eCTb HEOOXOJMMO MOKa3aTh, UTO Y o X.

B riaBe 5 npusoguTcs gokasarenbcTBo N P-TpyaHocTu 3ajauu RCPSP.

2.2.3 Kuaaccudukanus aJropuTMOB pellleHns

[Laﬂee HPUBOJATCA HEKOTOPBLIC K.HaCCI/I(i)I/IKaLH/II/I AJITOPUTMOB peEICHUA 3ada4
ILI/ICerTHOﬁ OIITHUMU3allN:

2Marepuasl Kypca MOXKHO HalTH Ha caiite Kadeapsl (GU3MKO-MATEMATHUECKIX METOI0B YIPABJICHSA
dusngeckoro dakysnprera MI'Y http://physcontrol.phys.msu.ru/index.php/study/special



o Knaccudukaius mo TpyJI0EMKOCTH:

— Tloauromuanvrvie aITOPUTMBI;
— [lcesdo-nosuromuanvrvie aaroOpuTMbI;

— IKCNOHEHUUANDHDIE AJTOPUTMBI.
e Kitaccudukanus 1mo TOYHOCTH:

— PesynbraTrom paboThl mouno20 an20pumma BCerjia sBJISIETCsT ONTH-
MaJjbHOe pernenne. Kak 1npaBuio, B 9THX aJropuTMax HIPUMEHSIOT
pasJIMIHbIe CIIOCOOBbI COKpAaIlleHus 11epedopa;

— Ilpubausicenmvie ar20pummo, HAXOIST pelieHne 0e3 Kakux Jndo ra-
PAHTHUI TOYHOCTHU IOy daeMbIX perieHnii. OObIYHO 3TO ObICTPbIE T10-
JIMHOMHUAJIbHBIE aJITOPUTMBbI, OCHOBAHHBIE Ha KaKOil JinOO JlorajKe o
CBOICTBAX ONTUMAJIBLHBIX pelrennii. YacTo Takue ajaropuTMbl Ha3bI-
BalOT IBPUCTUIECKIMU;

— Ilpubausicenrvie ar2opummot, ¢ 26PAHMUPOBAHHBMU OUEHKAMU K-
wecmea. VIX oTimyane oT aJaropuTMOB U3 MIPEIBIIYINEro MyHKTa 3a-
KJII0YAeTCs B TOM, UTO MOXKHO OIEHUTH abCOIOTHYIO MU OTHOCH-
TEJIbHYIO TIOT'PENTHOCTD, T.€. OTKJIOHEHHUE [10JIyYeHHOI'O 3HAUYeHUs 11e-
JIEBOI (PYHKITUU OT ONTUMAJILHOTO;

— Ipubausicenmnvie ar20pummot, ¢ pe2yiupyemots mowrnocmuiro. Bpe-
MsT pabOThI TAKNX aJTOPUTMOB 3aBUCUT OT BBHIOPAHHON ITOJIb30BATE-
JIeM HeoOXo Mot TounocTr. Hampumep, HAC MOZKET yCTPOUT OTKJIO-
HeHue OT onTumyma He Oosbine yeM Ha 1%. K stum asropurmam
oraocaTea nouaTus PTAS n FPTAS, 0 KOTOPBIX MBI pacCKazkem
O3/THEE.

[TospobHee pacckazkeM, ITO TaKoe GOCOANOMHAA U OTMHOCUMENLHAA NOZPEUL-
nocmu. Ilyers yist HexkoToporo mpumepa I HeKOTOPOit 3a/1a4n MUHIMUA3AIIN
C TIOMOIIBIO TPHOJINKEHHOTIO aJIrOPHTMa OBLIO TOJTydeHO 3HAUEHHe IeIeBOi
dbyxmnnn A(I). O6oznatnm gepes OPT (1) onTuMasbioe 3HaUEHNE METeBOi
dbynknnn 11 9Toro npumepa. Ogesnmo, aro OPT (1) < A(I).

Ommnocumenvroti nozpewHoCcmMdvto0 Ha3blBaeTCA BEJIMINHA

A(I) — OPT(I)
OPT(I)




OueBUJHO, YTO €CJM Ha HEKOTOPBIX IIPUMepax OITHMAJIbHOE 3HAvYeHNe
OPT(I) = 0, To BblYUC/IEHHE OTHOCUTEJILHOM IMOIPEITHOCTH MOYKET OKa-
3aTbCd OeccMbIc/IeHHbIM. JIJ1g TakmxX 3ajad paccMaTpUBAIOT abCOAIOMMHIYIO0

noepewmnocmv A(l) — OPT(I).

Ecin juist HEKOTOPO# ONITUMHU3AIMOHHO 3a/1a91 CyIIEeCTBYeT PUO/INZKEeHHbII
IMMOJIMHOMUAJIBHBIN aJIrOpPUTM TaKoil, YTO JiIs J000ro npumepa I 3aga4dn,
BEJIMYNHA OTHOCUTEJILHOI IIOIPEIIHOCTU OrpaHrndYeHa KOHCTaHTOil k, T.e. BbI-
[HOJIHAETCS

A(I)—OPT(I) <

OPT(I) -

TO TOBOPAT, ITO 3a1a4a npuaaexut kiaccy APX (ot anri. “approximab-
le”). Ecoiu N P-rpyaHast 3ajia4a IMPUHAJJIEKUT STOMY KJIACCY, TO 9TO XOPO-

mrast HoBocTh. Hanpumep, 3A/TAYA O PAHIE npunaiexut kinaccy APX.

Teopema 2.1 3AJJAYA KOMMHUBOSIKEPA ne npunadaescum xaaccy
APX, ecau P # NP.

JokazareabcTBo. /[lj1s1 jJoKa3aTe/bCTBa 9TONH TeoOpeMbl HaM ITIOHAI00UTCsI
ompejiesienne caemaytomeit N P-TpynHoit 3a1a9u:

Bagagya lamuabronoB Iuki. Sagan rpad G = (V, E). Tpedyercst orse-
TUTb Ha BOIIPOC, CYIIECTBYET Jii B 3TOM r'pade ['aMUIbTOHOB MUKJI, TO €CTh
1y Th (Ielb), cojeprKaluil Kaykjiyto BepimHy rpada poBHO OJIUH pas.

[TocTpoum ceesenne 3ajaqau amuibronos Hukin k SAJIAYE KOMMIBO-
AVKEPA. Tlycers B nekoropoM mpumepe I 51oit 3agadn V. = {1,2,...,n}.
B coorsercrayiomem npumepe I’ SAJTAYN KOMMUBOAYKEPA Mol 3318~
eM MHOKecTBO TopojioB {0, 1,2, ..., n}. Oupenesum Bce pacCTOSHEST MK LY
ropofamu: ¢;; = 1 u ¢j; = 1, ecim cymecrsyer pebpo (i,j) € E, unaue
cij = ¢y = M, rtnet,j = 1,2,...,nu M > n — ckojb yrogno 6oJblioe
qucso. JlonoaHnTeabHo onpejenuM cp; = cjo = 0 n ¢j; = M mua Beex
j=12...,n.

[Tpumep I umeer orser “/IA” Torja m TOJILKO TOIjia, KOIJA JIJIMHA, OITH-
MaJIbHOIO MapiipyTa B rnpumepe I’ pasha m. Muade jjmHa onTuMajibHOIO
MapipyTa 6osibire M.

IIpe,ZI;HOJ'[O}KI/IM7 qTo CymecTByET HpI/I6.HI/I}K€HHbII71 HOJIMHOMUAJIbHBII  aJIT0-

purym perernst SAJTAYN KOMMUBOSZKEPA, orHocHTe/IbHAST TOIDELII-



HOCTb KOTOpOro He mpeBocxonuT ducia k. Ilycre M > kn. Torma pemus
so6oit mpumep I’ BAJJAYN KOMMUBOSZKEPA, coorBercTByIOMmii IpH-
mepy I 3agaun o ['aMUJIBTOHOBOM IMKJIE, Mbl MOXKEM CKa3aTb, €CTh JIM B
npuMepe I ['aMUIBTOHOB IUKJI, TO €CTh UCXO/HAA 3a/4a19a MOYXKeT ObIThH perire-
Ha 3a MOJIMHOMHUAJILHOE BPeMs, YTO TPOTUBOPETHNT [N P-TPyIHOCTH NCXOTHOI
zaiaan. CorjiacHO I1OJIyYeHHOMY IIPOTHBOPEYHIO, TeOpeMa BepHa. ]

2.3 Metoapl peleHns 3a1a4 JUCKPETHON OIITUMMI3aI[N

Metoj perenust 3aj1a4 JIMCKPETHON ONTHUMU3AINKN — 9TO OOIIAd UJiesd, IPH-
MeHIMasl K IIIPOKOMY KJIaccy 3ajad. AJIPOPUTM peIleHns] — 9TO Peasn3aliis]
MeTo/la pellleHns JIJIsi KOHKPETHO 3a/1a4u.

PaznuyaroT c/ieyrorime MeTo/Ibl pelieHnst, HEKOTOPbIe U3 KOTOPBIX OIMMCAHBI
B 9TOM y4eOHUKe:

DBpUCTUYECKHE AJTOPUTMBI (B T.49. BEPOSITHOCTHBIE AJITOPUT-
MBI ¥ JIOKAJIbHBIN TTOUCK);

Mertoa AuHaAMUYEeCKOTO HporpaMMUpPOBaHNS;

Meton Berseit u I'panuir;

MeTtasBpucTuieckKmue MeTO/Ibl;

I'pacdbuuecknii meTon u ..

Hasee MbI IoIpoOHEE paccKarKeM 0 HEKOTOPBIX MeToax Ha npuMepe 3ATA-
Yl O PAHLE.

2.3.1 2IBpucTHYECKHNE AJTOPUTMbI

SBPI/ICTI/I‘IGCKI/IG AJITOPUTMBI — aJITOPUTMbI, OCHOBAaHHbIE€ Ha IIpaBd0-
HO,Z[OGHBIX, HO He 000CHOBAaHHBIX MaTeMaTNu4eCKN IIpeaIroJIO2KEeHNM AX
O CBOIICTBaxX OITUMAaJIbLHOI'O peaieHnnd 3a1a4un.

PaKTUIECKN B 9BPUCTUUECKOM aJTOPUTME YUNTHIBACTCS OJHO MJIM HECKOJIBLKO
CBOIICTB ONTHUMAaJILHOI'O PellleHns, Ha OCHOBE KOTOPBIX IIPOU3BOANTCS COKpa-
1eHne mepedopa BO3MOXKHBIX PeIeHHi.



[ToraTHO, 9TO Y KaKJ0il 3a/a9l MOTYT OBITL OCOOEHHBIE CBOIICTBA OITH-
MaJIbHBIX pertenuii. [losroMmy sBpucruyeckue aaropuTMbl B pa3HbIX 3a/1a9ax
MOryT GbiTh pasubivu. Tyt SAJAYN KOMMUBOSIYKEPA moxmo mpej-
JIOZKUTH CJIETYTIONINIT 9BPUCTUIECKUIT aJropuT™: 13 Topojia 0 MbI ejieM B OJ11-
JKalIuit ropof j (T.e. B TOPOJL j, COOTBETCTBYOIINIT HAMMEHBIEMY 3HATCHUO
coi, 1 =1,2,...,n). I3 ropoga j ejem B OJIMKAMIIII 13 OCTABIINXCS TOPO-
TOB 1 T.J. Takuwe aJropuTMbl HA3BIBAIOTCA HCAOHBMU, T.K. HA KAyKJIOM Iare
KOHCTPYUPOBAHUST PEIICHNUsI MBI IILITACMCs PEIINTD JIOKAJIbHYIO OITUMU3aIN-
OHHYIO 33a/1a91y (HaHpMMep, nepees3karhb B OJiKaimmit ropog:L).

[Iycrb MBI oy amin Hekoropoe jorycrumoe perenune i 3AJTAYN KOM-
MUBOSKEPA. MoKHO HOIBITATHCS €r0 YiIyHIIHTD IPUMEHIB aJIOPUTMEI
JIOKaTbHOTO TIoncka. OcHOBHAS njiest JTOKAJIHLHOTO TIONCKa — 1epebop Beex J10-
IIyCTUMBIX peIleHnil OAu3kuxr B KAKOM-TO POJjie K NcXogHoMmy perrennio. O0-
MIYI0 CXeMy aJITOPUTMOB JIOKAJHHOIO TIOUCKA MOXKHO OIHUCATH CJIEIYIONINM
obpa3zoM.

Iycre 2F € G, kK = 0,1,2,... — nepBoHaYabHOE JOMYCTHMOE pelleHne
3a/laun JIMCKPeTHOIl onTuMusannu. 11ocTpouM OKpecTHOCTh 3TOIO pelleHns,
TO eCTh BBIICINM TOAMHOKECTBO Oauskur pemennit G(x*) C G u maitzem

f(ka) — mi(nk) f(x). Tenepnb Gyjiem paccMaTpuBaTh pelieHue xhtl
reG(x

JeCTBE HNCXOAHOI'O M IIOBTOPHM IIPOOEAYPY. OcranoBKa TaKoro JOKaJbLHOTO

B Ka-

IIOMICKa, MOYKeT ObITh COBepIlleHa, HallpUMeED, ecjii DoJiee “Xopoliee’ pelleHue
B ouepe Hoit okpectocTn G(x) He Haiigeno. MoryT npuMeHATLCs 1 pyTHe
[IpaBIJIa, OCTAHOBKI.

Tnst BAJAYY KOMMUBOSAZKEPA MOKHO HPEUIOKITE CJIEILYIONII 9B-
PUCTUYECKHI aJropUTM JIOKAJIHLHOIO IIOMCKA — IIOIIAapHasl [IepeCTaHOBKA, KO-
/18 B IIOJIyYeHHOM PACIMCAHUH IIBITAIOTCs IIePecTaBUTh MeCTaMI JII0ObIe JBa
ropoja B MapIIpyTe.

Teneps onurem mpocToit sppucTudeckuit aaroput™ misg SAJAYN O PAH-

L[E 2.2. PaB}/MHbIM KazKeTCd BKJIaJblBaTb B paHeEl TE€ IIPEeIAMETDI, IJIA KO’I]‘§)-
PbIX YI€JIbHad CTOUMOCTbL MaKCUMaJIbHa, T.€. JTJId KOTOPbIX 3HAYCHUE )\] =
w .

J

HanboJsibiiee. Ha ocHOBe 3Toil njien 1ocTpoeH ajaropuTm 1.

B pesyabrare paboThl QJrOpUTMa MBI IIOJIYYUM JIOIYCTUMOE pelIeHue
(1,29, ...,T,) U COOTBETCTBYIOIIEE 3HAUCHNE TeaeBoil hyHKImu F.



Algorithm 1 9spucruueckuit anropurm g 3AJTAYN O PAHIIE

1: g kaxxjoro npejamera j = 1,2, ..., n, BBIYUCIUM \j = %;

2: IlepenymepyeM IpeMETHI COTJIACHO TPABUIY A1 > Ay > - - > s
3: F:=0;

4: Cy = C

5: 2;:=0, y=1,2,...,m;

6: for j:=1ton do

7 if C() Z w; then

8: zj:=1,Cp:=Cy—wj, F:=F+pj;

9: end if

10: end for

Herpynno onenuTh TPyJIoéMKOCTL 3TOr0 aJropurMa. s mepenymepanyun
(coprupoBku) n mpeameros (uuces) Heobxoaumo mopsaka O(nlogn) omepa-
nuit. Ha BbIno/iHeHIE OCHOBHOTO 1K/ HeoOxoauMo mnopsijika O(n) orepa-
nuit. CiiegioBare/ibHO, TPYI0EMKOCTD janHoro ajroputma O(n logn). Heemor-
P Ha KazKyIILyIocs pasyMHOCThL, AJropuT™M 1 MOXKeET JaTh CKOJILKO yYTOIHOE
00JILIIOE OTKJIOHEHHE OT ONTUMAJILHOTO pelienns. JJoctarouno paceMoTpeTh
IpUMEp C JBYMsI HpeJaMeTaMu, Ije p1 = 2, w1 = 1; po = M, wy = M;
C = M, rne M — ckoJib yromao 6oJibinoe uncsio. st JaHHOro npuMepa oll-
Tumasbioe pemenne £° = (0, 1), cooTBeTCTBYeT 3HAUEHHMIO TIeJIeBoil (DyHKIUHI
f(2°) = M, xors anropurm 1 nocrpout pemenne zt = (1,0), a1 KoToporo

flzt) =2 < M = f(29).

B 30-40-e rozpt 20-10 BeKa JjIs1 peleHnst HEKOTOPbIX 3a/1a4 BbIUYNCIUTEJbHO
MaTeMaTHKK (Jjisl pelleHnsl HHTerPaJbHbIX YPABHEHU, JIJIs OIEHKH MHOTO-
KPATHBIX MHTEIPAJIOB U JIP.) CTAJN HPUMEHSITh YHCIEHHBIE METOJIbI, KOTO-
pBI€ B JJaJbHEHIIEM 10Ty Y1/ Ha3BaHIe MeTO/Ibl CTATHCTHYECKIX NCITBITAHUIT
(B wactHOCTH, Memod Mowme-Kapao u Memod Jlac-Bezac). B nocseacrsun
WJIeN 9TUX METOJIOB ObLIN MIPUMEHEHb! JIJIsl TONCKa TPUOJINZKEHHBIX PeleHuil
U B 33J1a4aX JUCKPETHOI ONTHMIT3aINIL.

DT ujaen MOyKHO OINCATh Ha mpuMepe Moamdukannn Axropursma 1 st 3A-
JAYN O PAHIIE. B sroit mogudukamnmm periesne 0 BKIOYEHIH IIPEIMeTa
J

J B paHell IPUHUMAETCS UCXO/d U3 BEPOSATHOCTU . To ects MomucuIy-

> A
=1

poBaHHbII AJITOPUTM 2 BBITJISIIUT CJISYIOMKUM 00pa3oM:

Astropurs 2 3arycKaercst HeCKOJIbKO pas (Hampumep, m pas). [Tosromy moryr



Algorithm 2 Anropurm BepostHocTHOTO moucka st SAJIAYYM O PAHIIE

1: g kaxxjoro npejamera j = 1,2, ..., n, BBIYUCIUM \j = &;
w .
j
20 F:=0;Cp:=C;2;:=0, j=1,2,...,n; N':= N,
3: while N’ # () do
: A
4: JUTST KayKJI0ro mpejamMera ¢ € N/ BBIYHC/IUM BEPOSITHOCTD p; = Ziz)\;
k
keN’
5: CJIy9JaiiHbIM 06pPa30M COIJIACHO BEPOSITHOCTSIM p; BbiOepeMm mpeamer j € N';

6: zj:=1,Cy:=Cy—wj, F:=F+pj;

: Wcekmounm u3 muoxkectBa N mpeamMer j, a Ttakxke Bce npeiamersl ¢ € N', s
KOoTOpBIX p; > Co;

8: end while

OBITH MOJIYUeHBI pasHble pemenud b, 2, ..., 2™, KOTOPbIM COOTBETCTCBYIOT

pasnble 3HaUennsd 1eeBoit pyHkiun. V3 3Tux pernrennit neobxomMo BEIOpaTh
“Hamydinee”’ ¢ TOYKKM 3peHus neseBoit pyukuun. Ecin Anropurm 2 3aryc-
KaTh CKOJIb YTOJHO MHOTO Pa3, TO BEPOATHOCTD TOJyUeHU B PE3YIbTaTe ero
paboThl onTHMAILHOTO pemienusi crpemuresd K 1 (k 100%). Tpymnoemkocts
Ausropurma 2 pasna O(m - n?) oneparui.

2.3.2 MerasBpuctudeckme MeTObl

B 70-90-e roapl mpormiaoro BeKa B pe3yIbTaTe COBEPIIEHCTBOBANNA SBPUCTH-
YeCKUX aJrOPUTMOB IOSIBIJINCH T.H. MEMaISPUCTIUMECKUE Memodvl, HAIIPU-
mep, lenemuueckue anrzopummor (Genetic algorithms), memod umumayuu
omotcuza (Simulated annealing), memod mypasvunovir xoronutd (Ant Colony
Optimization) u ap. Wgen 5Tux MeTOJ0B ObLIN “3aMMCTBOBaHbI” U3 PA3HBIX
obsiacreii naykn. Hampumep, uaes I'emermdaeckoro ajropurMa n3 IeHETHKH,
njiest MeTO1a MYpPaBbUHBIX KOJOHII 13 OMOJIOIUMU U T./I.

Memod mypasvurvie KoAOHUU 0CHOBGH HA CACOYIOULEM HADA00EHUU U3 HCU3-
Hu mypasetinuka. Mypasbu noimaomces omuickams nuuLy nodAUNCE K MYpPa-
setinuky. O mom, 20e naxodumes bauscatiwas nuwa, oHu coobularom dpye
dpyey caedyrowum obpadom. Ilpu ceoem nepedsusicenul, MyYpasoLly, 0CMaBAA-
om na noseprrocmu “‘epomorrnie caedol”, “3anax’ Komopuxr mo2ym uye-
cmeosamv dpyeue mypasvu. Ouepednoti Mypaset npu NOUCKE NUWU OPUEH-
MUPYEMCA Ha PePoMOHHbLT CAed OpYeuxr MYPABHES U CMAPAEMCA C HEOOND-
WUMU OMEAOHEHUAMU CAED06AMY 6 MOM HANPABAECHUU, Kyda eedem 60Ab-
wurecmeo caedos. Heboavuiue omrionenus om obuwe2o HanpasieHus nNo360-



ASIOM CMPOUMD HOBBLE MAPULPYMDL U HATOOUMD HOBYN NUWLY, G HAKONAE-
Hue GepomMona no3eorsem 06U2aMbCA 6 PA3YMHOM (AOKAALHO ONMUMAND-
nom) nanpasaeruu. Ocrosvieaacy Ha smom nabaodenuu, Mapro Jopueo 6
1992 200y [51, 52] npedaosicus memod pewerui OnMuUMU3AUUONHBIT 36044,
HA36AHHBLT MEMOJOM MYPAELUHBLL KOAOHUT.

B eenemuveckux as2opummar cmaparomcs KoMoOuHuposams ropouwiue “pe-
wenua’, 4mobvl nosywums ewe boaee “ayvuee”. B eenemuke maxotce novima-
W0MCA CKPEWUBAMY PasHbie buosoeudeckue 6udb (Ui ocobeti 00noz2o 6uda),
YMOOBL NOAYUEHHOE NOMOMCMEO 004a00N0 NONCIHOIMU KAYECTNEAMU CEOUL
podumenet.

Metasppucrudaeckue MeTo/ bl 0ObIYHO 00JIaJIaI0T ABYMS BarKHBIMI OCOOEHHO-
CTAMMU:

e B pesyibrare ux paboThl 10C/IEI0BATEILHO CTPOSITCS HECKOJIBKO Pellie-
HUIL;

e [locTpoenne KaxKa0ro HOBOTO PelIeHns] OCHOBBIBACTCS Ha HAKOIIJIEHHBIX
3HAHUAX O Ka4eCTBe IPeIblIyIINX MOJYYCHHLIX PellleHuil.

B TtepMmuHax “mMypapeitHuKka’ KaxKJ0e PelleHre — 3TO HEKOTOPhI MapIIpyT, a
HAKOILJIEHHbIE 3HAHUST — 3TO (DEPOMOHHBIE CJiejibl. B riraBe, MocBsIeHHoi o/1-
HorpubopHbIM 3aa4aM TP, Oyer mopoOHO onncaH aJropuTM MypaBbIHbIE
KOJIOHUH JIUTst 381841 MIHIMU3AI[N CyMMapHOro 3anaz/ssanus 1| ) 7}

2.3.3 Meroa nuHaAMHUYECKOTO ITPOrPaAaMMUPOBAHUS

MeTo AmHAMIYECKOTO IPOrPAMMIPOBAHUS IOy OOJIBIIOE PACIPOCTPa-
HEHIe I[PU PeleHnn HEeKOTOPBIX 3ajJad INCKpeTHOH onTumMmsarmu. Jlasiee
HPUBOAUTCSA POPMAJILHOE OIMUCAHNME CYTH JMHAMUYECKOIO IPOrPpaMMUPOBAa-
Hist. Pa3obpaThes ¢ 9TUM OIICcaHIeM Jierde Iocje O3HAKOMJIEHIS C AJITOPUT-
MOM JuHamMudecKoro mporpaMmvuposanust misg SAJAYN O PAHILE, npuse-
JIEHHOI'O HIZKE.

JmHaMuYecKoe mporpaMMUpPOBaHUE — pa3/1eJl MaTeMaTUIeCKOro IIpo-
rpaMMUPOBaHNs, IOCBAIIEHHBINA NCCJIEIOBAHIUIO MHOTOIIIaroBbIX 3a-
Jad IPpUHATUS ONTUMAaJIbHBIX periieHuii. IIpu aTom MHOTrOnMaroBocTh



3a7aui OTPaKaeT peajIbHOe NMPOTEKaHWe IIPOollecca NPUHATUALA pe-
IIIeHWii BO BpeMeHHu, JIMOO BBOAUWTCI B 33a/a4y HCKYCCTBEHHO 3a
cUeT pacdJieHeHUs ITpoliecca NPUHATUASA OJJHOKPATHOIO PellleHns Ha
OT/IeJibHbIE 3Tallbl, Mmaru. IlleJgp Takoro npejacraBjeHUs COCTOUT B
CB€IEHUM HCXO/IHOW 3a1a4’ BBICOKOIl Pa3MEPHOCTHU K PEIIeHUI0 Ha
KaxkK/IOM Ilare 3aJia4v MeHbIlleil pa3MepHOCTH.

Obmiag cxema MHOIOIIATOBOIO MPOLECCa NPUHATHI ONTUMAIBHBIX PEIICHNI
(¢ MCKpPETHBIM BPEMEHEM) COCTOUT B CJIEIYTOIIEM.

[IycTb nMeercsi HEKOTOpas cucTeMa S, COCTOsIHIE KOTOPOil B HaUaIbHbBII MO-
MeHT BpeMmenu () XapaKTepu3yeTcs UMUCJIOM To. B KaxKIblii MOMEHT BpeMeHn
k, k=1,... n, nenaercsd HEKOTOPbIl BLIOOD X), B PE3y/IbTaTe Yero CUCTEMA
m3MeHseT cBoe cocrosiaue. [Ipn 9ToM Kaxkioe pererne (BIOOD) Ty JOTZKHO
VJIOBJIETBOPSITH KaK MCXO/IHBIM OIPAHUYEHUsIM CUCTEMbI S TaK 1 OrpaHuIeHU-
sIM, BOBHUKAIOIIIM 38 CUeT paHee CJeJTaHHbIX BHIOOPOB T1, Lo, . . . , Tf_1. KaK-
J70€e perenne (BeIO0p) MPUHOCHT OIpe e eHHbIiT BRIUrpbIi (1oxos). Jlist mpu-
MEHUMOCTH CXeMbl JUHAMUYECKOrO IIPOrPaMMUPOBAHIS HEOOXOIUMO, UTOOBI
o0IIUil JIOXOJT 3a N MAroB OB PaBeH CyMMe JIOXOJI0OB OT OTJIEIbHBIX MIATOB.
[TocienoBaTeILHOCTD JOMYCTUMBIX PEIIeHnil (J0IycTuMOro Bei6opa) Ha OT-
JIeJIbHBIX IIarax OObIYHO Has3bIBAIOT cmpamezuet. Tpedyercss HaiiTu cpeiu
BCEX IOJIMTUK ONTUMAJIbHYIO, JTAIONYI0 MAKCUMYM CYMMAapPHOTO JIOXOJA.

B ocnoBe aunaMmdeckKoro mporpaMMUPOBAHUS JIEXKUT CAEAYIONas TPOCTasd

XapaKTepUCTUKa OIITUMaJIbHOI cTpaTernn, copmyanpoBantas P.Besivanom
B H0-e rojipl 20-ro Beka 1 Ha3BaHHAasl HPUHIIMIIOM OoIITUMAaJIbHOCTH Bes-

MaHa [1]: kakoBo 6bI HI OBLIN HAYAJIBHOE COCTOSTHUE U TIEPBOE DeIleHne, 1Mo~

CJIEJIYIOIINE pElIeHNs] COCTABJISIOT ONTUMAJIBHYIO TOJUTUKY 110 OTHOIIEHUIO

K HavaJIbHOMY COCTOSIHUIO, TIOJIYYEHHOMY B pe3yJibTaTe 11ePBOI0 PelleHns.

Anropurm puaHaMndeckoro mporpammupoBanns i SAJAYN O PAHIE,
OCHOBAHHBIN Ha IPUHIUIE ONTUMAILHOCTH BesiiMana, omuimem ¢Jie Iy oM
obpazom. IIpeamnoso:kuM, 9T0 BCe UHCIOBBIE MMapaMeTPbl 3aJadid — IeJIble
IHOJIOZKUTEJIbHBIE YNCIa, TO eCTh p,w; € Z+, 1=1,...,n,C € Z™.

Anropurm cocrouT m3 n maros. Ha kaxmgom mare j,5 = 1,2,...,n, upu-
HUMaETCs pelleHre O TOM, BKJIOYATh WU He BKJIOYATH IIPEIMET B paHer]
(T.e. ; = 1 wm ; = 0). DT0 pellleHne IPUHIMAETCS JJIsl KazKJI0I'0 COCTOsI-
HUS t, XapaKTepPU3yoIyl0 CYMMapHyl0 BMECTUMOCTD PaHIla /i1 IIPEeIMETOB



1 =1,...,7.ToecTb, ecii HA TTOCTIEAYIONINX TATaX B PAHEI] OY/IyT BKIIOUEHDI
n

IpeJIMeThl OOIIUM BECOM PABHBIM Y X;W;, TO JJisl IPeJMeTOB ¢ = 1,..., ]
i=j+1
n
y Hac ocraercs cBobogabivu t = C' — Y xyw; exaunur Beca. Mbl cTponm
i=j+1
pelieHne ¢ y9eToM BeeX BO3MOYKHBIX OYIYIINX COCTOSHUN CUCTEMBI.

Ha kaxxjgowm mrare j = 1,...,n crpoutcsd (PYHKINS BHIUTPBIIIA,

g;(t) = max (p;x; + gj-1(t — wjr;)), t > wjzy,
a:je{O,l}

olpejiesienHas B KaxkJoit nesjounciaennoii touke 0 < ¢ < C. Ecim t < wy,
To o := 0. s Kaxka0it Touknu ¢ bukcupyercda cooTBETCTBYIOIee 3HAUCHUE
r; = argmaxg;(t). Ha mare j = n B Touke t = C uMeeM onTHMAILHOE
peliienue.

[IposemoncTpupyem pabory ajaropurMa Ha mnpumepe [22].

f(ZL‘) =bxr1 + 75132 + 656‘3 + 3:134 — Inax
2%1 + 31‘2 + 5.%‘3 + 75134 S 9 (23)
T € {0,1}, 1=1,...,4.

Paboty ajropurMa MOXKHO IPEJACTABUTH B BUJIE TaOJIHIIbI

t | o) | x(t) | g2() | () | gs(t) | x(t) | ga(t) z(t)

ol o [@©,,)] o [(0)] 0 ](000)] 0 | (0000
1] 0o [, ] o [@©o0)] 0 |(00)] 0 |10000
2| 5 | ()| 5 | @o) ]| 5 [ (1,00)] 5 | (1,000
3 5 @) 7 1) 7 |(010)] 7 | (0100
41 5 W)y 7 Jony | 7 [@©10) 7 | 1(0100
51 5 | ()| 12 | (1) | 12 | (110,) ] 12 | (1,1,00
6| 5 || 12 [ @) 12 | @110)]| 12 | (1,100
T 5 )| 12 [ ai) | 12 | (110) ] 12 | (1,1,00
s 5 | ()| 12 [ (a1)] 13 | (11)] 13 | (01,10
ol 5 [ (@) 12 [@a1n)] 13 | (11)] 13 | (01,10

Takum ob6pasom nostyuaem ontumasbioe pererne (0, 1,1,0) u coorBeTcTBY-
forree 3Hadenne meseBoil dyukimm g4(9) = 13. OueBnHO, YTO TPYT0EMKOCTD
takoro airopurma — O(nC') oneparruii.



Hnga SAJJAYN O PAHIIE cymiectByeT u apyroit aJropuT™ IHHAMIIECKOTO
nporpamMmupoBatus TpyaoéMkoct O(nF,y) onepanuii, vjae Fia.y — ONTH-
MaJIbHOEe 3HadeHue 1esieBoil pyuxknnn. O3HAKOMUTCS ¢ HIM MOYKHO B MOHO-
rpacdun [amagnvurpuy [19].

2.3.4 I'paduyeckuii meron

['paduyecknii MmeTos — 370 MoaudUKaId MeTO/Ia JUHAMUYECKOTO IIPOrpaM-
MUPOBaHUSI.

s kpatkocTn OyeM 0003HAYATH AJTOPUTM JUHAMIYECKOTO MPOTPaMMIU-
posanus yepes DPA (Dynamic Programming Algorithm), a I'padudeckuii
asiroputm, coorsercreerto, GrA (Graphical Algorithm).

B DPA neof6xoAnMo BeIMuc/nTh 3nadenne f;(t) HekoTopoii dacTuHoil GyHk-
AN JIJTsT KazKJI0r0 BO3BMOYKHOTO 3HAYEHHsT apryMeHTa ¢ (J1sT KazKJ0r0 COCTO-
siHUsA) TIporiecca npuHsTHs perenns, tiae ¢t € [0,C] nu t € Z. Ecaun stu
BBIUNCJIEHUST HEOOXOUMO IIPOBECTH Ha KaxkKJoM Imare j = 1,2,...,n, rjue n
pasMepHOCTh 3a/1a49n, TO Tpy10éMkocTb DPA obbraro pasna O(nC'). Onnako
3a9aCTYI0 HET HEOOXOMMOCTHI BBIUUC/IATD (1 COXPAHATD B AMSITH ) 3HATCHUST
fi(t) s xaxpoit Touku t. MoxKeT OKa3aTbCsl, 4TO Ha HEKOTODOM HHTEp-
BaJjie [t;, ;1) BBIUUC/sieMast (DYHKIHsI [PEJCTABIMA aHATUTUIECKH B BHJIE
fi(t) = o(t) (nampnmep, f;(t) = k; -t 4+ b;, T.e. bynkuust f;(t) onpenesena
B TOM YHCJIe JIJIsl HelleJIbIX 3HadeHuil aprymeHTa t).

[IycTb Ji/1s1 HEKOTOPOit IpOobJIeMbl MUHUMUBAINN 11e1eBOT0 (DYHKIIMOHAJIA, 3a-
JTaHbl CJIeIYIONIe PEeKypCUBHbIE ypaBHeHus beanMana:

[N =ai(t) + fia(t—ay), =1,2,...,m;
((t) = min / J el 2.4
fj( ) { (I)z(t)zﬁj(t)—Ffj_l(t—bj), j=12...,n. ( )
C HAYAJTBHBIME YCJIOBUSIMIE
fo(t) =0, gt >0, (2.5)
fo(t) = 400, st < 0. '
B (2.4) dynxuus ®'(t) coorsercTByer 3HAueHHIO NMepeMeHHONH T; = 1, a

bynxuus ®2(t) cooTBeTcTBYeT 3HAYCHUIO x; = 0. Ilepemennas x; — ynpanJsi-
eMblil [TapaMerp Ha Iare j mnporecca (BKJII0YATh U He BKIIOYATH [PEeJIMer

B DaHeIr).



Tabsmmuna 2.1: Berauciaenua B DPA

t 0 1 2 . Y . C
1) valueg valuey | valuey | ... | value, | ... | valuec
JaCTUYHOE X(0) X1 | X©2) ... | X(y) |... | X(O)
OITHUM. pellle-

uue X (t)

Ta6smna 2.2: Beraucienuss B GrA
t o, 0) | ot | - | otie) | - | Tyt b
fi(t) pr(t) | wet) | . | () | .. P, (1)
gactuaroe omrtuM. | X () X(ty) | ... X(t) . X(tm,-1)
pererne X ()

Ha mare 7, 5 = 1,2,...,n, DPA MBI BeramcisieM n coxpaHsieM B HaMSITH
KOMIIbIOTEPa JaHHbIe, IIpejcTaBieHHble B Tad. 2.1.

B rtabmune 2.1 X(y), v = 0,1,...,C, — BeKTOp, OIUCHIBAIOIINN TaCTUI-
HOE OITHMAJIBHOE DeIlleHne, KOTOPbIil COCTOUT U3 j 9JIeMEHTOB (3HadeHuil)

T1, Ty, ...,x; € {0,1} (manpumep, cm. DPA ma 3AJAYN O PAHIIE).

Ta ke camast nadopMaIs HTHOIIA MOXKET ObITh IPeICTaBIeHa B BUJIE, IPHU-
BejienHoM B Tab. 2.2, te 0 =ty <t <ty < -+ <tp, = C.

st Borancsenust yuxnnn fj41(t) B GrA Mbl cpaBHIBaeM JiBe IPOMEKYTOU-
nple pynkuun OL(t) u ®2(t), KoTOpbIe OUPEEIAIOTCS CICLYIOIIM 0OPA3OM.

Oyukuug O (t) siengercs kombunanueit 1Byx gynxmuit a1 (t) u f;(t—a;1).
Oyukuus f(t — ajq1) IMeeT Ty ¥Ke CTPYKTYDY, KaK IIPeJCTaB/IeHo B Tab. 2.2,
HO IJie KasK/blil HHTEepBaJ [t;,t;41) 3aMeHeH Ha UHTepBal [t; — @ji1, 41 —
@j+1), TO €CTb MbI caBuraeM rpaduk Gyuxnnn f;(t) BIpaBo Ha a1 €JNHUIL.
Ecimn Mbr MoKeM 1pejsicraBuTb GyHKIMO aj41(t) B Toil ke dopme, Kak 1
B Tab. 2.2 ¢ p1 CTOAOIAMHU, TOT/Ia MBI MOXKEM COXPAHHUTDL (DYHKITUIO <I>1(t) B
IaMATH KOMIIbIoTepa B Toii 2ke (popme, KaK U B Tab. 2.2 ¢ m;+py crosdrami.
AHaJIOrIYHO MbI MOZKeM coxpanuTh dbynxumio ®%(t) B bopme Tab. 2.2 ¢ m;+
fl2 CTOJIOIAMIE. 1] ¥ [l — KOJIMIECTBO “yCTONIMBBIX (HEU3MEHHBIX) COCTOSIHUIL
dbyukimit «;(t) u B;(t), coorBeTcTBEHHO.

Oyukiuio fi41(t) = min{®!(¢), ®*(¢)} Mbl BorHCAsSEM CrIEIYIONIM 00pa-
soM. [Tyers Tabmuna, Koropoii 3agana gyukimsa $1(t), comepxut unrepsasbl



(cTosbrrHI )
1,1y 41 41 1 1
[t07 tl)? [tb t2)7 T [t(mj—i—ul)—l? t(mﬂ—m)]?
a Tabymna, coorsercTByomas Gyukiun $2(t), unreppab (cTosIGIb )

[t(2)7 t%)7 [t% t§)7 SR [t%mj—i—ug)—l? t%mj—l-,ug)]'

Jng orancnenus Gynxmun fi41(t), Mbl cpasuusaem jge byukuun ®1(t) un
®2(t) na KaxkI0M UHTepBase, chOPMUPOBAHHOM TOUKAMHE

1 41 41 1 1 2 42 42 2 2
{80015 35+ s )1 Eny ) B0 £ B0 -+ B )15 Eoms ) b

[PU 9TOM MbI OIpejesisseM TOUYKU Iepecedennsi obenx (YHKINI Ha 3TUX
uHTBepaiax — 3,13, .. .,tig, rjie 13 — oblee KOJIMYECTBO TOYEK Ilepeceve-
uus. [losromy B Tabunie, coorsercrsyonieil dynkmuu fjy1(t), MoxKeT OBITH

2my; + p1 + p2 + pg < C uHTEpBATIOB.

QaxTdeckn Ha KaxkJoM Imare j, 7 = 1,2,...,n, Mbl pacCMaTpuBaeM He
Bee Touku t € [0,C], t € Z, HO TOJBKO TOYKU, B KOTOPbIX MEHSIETCS OITU-
MaJIbHOE YaCTUYHOE PEIleHUe MM MEeHAeTCsl aHAJIUTUYeCKuii Byl OyHKIUNT
f(t). st HekoTOPBIX 3a/a4 (/11 HEKOTOPBIX IeJIeBbIX (DYHKIINIT), Kosmde-
cTBO TakuX To4ek M neboJiblioe, n 03TOMY I'padUyecKuii aJropuTM uMeeT
tpynoémkocts O(n min{C, M }) oneparnuii, BMmecro O(nC') oneparuii kax B
AJICOPUTME JMHAMUYIECKOTO IIPOrPAMMUPOBAHMUSL.

Bosiee Toro, GrA umeet ciejtytoniue npenmyiiectsa nepej, DPA:

e c nomoIpbio GrA MOXKHO pelaTh NpUMePbl ¢ HeIeJJOUNCICHHBIMU H1apa-
MeTpaMH, T.e. IpUMepbl, rie a;, bj, j = 1,2,...,n u/um C He npu-
HaJIIeYKaT MHOYKECTBY TEJIBIX UUCENT

e Bpemst paboTel GrA Ha IByX npuMmepax ¢ napamerpamiu {a;, b;, } u {a;-
10F+1, b; - 10¥£1, -10*£1}, k > 1, coBnazaer, B TO BpeMsl, KaK BpeMs
paborsl DPA 6yner B 10* pa3 Gosbite Ha BTOpOM IpuMepe. To ecTb ¢
nomomibio GrA, MOXKHO periaTh npumMepa “0oJbIIOro Macirada’

® nlapaMeTphbl 3aJla4k a;, bj, j = 1,...,n, MOIYyT ObITb U OTPULATEIbHbI-
mu. Bee Bepcun asiropurmo DPA TpebyIoT 10J10:KUTEILHOCTD TTapaMeT-
POB 3aJIa4H;



e IIPUHUMAIOTCS BO BHUMAHUE BHYTPEHHIE CBOMICTBA 3a71a49n (HAIPUMED,
it SAJIAYN O PAHIIE, moxkeTh oKa3aThest, YTO IPEIMET ¢ HAMEeHb-
ITHM SHAUEHEEM L1 He OKABHIBAST BINSHEE Ha eIeBy 10 (DYHKITHIO);

Wj

e 13BecTHO, 9T0 (GT'A 1151 HEKOTOPBIX 33189 NMeeT MOJTMHOMUAAIBLHYIO TPY-

JIOEMKOCTD, B TO BpeMsl, KaK UCXOAHBII ajroputm DPA — 11ceBaonoanHo-

muasbayio. Wi xke GrA cylecTBeHHO cOKpalaeT TpyaoéMKocTh DPA.

I'pacdbuyeckuii anropurm aiaa 3AJJAYN O PAHILE

Mg SAJTAYN O PAHIE pekypcuBHble ypaBHeHUsI BejiiMana mMe0T BU/I:

_ q)l(t):p]+fj—1(t_w])7 ]:17277n7
) ‘maX{ ¥(t) = fi1(1), j=tz..m Y
rje
fO(t) — 07 t Z 07
fo(t) = +o0, t < 0.
Oynxuusa ®1(t) B DPA cooTBercTByeT 3HaUYCHUIO r; = 1 (r.e. upeamer j

MIOMEIIAETCST B PIOK3aK), & 6132(75) coorBeTcTByeT 3Hadenunio r; = 0 (T.e. npes-
Mmer j He Oepercs). Ha kaxkgom mare j, 7 = 1,2,...,n, amropurma DPA
sHaveHnss GyHKuun f;(f) BBIMHCIAIOTCA B KaXKJIOH TOUke (T.e. JyIsl Kazk-
noro cocrosinust cucreMbl) 0 < ¢ < C. Jljst KaxKJ0ro 3HadeHust t, B Ia-
MSATH KOMITBIOTE€PA COXPAHIETC JaCTHIHOE ONTHMaIbHOe perenne X (t) =

(@1(8), 2(t), - .., w;(2)).
Unpes GrA mns SAIAYN O PAHIE zakmrogaercs B cienytomem. Ha kazk-

nom mare j GrA, Mot coxpansieM f;(t) B TaOJIMIHOM BUJie, IIPEJICTABJIEHHOM B
Tab. 2.3, e 0 =1 <ty < ... <ty u W)y <Wy <...< Wy, ITu janubie
o3HavAIOT ciejytoniee. s kazkoro suadenus t € (¢, t41), 1 <1 < m;, Mbl
IMeeM YacTUYHOe ONTHMasIbHOe penterne X; = (21, %2,...,T;) I COOTBET-

j
crytolee 3Hadenne byukimn f;(t) = Y p;-x; = W;. Toukn t; nazbiBaloTcs
i=1

MOUKAMU U3AOMA (T MOYKAMU PA3PbI6a, KK B JAHHOM CJIydae), T.e. IMeeM
fi@) < fit") pat <t <t 1<1l<m,.

Ha coremytomenm mare j+1, mbr rpancdopmupyem byukimio f;(t) B bynkiun

O (t) = pjy1 + fi(t —win) o P(t) = fy(t)



Tabmuma 2.3: Oyuxmus f;(t) B GrA mnma 3AJAYN O PAHIIE

/ t t . b,
fj (t) W1 W2 A ij
qacTuaHoe onTuM. pemnterne X (1) Xi Xo . X,

Tabmmna 2.4: Coxkparnenue 4ncia nHTepBasnoB 1yt Gyukmun [ (1)

t 1t tiat
fi+1(t) | W Wi =W
JacTUIHOE OITHUM. | ... | X X
pelieHune

sa O(m;) onepamuii, T.e. rpadux dbyukumn $(¢) crponres uz rpaduka
dbyukimn f;(t) “cmernenneM BBepx” Ha Pjiq U “CMeEIEHHEM BIDPABO” HA Wjt1.
B kax1oit Tabmne, coorsercrByiomieit bynximuam O(t) u ®2(t), mbl nmeem
ne 6osiee m; ToueK. Jlasiee Mbl BBIYHC/IAEM HOBYIO TaOJIUILy, COOTBETCTBYIO-
my1o pyHKIN
_ 1 2
fi+1(t) = max{®(¢), ®°(¢)}
3a O(m;) onepaunit. B Tabaune f;.1(t) upu aroM Oyer He bosee 2m,; ToYeK
J Jj+ J

paspbiBa (0OBIYTHO, YUCIO TOYEK CYIIECTBEHHO MeHbIe). DakTuiecKu Mbl He
paccMarpuBaeM Bce Toukn t u3 waTepBasa [0, C'|, HO TOJIBKO TOUKH, B KOTO-
PBIX M3MeHsIeTCsI 3HaYeHne 1eJIeBoil OyHKIIN.

Ec MbI BCTpeTn/im CUTyamuio, IoJ00HyI0 CUTyaun u3 tad. 2.4, To Mbl y1a-
JIIeM CTOJIOeI, COOTBETCTBYIONLYIO TOYKe {1, T.e. Mbl COeJMHAEM JBa MH-
TepBasia [t;_1,t;) u [t;,tj11), 1/ KOTOPBIX MbI YCTAHABJINBAEM OJIHO U TO Ke
JaCTUYIHOE ONTUMAJILHOE penreHne: X;.

[TpomemoncTpupyem pabory GrA Ha TOM 2Ke IpuMepe, Ha KOTOPOM HJLIIO-

crpupoBasicss DPA. PesyabraThl BEIYNCIEHHIT IIPeACTaBIeHbl B TaOIUIax 2.5,
2.6, 2.7, 2.8.

Ha Bropom mare anropurma GrA we = 3, mM03TOMY HEOOXOIIMO PaCCMOT-
perb nHTEepBaJbl, obpaszoBanubie Toukamu 0, 2,0+ 3, 2+ 3, 9TOObLI IOCTPOUTD
dbyuximio fo(t). Pesysnbrarsr npuseenst B Tad. 2.6.

Tabmuna 2.5: Mar j = 1

t 0 2
fi(t) 0 5
X(@) ] 0,,,)]@,,)




Tabmuna 2.6: lar j = 2

t 0 2 3 5
fa(t) 0 5 7 12
X(@) 1 (0,0,,)1(1,0,,)](0,1,,)](1,1,,)
Tabmuna 2.7: [Mar 7 = 3
0 2 3 5 8
f3(t) 0 5 7 12 13
X(t)](0,0,0,)|(1,0,0,)|(0,1,0,)|(1,1,0,) (0,1, 1,)

Yrobbl mocTpoutsh GyHKIWO f3(t), HEOOXOUMO PACCMOTPETb UHTEPBAJIBL,
obpazosannble Toukamu 0, 2, 3, 5, 0+ 5, 2+ 5, 3+ 5, 7.x. wg = 5. Touka
5+ 5 > 9 He paccmarpupaercs. [losydeHHble pe3y/IbTaThl IIPUBEIEHBI B Ta0.

2.7.

Ha mocienrem mmare, HeoOXOANMO PacCMOTPETh MHTEPBAJIbI, 0Opa30BaHHbBIE
toukamu 0, 2, 3, 5,8, 0+ 7, 24 7, arobnl octponts hyuruio fy(t). Touku
3+7,5+7, 84 7 He paccMmarpuBaioTcs, T.K. oHu 6osibire C' = 9. ITosTomy
HEOOXOIIMO PacCMOTPeTh TOJIBKO 5 ToueK. [loydeHHbie pe3yibraThl IpruBe-
JieHbl B Tab. 2.8.

['padpuieckne m306pazkeHns MOJIyIeHHBIX (DYHKINI MpeJ/IcTaBIeHbl Ha, PHC.
2.1.

Ouesn/iro, aro TpygoéMrocTb GrA cocransger O(min{2", n min{C, F,,}})
oneparuii, rie Fopt — ONITUMAJIbHOE 3HAYEHHE 11eJIeBOi (PYHKITUN.

JJ1s1 TaHHOIrO YNCI0BOrO IIpUMepa, B rporecce paboTbl GrA ObLIO COXPaHEHO
(paccmoTpeno) 12 Touek paspbiBa: 1 Ha mepBoM mmare (¢t = 2); 3 Ha BTOPOM
(t=2,3,5), 4 na tpervem (t = 2,3,5,8), u 4 na nocyeatem (t = 2,3,5,8), B
orimune ot DPA, rie 061710 paccMoTpeHo 4 X 9 = 36 Touek, T.e. IPU TOMOIIH
GrA TpynoéMKOCTb PelleHns] MOZKeT ObITh CYIIECTBEeHHO YMEHbIICHA.

[Tosanee Oymer npusesen meton Berseit u ['panur (Branch and Bounds,

Tabmuna 2.8: lar j =4

2

3

5

7

13

(0, 0, 0, 0)

(1,0, 0,0)

(0, 1, 0, 0)

(1, 1,0, 0)

(0,1, 1, 0)
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Puc. 2.1: Wnmocrpanus K rpapudeckoMy ajJropuTMy

B&B) perienns ontumMusannostbix 3ajad. [I[puHsTO cUnTaTh, 4TO AJIrOPUT-
mbl B&B B niesiom sbdexrusnee (0icrpee) amropurma DPA g 3AJTAYN

O PAHIIE. Tem He meHee CcymiecTBYIOT KJIACChl IPUMEPOB, HA KOTOPBIX &JI-
roputmbl DPA 1 GrA 6nictpee uem B&B.



sBecrro, uTo mis ciaepytomiero tuma npumepos SAJIAYNM O PAHIE ns-
BeCTHBIE aIropuTMbl B&B mMeror skcrnoneHuaabayo Tpya0éMKOCTD:

( n
f(x) = ZQ - Xj — max
j=1

S2oay2|t] 41

\ Jj=1

(2.7)

PaccmoTpum 6oJtee obmmii cydait:

f(x):Za-2-xj—>maX
4 J=1 (2.8)

Sa-zeay<a (2|2 +1).

\ Jj=1

rae a > 1.

Jlerko jiokasarb, 4TO I JiIoOOro a, rpadudeckuit ajroput™m GrA nmeer
Tpyaoémrocts O(n) oneparmii, T.K. Ha Kaxkom mare GrA, paccMarpuBaroT-
sl TOJIBKO cJiejlytorue 3Hadenus tesesoit dyuxiun — {0, a, 2a,...,n - a}.

st mepBoro THIlA HPUMEPOB, TPyHLoéMKocTb DPA cocrapiisier He MeHbIIe
n n
n-2 LEJ omepalinii, a A1 BTOPOro IpuMepa He MeHbIIIe n-a -2 {EJ omepaInii.

Heobxonnmo 3aMeTnTh, 9T0 aJrOpuTMbI pelieHns 3aaqu (2.7), OCHOBAHHbIE

27’l
na metojie B&B nmeror sxcnoneHuaaibuyo rpyoéMkocTs O <—)

NG

PaccmoTpum gpyroit HeTpuBnabHbIN yacTHbI caydait 3SAJTAYN O PAHIE

[88]. Tlycrsb 3agano muokectBo uncen B = {by,bs,...,b,}, b € RT, i =
1,2,...,n. Heobxomumo:
( m+n
f(z) = ijxj — max
j=1
m—+n
ijZCj < ka + 1,
| =1 (2.9)
a>2,
pi=a, j=1,2,...,m,
pj=bj-a, j=m+1,2,...,m-+n,
z; €{0,1}, 7=1,2,...,m+n.




OueBnHO, 9TO TPYHAOEMKOCTE GTA 11 JaHHOrO YaCTHOrO Caydasi He 3aBU-

n
cut ot a u pasao O(m+nmin{k,2"}), rue k < m+ > b;, 4TO CylUECTBEHHO
i=1
MeHbIIe TpyaoéMKocTn ajaroputmos tuma B&B n tpynoémkoctn DPA.

2.3.5 Ajaroput™m AMHAMWYECKOTO IIPOTPAMMUPOBAHUS AJId 33/ 1a49
O ABYX KOHBeliepax

He Bce ajiropuTMbl JUHAMUYECKOTO MPOrPAMMUPOBAHNS MMEIOT ICEBJIOIO-
JIMHOMUAJIBHYIO TPYJI0EMKOCTD. AJITOPUTM JIMHAMIIECKOTO IIPOTPaMMUPOBa~
aust s SAJAYN KOMMUBOSZKEPA nMeer 9KCIOHEHIMATBHYIO TPY-
J0éMKocTh. B jlanHom maparpade mpejcrasien ajqroputm DPA perennst
3AJIAYN O JIBYX KOHBEIPAX, Tpy108MKOCTb KOTOPOI'O HOJMHOMHUAIb-

Ha.
3ATAYA O IBYX KOHBEWEPAX

ABTOMOOMIIBHBIH 3aBOJI OCHAIlEH JIByMsi KoHBeliepamu. Ha oba konpeiiepa,
Ha KarkJIOM U3 KOTOPBIX IIPEYCMOTPEHO 110 HECKOJIBKO PADOUNX MECT, IIOCTY-
AT JIJIg COOPKU aBTOMOOMJIBHBIE IACCH, ITOCJIe Yero Ha KayKJIoM padoueMm
MecTe KoHBeliepa, JI00aBJISIIOTCs Bee HOBbIE JleTasn. Hakoner, coOpaHHbIil aB-
TOMOOWJTb TIOKUIaeT Konpeitep. Ha KakjaoMm KonBeitepe nmeeTcs n padboInx
MeCT, IIPOHYMePOBaHHbBIX OT 1 j10 n. O603HaUNM padoUuee MEeCTO 110/ HOMEPOM
J,» 7 =1,2,...,n, na xouseilepe i, = = 1,2, uepes M; ;. Ha oboux xonseiie-
pax Ha pabounux MecTaxX C OJMHAKOBBIMU HOMEPAMU BBIIOJIHAIOTCS OJUH U Te
ke orepar. OHAKO KOHBEHEphl CO3/IaBaINCh B pa3Hoe BpeMs U 110 pas-
HBIM TEXHOJIOTHAM, ITO3TOMY BpeMs BBITOJTHEHWS OJHIX U TeX Ke Oleparfiil
Ha pa3HbIX KOHBefiepax paz/ndaercs. Obo3HadnM BpeMsi COOPKHU Ha padbodem
mecre M; ; 1epes p; ;.

s KazkJoro n3 JIByX KOHBeepoB 3aJ1aHO BpeMsl a; — IOCTAHOBKA IIACCH
Ha KoHBeiiep (mepe/ mepBoii onepaiiueii) n Bpems b; — CHsITHE aBTOMOOIIIS C
KOHBeftepa (1mocJie mocsiesiHeit oneparun), @ = 1, 2.

OObIYHO TIOCTYIIHMBIIEE Ha KOHBEep MIacc IIPOXOJUT BCe dTallbl COOPKHM Ha
OJIHOM U TOM 2Ke KOoHBeliepe. Bpemenem repexoja oT 0HOro padbovero Mecra
K JIPYTOMY, €CJIH 9TOT IIePexo/] BLIIIOJIHSIETCSI B IIpeiesiax OJHOr0 KOHBeilepa,
MOXKHO IIpeHeOpedb. OJIHaKO MHOIJIA 3aKa34uK TpedyeT, YToObl aBTOMOOMIb
ObLII cOOpaH 3a KpaT4daiiliee BpeMsi, 1 TaKOii MOPSAI0K IPUXOJUTCA HAPYIIUTD.



[TomoOHas cuTyalist BOSHUKAET, KOrJIa Ha aBTO3aBo/I IIOCTYIIA0T aBTOMOOMIN
C BBIABJIEGHHBIMI KOHCTPYKTUBHBIMU HeJocTaTKaMmu. [ljist yckopenusi cOOpKu
IIACCH II0-IIPEXKHEMY IIPOXOJUT BCe 7 pabOUMX MeCT B OOBIYHOM IIOPSIJIKE,
OJIHAKO MeHe/Kep MOXKeT JaTh YKa3aHue 11epeOpocuTh YaCTUIHO COOPAHHBIIT
aBTOMOOMJIb C OJHOIO KOHBellepa Ha JIpyroii, IpuieM Takas rmepedpocKa Bo3-
MOXKHa Ha JII0OOM 3Talrie cOOpKH. BpeMms, koropoe TpebyeTcs i 1epeMerie-
HUsI IIIACCU ¢ KOHBefiepa ¢ Ha COCeJIHMIT T10C/Ie IPOXO0K IeHnsT pabovyero MecTa
M, j, pasuo t;;, 7 = 1,2,...,n — 1, (II0OCKOJIBKY IOCJI€ IIPOXOZKJIEHHST N-T'O
pabodero mecta cOOpKa 3aBepInaercs). 3ajada 3aK/I09aeTCsId B TOM, ITOOBI
olIpeJIe/INTh, Kakue paboune MecTa J0J2KHbBI ObITH BHIOPAHBI Ha IIE€PBOM KOH-
Beliepe, a Kakue — Ha BTOPOM, 9TOObI MEHUMU3UPOBATHL 00Illee BpeMsi, 3aTpa-
yeHHOe Ha 3aBoje Ha coopky OIHOI'O aBromobms.

Ha mpumepe stoit 3amadun Oymer mokas3aHo, Kak crpoutcsa aaroput™m DPA u
B Ue€M COCTOUT CYThb IIPUHIMIIA OINTUMAaJILHOCTH Besimana.

PaccmorpuM criocod, pu KOTOPOM IACCH, OCTYIIMBINEe HA IEPBbI KOH-
Beiiep, nonajier Ha pabodee Mecro M ; 3a KpaTdaiimee spemd. Ecin j = 1,
CYIIECTBYET BCErO OJIUH CIIOCOO TTPOXOKIEHIs TAKOTO OTPE3Ka Iy TH, TIOITOMY
JIErKO OlIPeJe/UTh BpeMd JocTuzKkenus pabodero mecra M ;. Onnako, ecin
j = 2,3,...,n, TO BOBMOXKEH OJINH U3 JIBYX BapuaHTOB: Ha pabodee MeECTO
M ; 1maccyu MOIVIO HOIIACTh HEeloCPeICTBeHHO ¢ pabodero mecra M j_1 nam
c M ;—1. B nepsom ciyuae BpemeneM lepexojia OT 0JHOI0 pabodero MecTa K
JAPYTOMY MOZKHO IIpeHeOpedb, a BO BTOPOM IIepexoj 3aiimeT BpeMs tg j_1. Pac-
CMOTPHUM 00€ 9TU BO3MOKHOCTH OTJEJIHHO, XOTsI BIIOCJIEICTBUN CTAHET SICHO,
YTO Y HUX MHOT'O OOIIETO.

Crauasa IMIPeooKIM, 9TO CaMblil OBICTPBII IIyTh Uepe3 padouee MeCcTO
M, j, npoxonuT Taxzke 4depes pabouee mecto Mj ;1 OcHoBHOII BBIBOJ, KO-
TOPBIIl MOYKHO CJieJIaTh B 9TOI CHUTyallll, 3aKJII09aeTCsl B TOM, UTO OTPE30K
IIyTH OT HadaJabHO TouKN J10 M j_1 TOXKe JOJIZKEeH ObITh CaMbIM OBICTDBIM.
[Touemy? Ecsu 661 Ha 9T0 pabovuee MECTO MOXKHO ObLIO OBI I0IIACTH ObICTpEE,
TO IIPU IOJICTAHOBKE JAHHOI'O OTPE3Ka B IIOJIHBIN IIYTh MOJIYYUJICsS Obl OoJjiee
ObICTpPBI IIyTh K pabouemy mecty M j, a 9T0 IPOTUBOPEUUT HAYAJIBLHOMY
LIPEJIII0JIOZKEHUIO.

Terepb IPEIIOI0KNAM, UYTO CAMBII OBICTPBIN IIYTh, IIPOXOISIIIIl Yepe3 pado-
gee MecTo M ; IpoxXoJuT Takzke depes pabouee mecto Mo ;1. B sTom ciry-
Jae MOZKHO IIPUHTH K BBIBOJY, UTO Ha pabouee MecTo My j_ 1 Maccu JOIZKHO



1I0I1aCTh 3a KpaTdaiiiiee BpeMs. O0bsiCHeHNE aHAJIOTTYHO IIPEIbIIYIIEMY: eC-
Jin OBI cyliecTBOBaJI OoJiee OLICTPBIN CIIOCOD J00paThes 10 pabodero Mecra
My j_1, TO IpU HOJACTAHOBKE JIAHHOI'O OTPE3Ka B IOJIHBI IIyTh MOJIYy4UICA
Obl GoJ1ee ObICTPELL 11yTh K pabouemy MecTy M j, a 9TO cHOBa IPOTUBOPEYUT
CJIeJIAHHOMY IIPEIII0JIOKEHHIO.

O0o00611Iast 5T paccykJIeHnsl, MOKHO CKasaThb, 4TO 3aJad4a 110 COCTaBJIECHUIO
ONTUMAJILHOIO paclucanusi (onpejesienne caMoro 6bICTPOro MyTH Ji0 pabo-
gero Mecra M; ;) cojepKuT B cebe ONTHMAJIBHOE PellleHHe JIBYX I10/3a/a4
— HaXozKJleHue caMoro onicTporo myTu Jo pabodero mecra M ;1 u My j_1.
C OMOIIBIO 9TOr0 CBOMCTBA MOYKHO II0KA3aTh, UTO OIPEIeIeHIe OITHMA b
HOT'O PeIlleHNs 38/ a9l CBOIUTCS K OIPeIeIeHNI0 OIITUMAIbHOIO PEIIeHNs ee
no3aiad. ObpaTuTe BHIMaHNE, KAK 3TO IEPEKINKAETCSI CO CBOMCTBOM OIITH-
MaJsibHOCTH Besmana.

B 3a1ade 110 coctapiieHnIo pacinucaHus padoThl KOHBeiiepa paccy K IeHMs IIPO-
BOJSITCSI cyieiyrorM obpaszoM. Hanbosiee ObICTPHIIT 11y Th, IPOXOISIIUIT Yepes3
pabouee Mecta M j, JOJIZKEH TaKKe HPOXOAUTH udepe3 pabodee MECTO 0]
HOMEPOM jJ — 1, paciojIoyKeHHOe Ha, IIePBOM I BTOPOM KOHBeiiepe. Takum
oOpa30M, ec/ii caMblil ObICTDBI IIyTh HPOXOIUT uepes pabouee mecto M j,
TO CIPaBEJJINBO OJHO U3 TAKUX YTBEPIKJICHMI:

® STOT IIyTh IPOXOJUT uepe3 pabodee mecto M j_; 1ocje dero Iaccu
10I1aJIaeT HelocpeJCTBeHHO Ha pabouee MecTo My j;

® STOT IIyTh IIPOXOJUT vepe3 padbouee MecTo My j_1, 10CIE 4ero aBTOMO-
OomIb “riepedpacbiBaeTcsi’ cO BTOPOI'O KOHBeliepa Ha IIEPBbBI, a 3aTem
nolalaeT Ha pabouee mecto M j;

AnaJjioruyunble BBIBOABI MOXKHO clie/IaTh U Jyig nosunuu Mo ;.

Y1o0BI pemuTh 3a/1a9y OIpeje/ienns Hanbosee ObLICTPOro myTu J1o pabode-
o MeCTa j, KOTOPOE HAaXOJUTCs Ha KayK/IOM U3 KOHBEepoB, Hy?KHO PEIIUTh
BCIIOMOTATEIHHYIO 3a/1a9y OIIPEe/IeIeHIsT CAMOro OBICTPOTO Iy TH JI0 pabodero
mecta j—1 (Takzke Ha JiEOOOM U3 KoHBeitepoB). Takum 06pa3om, onruMaibHOe
perrenne 3aja4n 00 ONTUMAJILHOM paclUCaHun paboOThl KOHBeiiepa MOXKHO
HANTH TyTeM TONCKa ONTHMAJbHBIX perieHuil mojzaad. ObparnTe BHIMA-
HUSI, ITO 9TOT BBIBOJI B TOYHOCTU COOTBETCTBYET OCHOBHON 1jiee MeTojIa JIi-
HAMITYIECKOI'0 IIPOrPaMMUPOBaHNsI, B KOTOPOI NCXO/IHAs 3a/a49a pa3duBaeTcs



Ha 110]13a/1a91.

Ternepb MBI MOXKEM 3aJiaTh pPeKypcuBHbIe oTHOIIeHusi. Heobxoaumo pekyp-
CHBHO OIIPEJIEIUTH ONTUMAJIbHOE PellleHre B TEpMUHAX ONTHUMAaJILHBIX pelle-
Huit nmoazajad. B 3ajade 1o cocraBiiennio paciucaHus padoThl KOHBeliepa
pPOJIb TOJ3aJa4 UIPAT 3aJa4dl 110 OIPeIeIeHII0 caMOro ObICTPOro IIyTH,
IIPOXO/ISIIIIEro Yepe3 j-oe pabodee MecTo Ha JII0OOM M3 JIBYX KOHBeilepoB Jijis
Jj=2,3,...,n. Oboznaunum uepes f; j MUHIMAJIbHOE BPeMd, B TedeHne KoTo-
POTo 1acCH IIPOXOJUT OT CTapTOBOIl TOYKM JIo paboudero mecta M ;.

Koneunas 1e/b 3aK/II09aeTCsd B TOM, 9TOOBI OIIPEJIE/INTD KpaTdaiiiiee BpeMs
f*, B TeueHne KOTOPOI'O IMACCU IIPOXOJUT 10 BceMy KoHBeiiepy. st Toro
aBTOMOONJIb, KOTOPBIIl HAXOJIUTCs B cOOPKE, JIOJXKEH IIPOITH BeChb IIyTh JO
pabodero mMecTta n, HaXOJIAIIErocs Ha MEPBOM MJIM BTOPOM KOHBeliepe, Moce
Jero oH MokujaeT 1ex. [[ockosibKy caMblit OBICTPBIN U3 9TUX IyTeil ABJIs-
eTCsl caMbIM OBICTPBIM IIyTeM IIPOXOXKIEHHsI BCEro KOHBeliepa, ClIpaBeInBO
cJIeIyIolee COOTHOIIIEHNE:

f* - min{fl,n + bla f2,n + b2}

Jlerko TaxkzKe cjesaTh 3aKJIOUEHNE 110 II0BOLY BeJHUINH f11 1 f1 2. dT00ObI 32
KpaTuaiiliee BpeMs MIpOHTH IIepBoe pabodee MeCTO Ha, JII0OOOM 13 KOHBeepoB,
MTacCH JIOJIZKHO TIOMAacTh Ha 9TO padodee HEMOCpeICTBEHHO. TakuM odpa3oMm,
MOZKHO 3alliCaTh YpPaBHEHISI

fir=a1+pi1, fo1r=axs+Dpar.

HamnomuumMm, 9T0 a1 1 as — 3T0 BpeMsi JBUXKEHUS IIACCH aBTOMOOWIIS JI0 IIep-
BOI'O 11 BTOPOI'O KOHBeliepa, COOTBETCTBEHHO; by 1 by — BpeMsI BbIXOJla aBTO-
MOOIJISI, ¢ COOTBETCTBYIOIIEIO KOHBeliepa, 13 1exa. A Ternepb pacCMOTPUM,
KaK BBIYUCIUTL Beuduny f;j, 7 = 2,3,...,n, 1 = 1,2. Paccyxag 110 10-
BOAy f1,, Mbl IPUILIM K BBIBOJLY, YTO CaMblil ObICTDBIN I1IyTh /10 pabouero
MecTa My ; ABjgeTcd TakzKe JT100 caMbIM OBICTPBIM IIyTeM J0 pabodero Me-
cra M j_1 1ocjie Hero maccu nomnajaer npsAmMo Ha pabodee mecto M ;, 1mbo
caMbIM ObICTPBIM IIyTeM J10 pabodero Mecta My j_1, € IOCIEYIONIM HIepexo-
JIOM CO BTOpPOI'O KOHBeliepa Ha IepBbIil. B mepBoM ciiydae MOXKHO 3alllicaTh
coornoenue fij = fij-1+pij—1, a Bo BTOpoM fi j = foj_1+12 -1+ P2 j-1.
Taxum obpaszom, pu j = 2,3, ..., N, BLIIOJIHSIETCS YpaBHEHHe

fij=min{fi ;1 +p1-1, fo-1+tej—1+ D21}



AHaJIOrM4HO MOXKHO 3allCATD:

foj=min{fo; 1+ poj_1, fij-1+ti -1+ D11}

Besmuunst f; j ABJI10TCA 3HAUCHUAMU, COOTBETCTBYIOIINM OUTHUMAJIBHBIM Pe-
MIEHNSM 11033424, dT00bI OBLIO JIyUllle IOHSITh, KAK KOHCTPYUPYETCsI OITHU-
MaJlbHOE pellenue, obo3HauuM depes T, j, ¢ = 1,2, 7 = 2,3,...,n, HoMep
KouBeitepa (1 mwin 2), comepzKariero pabodee MeCTO Moj HOMepoM j — 1, de-
pe3 KOTOPoe IIPOXOJUT caMblil ObICTPHIN IIyTh K pabodemy mecty M; ;. Kpome
TOro, 00O3HaYNM Yepe3 x* HOMep KoHBeliepa, depe3 n-e padbouee MecTo KO-
TOPOI'O IPOXOJNUT CaMblil OBICTPBIi MOJIHBI IyTh cOopKu. Ha kKaxkjom mare
aJIOPUTMa It HaxoxkaeHus f;; Tpedyercs O(1) omeparuit, mosromy Tpy-
T0EéMKOCTE anroputma O(n) omeparii.

Paccmorpum npumep, nsobparkeHHbIil Ha pucyHke 2.2. Ha pucynke B Kpy-
JKOYKaX, COOTBETCTBYIONMX pabO4YMM MecTaM yKa3aHbl 3HaYeHHUd p; j, 3Ha-
gyenud t; j, a;, b; ykaszanbl Ha JuaroHa/JbHbIX cTpejkax. IIporecc pemenns
npuMepa 1okazaH B Tabd. 2.9. st sToro npumepa f* = 38.

e Myqg Myy Mys Myy Mys Mg
KoBeiiep 1 7 /\ /\ /\ /\ 4

- §<§<§<§< }

KoHeelep 2 \CD 5 ) U @@@

r® Moy Moy Myos My, Mys Myg

Puc. 2.2: Ilpumep 3a/1a4m ¢ iByMsi KOHBeiiepaMu

Ta6mma 2.9: Hpouecc BbIYUCJIEHUA W IIOCTPOEHNE TEXHOJIOI'MIECKOI'0 MapHIipyTa
i l1l2]3]4|5]6
fij | 9 | 18120243235
foy | 12 [ 16 | 22 [ 25 |30 | 37
i |2
T4 1
1

DO DO W
—_

6
2
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Haunem ¢ 2* = 1, upu srom ucnosbsyercd pabodee mecro M g. Teneps 11o-
CMOTPHUM Ha BeJINUUHY ] g, KOTOPast paBHa 2, 13 4ero CJelyeT, YTO UCIIOJIb3Y-
eTcs pabodee MecTo My 5. IIpojorkas paccyzk/ienns, CMOTPUM Ha BeJIMUUHY
To5 = 2 — ucnosb3yercs pabouee mecto May, Bennunny o4 = 1 (pabouee
mecto M 3), Beqmauny x1 3 = 2 (pabouee Mecto M o) n Besmanuny Too = 1 -
pabouee mecTo M 1.

[Honyunan cienytomee ontuMalibHoe pemrenne: “Konseitep 1 — pabouee me-
cro 6; Kongeiiep 2 — pabouee mecto H; Konpeiiep 2 — pabouee mecto 4; Kon-
Beiiep 1 — pabouee mecto 3; Konpeitep 2 — pabouee mecto 2; Koneitep 1 —
pabouee mecto 17

JlaHHBIN aJIFOPUTM MOXKeT ObITh paclpocTpaHeH U Ha CIydail m napaJiielib-
HbIX KOHBeitepoB. B 9moM cirydae Tpy10éMKocTh ajiroputma cocrasut O(mn)
oreparuii, T.K. Ha KaxKJIoM 1mare j, j = 1,...,n, tpedyercsa O(m) oneparuii.
Takzke 3aMeTnM, 9T0 00BEM HEOOXOAUMOI JIJIs PEIleHIs 3a0a9l ITaMATH CO-
crajsieT o(mmn).

2.3.6 Meron BerBeii n I'pannix

Meroy Berseit u I'panurn (B&B) mmupoko ucnosib3yercst Jijisi HAXOXKJIEHUS
TOYHOTO (ONTUMAJIBHOIO) PEIeHns 3a/ad JUCKPETHOH ONTUMI3aIIH.

Ham HOH&,ZLO6I/ITCH cijaenyromee olpeaejeHmue:

ITonzanadqeii 3anaun (2.1) HazbBaeTcs 3agaqa f(z') = min f(z), rae

reG’
G' C G.

Hasee nepednciienbl Tpu OCHOBHBIE v1eMeHTa MeTona B&B perrenns 3ama1un

(2.1):

e BerBienmne. Muoxxectso G pazdouBaercs: Ha nojgmuoxkecrsa G; C G,
r

i=1,2,...,r, mpuuem |J G; = G. Takum obpasom, ucxojgHas 3aja-
i=1

ga (2.1) pasbuBaeTcs Ha MOM3aJAUH, OMPEIETEHHBIE TTOMHOKECTBAMI

JIOIyCcTUMBIX pemtennit Gy, ¢ = 1,2,...,7. DTOT IPOIECC HA3bIBAET-

cs semeacnuem. BeTBiieHne — 3T0 peKypPCUBHBII IIPOIECE, T.e. KarKiasl

noj3aga4da (¢; B CBOIO 04epeb SIBJIAeTCs Da3UCOM JIjIsI JIPYTOro BeTBJIe-

Husi. B mporecce BerBeHnsT oOpasyeTcss depeso noucka ONTUMAIBLHOTO



perrenusi. [Ipu aTom 3amadya G HazbiBaeTcss xKophem, a noazagadn G; —
BEMKAMU WITH NOMOMKAMU,

e Bepxusisi onenka (rpanuna). Bepxueit onenkoit s nosagaan G;

HasbiBaercs 3Hadenne U B; > min f(x). Bepxuss onenka ncmoib3yercst
rel;

B aJICOPUTME, YTOOBI IIPe/IBAPUTEIbHO OLEHUTH IEePCIEKTHUBHOCTDL TOI
I UHOM 110J[3a/1a41, T.€. OIleHUTh BO3MOXKHOCTH TOI'O, YTO 110/13a/1a48a
COJIEPZKUT ONTUMAJIbHOE pellleHne NCXOAHON 3a/1a49u;

e Hmxnusasa onenka (rpanwuna). Hukueil ornenkoit s nosagadn G;

HasbiBaeTcst 3Hadenne LB; < min f(x). B mporecce paboTsl ajroputma
el

Betseit u ['panuiy nocaegoBaTeIbHO CTPOUTCSA HECKOJIBKO JOIYCTHMbIX
pertennii. B maMsaTun KoMIboTepa Mbl XPaAHUM JIyUIee U3 TOCTPOEHHBIX
JOTYCTUMBIX PeIieHnii (Jrydriee, ¢ TOYKU 3pEHHsl eJeBoil (DyHKIINH).
DTOMYy JIydIlIleMy PelIeHNI0 COOTBETCTBYET 3HAaUEHUe [1eJIeBOil (PYyHKIIH,
KoTOopble Mbl HasbiBaeM mexyuum PEKOP/[om. Ilycrs B iporecce pabo-
ThI &JITOPUTMA JIJI HEKOTOPOi 1oa3aga4un (G Mbl BBIYUCININ HUZKHIOKO
oneny LB;. Eciu LB; 6osbiie Tekymero PEKOP/Ia, 3HaunT 1oaMHo-
»kecTBO (G; HE CONEP:KHUT ONTHMAJILHOE pPeIleHne MCXOMHONI 3a1adl, a
CJeJ0BATeIbHO, HEe UMeeT CMBICIa PacCMaTpPUBATDh ITOAMHOXKeCTBO (7; B
najbHeiieMm. Takum 06pa30M BETKY, COOTBETCTBYIOILY IO TI0JIMHOYKECTBY
G, B JiepeBe 1I0MCKa, MOYKHO 0Mmceys.

Y10o0bI OCTPOUTH AJTOPUTM, OCHOBaHHBLIN Ha Meroxe Berpeit n ['panmui,
HEOOXO/IMMO OIIPEAEINTD CII0COO BETBJICHUS M CIIOCOOBI BHIUNC/ICHUST HUYKHIX
1 BEPXHUX OIEHOK. VIHOTa BEPXHIOIO OIIEHKY He BBIYUC/IAOT. [ljis1 3agaun
MaKCUMHI3AIIN POJIN HUZKHEN W BepxHell OlleHOK B3ammosaMeHdioTca. Pop-
MaJILHO omnuiieM aaropuT™m 3 Betseit n ['panni,

[Ipn peanmuzanum aaropuTMa CyIIeCTBEHHBIM SBJISI€TCS BOIPOC: B KAKOM IT10-
psJIKe paccMaTpuBaTh ‘BUCsA4dne’ BeTBU B jiepeBe noucka?! OOBITHO I IPO-
JTOJIPKEHUST BETBJIEHUST BLIOMPAETCs 110/13a/1ada ¢ HauMeHbIeil HIKHel oleH-
KOl (I/IJII/I BepxHeil oreHKoir U Bi) NI 110/13a/1a4a C HAUMEHBIINM 3HaAYCeHUEeM
|G;|. Kak npasmiio, Tpymoémkocts anroputva B&B pacrer sxcronenimaib-
HO C POCTOM pPa3MepPHOCTHU 3aIa4u.



Algorithm 3 Anropurm Berseit u ['panur a5 3a/1a9u1 MUHIMHA3AITAN
1: Haiimem mexoropoe jormyctumoe perntenune © € G. 910 MOXKET OBITH CIeIaH0, HAIPU-
Mep, TIPH TIOMOIIH KAKOTO-HUOY/Ib SBPUCTUIECKOTO AJITOPUTMA;
2: PEKOPI := f(z);
3: Branch&Bound(G);
Procedure Branch&Bound(G)

T
1: Pasbusaem G ma nogmuoxecrsa Gy, ..., G,, rue | G; = G,
=1

. for KAZKJIOI'O nmoamaOo)kecTBa G do
Boraucianm mmxaioo onenky LB; mia Gy;
if LB; <PEKOP/I then
if G, conepkuT TOBKO OnHO pemienue x° then
PEKOP/I:= min{ PEKOPI, f(z")};
else
Branch&Bound(G;);
end if
10: end if
11: end for

Anroputm Beteit u I'panun s 3AJTAYN O PAHILE

Crocob BeTBJIeHHSI 3a/1a UM CJenyomnuM obpasoM. Muoxkecrso G paszduBa-
erca Ha jBa noaMmuoxkecTBa GGy m (G1. B mommnorxkecrBe (G HaxoIsdTCs Bce
perenusi, coorBercrByiomue r1 = (0, TO ecTh NEPBBI IpeJMeT B PIOK3aK
He KJIaJeTcst, a B moaMHoxKecTBe (31 pellleHusi, COOTBETCTBYOIe 1 = 1.
AnajornaasiM oOpa3oM pa3dbuBaioTcs Ha noaMmHoxkecTBa Gy u (GGp, ucxos u3
JIBYX BO3BMOXKHBIX 3HaueHuit xo = 0 win xo = 1 u T.1.

Kazknoit nogzagage G’ B 3TOM jiepese MOUCKa COOTBETCTBYET CUTYAIUsT, KO-
IJla 3HaYeHUd HEKOTOPBIX [ePEeMEHHbIX T1, X2, ...,T —1 y2Ke (PUKCHPOBaHBI.
Ilepen ouepeIHBIM BETBJIEHHEM, T.€. IIepejl BLIDOPOM 3HAUEHHSsI J1JId IIepeMeH-

HOIT T HeO0OXO/IMMO IIPOBEPUTD, “TIOMeIaeTcsd’ JIM IpeJMeT j B plok3ak. Ecim
j—1
> wiprp+w; > C, Torga gy 1ot Betku (noxzasadu) dukcupyercs x; = 0,
k=1

_ !/
1 paboTa IIPOJI0JXKAeTCsl TOJIbKO 110 Betke Gy = G'.

Teneps ormieM aJrOpUTM BBIYNCIEHNS BepXHEil OIEeHKH 7151 HEKOTOPOIT MO/I-
3aJlauy, Ije 3HadeHud IepeMeHHbIX T1,T2,...,T -1 y2Ke dpuxcuposanbl. B

KadyecTBe HUKHEH OIEHKH MbI OyJIeM pacCcMaTpUBATh CyMMY OIITHMAJIBLHOTO
perienns pesakcupoBannoil (ympomennoit) 3AJTAYN O PAHIIE u 3unave-



j—1
HUS Y pr&k. B 910it yrnpomennoit 3amade 0 < x; < 1,4 =1,2,...,n, Te.
k=1
T; MOYKET IPUHUMATDH Jit0boe 3Hadenne u3 uareppasa [0, 1]. 3ectHo, uTo
coreyromuit asropur™ 4 Jannura nmo3posger HaTH ONTUMAJILHOE PelleHne

JJId JTAHHOU peTaKCUPOBAHHON 3a/1a4M:

Algorithm 4 Anropurm Jlannura perrenns penakcupopannoit 3A/TAYN O PAHIIE

1: Jlng kaxkjoro npejmera j = 1,2, ..., n, BBIYACTAM \j = %;
2: Ilepenymepyem TpeboBaHUs COIVIACHO MPABUIY A1 > Ag > I > A\
3 F:=0;
4: CO = C,
5 x; =0, 1=1,2,...,n;
6: for j:=1ton do
7 if C() Z w; then
8: zj =1, Cy:=Cy—wj;, F:=F+pj;
9: else
10: [IpepniBaem MUK,
11: end if
12: end for
j—1
C= > wuw;

=1

13: 1) = ——————
Wy

14: F':=F + pjxj;

@aKTU4IeCKHU 110 KaJHOMY aJaropuTMmy aHIiura mpoucxoauT I0CIeI0BaTe b-
HOe 3allo/IHeHUe paHIla HamboJiee “TeHHBIMU —IIpeIMeTaMU U TOJIBKO OJIH
IIpeIMET IIOMEIAeTCs B PaHIle ‘HYaCcTUIHO .

Eciu B noazagate G 3uatenust HEKOTOPBIX [IEPEMEHHBIX T, g, . . . , Tj_1 Y7KE
(buKCHpPOBaHbI, TO MBI IPUMEHsIEM aJIrOpUTM JlaHnura Jjid peJakcupoBaHHo
no/133/1a41 (CO MHOXKECTBOM II€PEMEHHBIX T, Tjt1, - .., Ly € [0,1]) u Haxo-

JIIM COOTBETCTBYIOIIee ONTHMAaJIbHOE 3HadeHue 1esepoit pyukiun F. Torna
j—1

BEpXHsisl OlleHKa it 9710i nomsagaan UB = F 4+ > ppry. Pacemorpum
k=1

paboty ajropurMma Ha npumepe 2.3. lepeBo moucka Jjisi JTaHHOTO IIPUMepa

IpeJcTaBIeHO Ha puc. 2.3.

Kaxk1plit Kpy»KOK Ha pUCYHKe COOTBETCTBYeT Ioj3aiade. Homepa mogzaaaq
yKa3aHbl BHYTPH KPYKKOB PUMCKUMU I PaMi, a COOTBETCTBYIOIINE BepX-
HIe OIIeHKN apabCKuMu 1udpamMi.



9—-2-3
st nexonoit 3agaun I mmeem UBr =5+ 7+ 6T = 16, 8.

B nouzagade 11, coorBercTBytomeii cutyanuu x1 = 1, umeem U B = 5+7+
9—-2-3 .
GT = 16, 8, a B nmogzagade I11, coorBercrByIomeil curyanun xq = 0,
9-3-5
nonydaem U B = 74 6 + 3————— = 13=. IlepBonauajbHo Jiji1sl BEeTBJIE-

7

Husi BeIOupaem nojzagady 1. B nojazamade IV, cOOTBETCTBYIONIEH CUTYaAIIH
1 = 1,29 = 1, umeem UBjpy = 16,8, a B nojzajgade V', cOOTBETCTBYIOIIEH

curyanu r1 = 1,29 = 0, mmeem UBy = 11-.

7

s Berssienust BoiOupaeM noazagady IV, HO B 9TOi 3ajade CyIIeCTBYeT
TOJIBKO OjiHO gomyctumoe perienre (1,1,0,0). s koroporo 3uadenue re-
JIeBOit (pyHKIMH paBHO 12.

HaJsiee st BeTBiienns BoibupaeM 3agaqy [11. B nonzanade VIII, coorBer-

crBytomeil curyanun 1 = 0,29 = 0, mmeem U By = 7?, a B II0/13a]1ate

3

V11, coorBercTByIomeil cutyanuu x1 = 0, 29 = 1, nony4daem U By = 13?.
Breibupaem st BerBienust 3agaay VII. 3nech umeem npe mompsajgadn X
u X ¢ aBywmst pomnycrumbivi pemterusivu (0, 1,0, 1) co 3HadeHreM 1eseBoii
dbyuximn pasabiv 8 1 (0,1, 1,0) co 3HadeHmeM 1eIeBO (DYHKIINN PABHBIM

13.

Tak xak UBy n UByrr menbiie 13, To nogzanaqan V u VIII #e paccmar-
pusaem. Onrumasibioe pererne 3ajaqu (0,1, 1,0). Onrumaibaoe 3HaUCHNE
1eJ1eBoit (pyHKIMu paBHo 13.

CTouT OTMETUTE, 9TO BCe U3BeCTHLIE ajaropuTMbl Berseit n I'pammi mis 3A-
JTAYN O PAHIIE mmeroT sKCIIOHEHIAIBHYO TPYIO0EMKOCTb.

2.4 3ajadya o Ha3HAYEHUAX

HacTHBIM cJlydaeM U3BECTHOIN TpaHcIopTHOI 3ajadn siBjigercss 3AJTAYA O
HA3SHAYEHUAX. ®opmynmupyercst oHa ciaemyomumM odopaszom. Jlano n 3a-
nanuit u n ucnosauTesei. Ha kaxkioe sajganne 1, © = 1,2, ..., n, HeOOXOAUMO
HA3HAYUTHL OJHOrO HcHojHuTeas 7, 7 = 1,2,...,n. KaxX/aplii UCIOJHUTEb
JIOJIZKEH OBITh Ha3HAUEH TOJBKO Ha OJIHO 3ajlaHue. 3a/JaH0 BPEMsI BbIIOJI-



Puc. 2.3: Jlepero noucka B asropurme Berseit u ['panun s SAJIAYM O PAHILE

nenud a;; = 0 sajanng ¢ ucnoanuTesneM j. Heobxonumo MUHMMHU3HPOBATDH
OOIIYIO0 CYMMY BPEMEH, IIOTPAYEHHOIO Ha BBIIIOJIHEHNE BCEX 3aJaHMil.

DopMaIbHO I JAHHOI 3aad1 MOYKHO OIPEJIeNTh n° OyJIeBbIX IepeMeH-
ueix ¢;; € {0,1}, 4,5 =1,2,...,n, rje x;; = 1, eciin 3a/1anue ¢ HA3HAYACTCH
Ha NCHOJHUTENd j, unade x;; = 0.

Haee ipencTaBien T.H. genzepckutl aJTOPUTM PelIeHns 3a/1a9i 1 YN CI0BOIT
pumMep. AJITOPUTM COCTOUT U3 TPEX ITaIOB.

Benrepckuii anroputMm perneansas 3AJIAYYM O HASHAYEHM AX
Dram 1.

1. TlpeacraBum yeioBust 3a1a41 B BUjie KBAAPATHON MATPHUIILI (TaOJIUIIb)
n X n, cojueprkalieit snadenua a;;. CTpoku — 3ajanusd, CTOJIOIbI — UC-
HOJIHITE/TH;

2. B kaxjoit crpoke ¢, ¢ = 1,2,...,n, TabJuIbl HaiijeM HauMEHbBIIUI
3JIEMEHT @;; U BBIYTEM ero U3 BCEX 3JIEMEHTOB JAHHOI CTPOKH,;

3. IloBTopuM Ty 2Ke camylio IPOLEAYPY s CTOJIOIOB.
Tereps B KaxK /10l CTPOKE U B KarKJIOM CTOJIOIE TaO INIIBI €CTh 110 KpaiiHeil Me-

pe oJuH HyJIeBOi 3eMenT. Takass Taduia Ha3biBaeTcsd ‘TipuBeJeHHoN . [l1st
[IOJTYYeHHOTO TIpUMepa 1 JJId IpUMepa ¢ “MCXOIHOI Taduieil onTuMaIbHoe



perrenue OyJeT OJHUM W TeM Ke, HO OYJIyT OTJINYATHLCA 3HAUEHUS IeIeBOil
dyHKINN.

[IpecraBiieHHAsT ¢ IIOMOIIBIO OIMMCAHHOIO BBIIIE IIPUEMa ‘TIPUBEIEHHON TpaHC -
HIOPTHOI TabJ/IHIe 3a/a9a O Ha3HAUEHNAX SKBUBAJEHTHA UCXOIHOIN 3aj1a4e, 1
OITUMaJIbHOE PeleHue Jiid 0benx 3ajad Oyaer ogauM 1 TeM ke. CyIHOCTD
Benrepckoro ajropurma 3aKJ/IH0YaeTCA B HPOJIOJIKEHIH IIPOIEeCca IpUBe/Ie-
HUsI MATPUIIBL JI0 TeX IOP, HOKa BCe IO/JIeXKAIIe PACIPEIEICHNIO e INHNAIIbI
xj;j He I0LayT B KJIETKH C HYJIeBOIl CTOMMOCTBIO. DTO O3HA4YaeT, YTO UTOIO-
BOE 3HAUEHUE NPUBEJIEHHOI 1e1eBoit pyHKIMN OyaeT paBHO HY/H0. Tak Kak
CYIIECTBYeT OIpaHMYeHIe Ha HeOTPUIATEIbHOCTD llepeMeHHbIX (a;; = 0), Hy-
JIeBoe 3HaveHune 1eseBoilt (yHKInun OyaeT OnTUMaIbHBIM.

Dtalr 1 aaropuTMma IIOBTOPSAETCS JI0 TeX 0P IIOKa B KaxK 0l CTPOKe I KazKI0M
CTOJIOIE NPUBEAEHHON TabIUIbl OyIeT HaXOAUTbCA XOTsl Obl OJHO HYJIEBOE
3HaYEeHHe.

Oramn 2.

Elcsin HeKoTopoe peltieHne siBjsieTcs JOIMYCTUMbBIM, TO KaKJI0i CTPOKE 1 KazK-
JIOMY CTOJIOILy COOTBETCTBYET TOJILKO OJIMH 3JjieMeHT. Eciin rponecc pacipe/ie-
JIEHUSI 9JIEMEHTOB OCYIIECTBJISIETCS TOJIBKO B KJIETKU C HYJIEBOI CTOMMOCTBIO,
TO OH IIPUBEJET K IOJIyUEeHNIO0 MIHUMAJLHOTO 3HAYEHUSI 11e/IeBOi (DYHKITIN.

1. HaiiieM cTpoky %, coJiepzKaliyio TOJbKO OJHO HYyJIeBOe 3HAaUeHUe CTOW-
MOCTH, U B KJIETKY, COOTBETCTBYIOILYIO JAHHOMY 3HAYEHUIO, [IOMECTUM
equHUIYY. Ecam Takne CTPOKM OTCYTCTBYIOT, MOXKHO HAYaTh C JIIOOOTO
HYJIEBOT'O 3HAYEeHUsI CTOUMOCTH.

2. 3auepKHEM OCTaBIINECd HyJIeBble 3HAUYEHHS JIAHHOTO CTOJIOIA.

3. IlyakTol 1 n 2 moBTOpsieM JI0 TeX IOp, OKa IPOJIOJIZKEHNE OMUCAHHON
POy Pbl OKaKETCsl HEBO3MOZKHBIM.

Ecmm na ganmom srare oKakKeTcs, 9TO eCTh HECKOJIBLKO HyJIeil, KOTOPbIM
He COOTBETCTBYIOT Ha3HAUEHUS U KOTOPbIE SABJISIOTCH HE3aUEPKHYThIMU,
TO HEOOXO/IMMO BBITTOJTHUTE MyHKTHI 4 — 5.

4. Haitem crosibelr, cojepzKaliuil ToJIbKO OJIHO HyJIeBOe 3HAUYEHNe, U B CO-
OTBETCTBYIOILYIO KJIETKY IMOMECTUM OJIMH JIEMEHT.

5. 3auepKHEM OCTAaBIINECS HYJIM B JIAHHOI CTPOKE.



6. IloTOpsiem mMyHKTHI 4 11 5 710 TEX TOP, MOKA JajbHelas nX peaan3aius
OKazKeTCd HEeBO3MOZKHOIA.

Ecan OKazKeTCd, 9TO T&6III/IIJ;a COAEPKUT HEYITEHHBbIC HYJ/IA, IIOBTOPUTL OIIE-
panun 1-6. Ecan peuenne ABJideTcd AOIIYCTUMbBIM, T.€. BCE 9JIEMEHTBLI DacC-
InpenecsjeHbl B KJIETKH, KOTOPBIM COOTBETCTBYET HYyJIEBad CTOMMOCTDL, TO IIO-
JIYy9€HHO€ pelcHrue OAHOBPEMEHHO ABJIACTCA OIITHMaJIbHBIM. Ecim pelienue
ABJIAETCA HEJOIIYCTUMBIM, OCYIIECTBJIACTCA IIEPEXO K dTaIly 3.

Dram 3.

1. ITpoBejieM MUHIMAJIBHOE YHCJIO IPSAMBIX U€pPe3 CTPOKH U CTOJIOIBI MaT-
puribl (HO He IO JMArOHAJIAM) TaKUM 00pPA30M, 4TOObI OHU IIPOXOJUIIN
yepe3 Bce HYJIH, cojeprKaliuecsd B TabJInIe.

2. Haiinem HamMeHblllee 3HAUEHHE CPEIH JIEMEHTOB, 4epe3 KOTOpble He
[IPOXOIUT HU OJIHA U3 IIPOBEJEHHBIX MPIMbBIX.

3. Borarem ero n3 Bcex QJIEMEHTOB, 9€pPE3 KOTOPLIE HE IIPOXOLAT IIPAMBIEC.

4. IlpubaBuMm HaAEHHBIN 9JIEMEHT KO BCEM dJIeMEHTaM TaOJIUIIbl, KOTOPbIe
JIesKaT Ha IepecevyeHnt IIPOBeJIEHHBIX paHee IPsAMBbIX.

5. Bee syieMenTBI MaTpHulbI, 9€PE3 KOTOPLIE IIPOXOAUT TOJILKO OJHa ITPp-
Masl, OCTaBUM 0e3 U3MEeHeHMUsI.

B pesynbrare npumeHeHus: JAHHOI IHPOLEAYPbl B TaOJIUIE IOSIBISIETCS 110
KpaitHeit Mepe oiH HOBBIIT HOJIb. HeoOXommMo BO3BpaTUThLCs K STAILy 2 U I110-
BTOPSITH aJICOPUTM JIO TeX IIOP, II0Ka, He Oy/IeT IOy YeHO JOIIYCTHUME PellleHe,
KOTOPOE U OYJIeT ONTUMAJIbHbBIM.

IIpumep.

PaccMmorpum npuMep ¢ 4-Mst 3aJJaHISIMEA U 4-Msl UCIIOJTHUTEIAMU, 3aJaHHbII
CJICIYIOIICA MaTPUIIei:

68 72 75 83

56 60 58 63

38 40 35 45

47 42 40 45



B kaxkmoit cTpoke HaiigeM HAMMEHBIIHNI 9/IEMEeHT:

68/68 72 75 83
56| 56 60 58 63
351 38 40 35 45
40\ 47 42 40 45

Berarem HaMMEHBIINIT 3JIEMEHT U3 BCEX 3JIEMEHTOB COOTBETCTBYIOIIEH CTPOKU
1 HaiiIéM HalMEeHBINN 3JIeMeHT B KarKJIOM CTOJIOIE:

0 2 0 5
0 4 7 15
0 4 2 7
3 5 0 10
72 0 5

BbrareM HamMEHBIIINIT 9JIEMEHT U3 BCEX 3JIEMEHTOB COOTBETCTBYIOIIEIO CTOJIO-
1na:

02710
022 2
330 5
700 0

B kaxkj10if cTpoke 1 KaKJIOM CTOJIOIe TabJIUIbl y HAC MMEETCS He MeHbIIe
OJIHOT'O HY.JIS.

B coorBeTcTBUE ¢ 3TanoM 2, ocyliecTBasgeM HazHavenns. Hannane naznade-
HUsT 0003HaYaeTCs PAMKOIL:

Ha ganmom sTare MbI MOYKEM OCYIIIECTBUTH TOJIHKO TPHU HYJIEBBIX Ha3HATEHNS,
Torjia Kak TpedyemMoe X KoJIMIeCTBO paBHO YeThbipeM. [losrydennoe paciipe;ie-
JIEHHe sIBJjIgeTcs HejjonycTuMbiM. [lepexoaum K atany 3. IIpoBojum HamMeHb-
1ee IuC/I0 HMPSMBIX, ITPOXOISIIIX depe3 Bce HyJin Taduibl. [lomyKupHbiM



PUGPTOM Mbl 0003HAYIIN CTPOKK U CTOJIOIbI, Yepe3 KOTOPhIE IIPOXOIAT ITH
3 HpsIMbIe:

Hanmenbmmm s/ieMeHToM, depe3 KOTOPBIH He TPOXOIUT HU OHA U3 MPAMBIX,
siBjisteTcst aucso 2. CKoppekTupyeMm TalJIMIy Tak, KaK 9TO OIMCAHO BhIIIE B
COOTBETCTBUU C 3TAIIOM 3, T.€. BBIUTEM 2 U3 KayKJIOI'0 dJeMeHTa, yepe3 KOTO-
pBIil He IPOXOIUT HU OJHA IPsIMas, U J00aBUM 2 KO BCEM dJIeMEHTaM, JierKa-
UM Ha IepecedeHnn JBYX IPsSMbIX, OCTaBUB 0€3 M3MEHEHUsI BCe IIPOvne dJ1e-
MEHTBI, Yepe3 KOTOPbIe IIPOXOJINT TOJbKO OJHa IpsiMasd. Tenephb repepacipe-
JIeJIIM COOTBETCTBYIOIINE Ha3HAUYEHUSI 3 JaHNil 1 UCIIOJIHATe 1eil. BO3MOXKHEI
TpU BapuaHTa 1, KaK CJIe/ICTBUE, TPU ONTUMAJIbHBIX PelIeHNd, [IpeICTaB/IeH-
HBIX HIKe. PaMKoit BIJeIenbl COOTBETCTBYIONINE Ha3HadeHnsd B KayK/IOM 13
perienuii.

0] 0]

0]

L1t IepBoro onTUMAJILHOTO PEHIeH s, B KOTOPOM Ha 3ajaHne 1 HasHAIaeTCst
HCIIOJIHUATENb 1, Ha 3ajaHne 2 — UCHOJIHUTEIb 2 U T.J., IMeeM OINTHMAJIbLHOe
3HavdeHne nejepoit pyuxknuu 68 + 60 + 35 4+ 45 = 208.

DTUM Ke aJrOPUTMOM MOXKHO DEINTh 3a/a4dy, B KOTOPOil n 3ajaHuil u m
MCToJHUTEEl, rie n # m. VI3BecTHO, 4TO TPYI0EMKOCTD JJAHHOTO AJITOPUTMA
pasia O(n?) onepanuit.

2.5 Hekoropble cBejienus u3 Teopun rpadon

B 3aja1ax KoMOMHATOPHOM ONTUMU3AINN U, B YACTHOCTH, B 3a1a49ax TP Hepeiko
MOXKHO BCTPETHUTH HEKOTOphIe nouaTus us Teopun ['pados.

Teopus I'padoB — pasgen muckpeTHoil MareMaTHUKU, U3y IAFOITIIA
cBoiicTBa rpados.



[IpursaTo cunrarh, 9TO IMEepBOil 3aja4eil 3TOro pasjesa ObLIa 3ajada O Ké-
HUTCOEPICKIX MOCTaX, pellleHHas BeJIMKUM MaTeMaTukoM JI.9iiepom B 18-M
Beke. 3ajiada 3Ta OblIa IoCTaBjeHa Diljaepy HPYyCCKUM KOPOJIeM, Y KOTOPO-
ro Ha CJIy:KOe B TOT MOMEHT cOCTOsT Ditaep. PopMyIupyeTcs oHa CJIe1yio-
M obpasom. B Kénurcbepre (coBpemennniiit KammHunrpa) ecrsb 7 MOCTOB.
Kaxkaplit 13 HIX HTHTEPECEH ¢ 3CTETUIeCKOit ToUKM 3peHus. Borpoc — MOzKHO
JIN COCTaBUTH MapIIPYT JABUKEHUS TaK, YTOOLI MPOUTHU MO KaXKJIOMY MOCTY
POBHO OJIiH pa3? Diljgep JoKazasi, YTO 3TO HEBO3MOYKHO.

Hosble 3a1a111, BO3HUKAIOIIIE Ha IIPAKTUKE, CJIOYKHO CPa3y OTHECTH K KAKOMY
TO pasjeny Hayku. Hampumep, He sicHO ObLIO, K 9eMy OTHOCSITCsI II€pPBBIe
3aja49n Teopun IpadoB, UCCIeI0BaHUS olepalnii 1 nHMOPMATUKN, HO, KaK
HU CTPaHHO, peliaTh UX yjaBaJoch UMEeHHO MaremaTukam. Tak u Teopus
['padoB chopmupoBaiach B KauecTBe COCTABHON YaCTU MaTeMaTUKH.

B zaiauax kombunaropsoii ontumusaiiui (1 TP) Mbl nmeem J1e/10 co MHOZKe-
cTBaMU. YI00HOI M HAIJIgAHON (hOpPMOIl IpejicTaBIeHnsI MHOYKECTB C OIIpe-
JIeJICHHBIMH Ha HUX OTHOIIEHUSIMU SIBJISIIOTCSI Ipadbl.

I'paghom 0OBITHO TIPUHATO HABBIBATH CJIEYIONIYIO KOHCTPYKIUIO. 3aJlaHbl 7
TOYEK, TPOM3BOJILHO PACIIOJIOKEHHBIX Ha ILJIOCKOCTH (B mpocTpaHcrse). O
HEKOTOPBIX TOYEK K JPYTUM TOUYKAM MTPOBEJECHBI CTPEJIKN (WJIHM JIMHIN), KO-
TOpbIE YaCTO HA3BIBAIOT PEOpaMIU.

['padbr oboznataorest kak G = (V, E), rae V' — MHOXKeCTBO BepInH (TOYEK ),
a FE — muoxkectBo map (i,7), vie 4,7 € V, npejcrapiiseMbix rpadudeckn
KaK CTPEJIKY Wi JuHud. Ec/in Hac uHTepecyer Halpas/ieHune, To napa (i, j)
Ha3bIBAETCs Jyeotll (M300pazkaercsi KaK CTPEIKA), a ecjii HallpaBJieHne He
3aJ1aHO (1P 9TOM BEPIINHbI (TOUKM) COEIMHEHBI HE CTPEJIKOI, a JINHUENT ), TO
apa (4, j) HA3BIBAETCS PEOPOM.

['pacd, /e Bee mapsr (4, j) — Jiyrn HABBIBACTCS OPUEHIMUPOSAHHDIM, & TJIe BCE
Hapbl ABJISIOTCA PebpaMu — HEOPUEHMUPOBAHHDIM.

ITodzpagom rpacba G = (V, F) nazwisaercs rpad G' = (V' E'), rne V! CV
unlbk' CFE.

ITymem B opuentupoBantoMm rpade G = (V) Ha3bIBaETCs OCTIEI0BATE b
HOCTb JIYT €1, €3, ..., e, € [, Korjma KoHel KaxK/I0i mpeIblayIeit T1yru coB-



aJaeT ¢ HAYaJOM CJIEIYIOIeli, T.e. KOrja MOCJIeJI0BaATeLHOCTD Ayl MMEeeT
BuJL (U1, v2), (U2, 03), ..., (Vg_1, k), tie v; € V, i = 1,2,... k. [Lna veopu-
eHTUPOBAHHOIO rpada CyIIecTBYeT aHAJOIMIHOE ITOHSITHE Uenb.

Eciu cymecrsyer nyTh (wm menb) Bujga (vy, va), (v, v3), . . ., (Vg_1, 1), T.€.
HAYaJI0 U KOHEI[ KOTOPOT'O COBIIAIAIOT, TO TOBOPSIT, 9TO B rpade eCcTh yuk.

Ecym j00ble nBe BepinHbI Ipada MOXKHO COEJIMHUTDL IIeIblo, Torja rpad
HA3bIBACTCA CBA3HIM.

Jlepesom HazbIBaETCsI CBABHBIN Ipadd, UMEIOIINT He MeHee JIByX BEPIIUH U He
coJiepzKalnii IMUKJ/IOB, IIPUYIEeM JII00bIe JIBe BEPIINHbI CBs3aHbI €NHCTBEHHO
HEIIbIO.

I{enouroti Ha3BIBAIOT CBA3HBLIN I'pad, He MMEMOINi IUKJIbI, BCe BEPITIHBI
KOTOPOT'O MPUHAJJIEZKAT OJHOMY Iy TH (OjIHOI 11erm).

Bubanorpaduieckas cirpaBka

[ToapobHoe omucaHne METOMOB PeIleHusI 3aa9 AUCKPETHON ONTUMHU3AINN MOYKHO HAHTH B MO-
norpadmsx [10, 11, 12, 22, 27]. Kiaccudeckoit KHUTOi, HOCBSIIIEHHON UCCIEIOBAHIIO KJIaccoB P
u NP cunraercst monorpacbust I'spu M. u Txxoncona /1. [6].

AJTBTepHATUBHBIA aJrOPUTM JIMHAMUYIECKOTO IporpammupoBanust jyisi pertenust 3AJJTAYN O
PAHIIE npeacrasien B u3BecTHOit padore [19]. JIydmum Ha JaHHBIE MOMEHT aJITOPUTMOM JHHA-
Muaeckoro mporpammuposanust 1t SAJTAYN PASBUEHW A cunTaeTcst anroput™ TpyI0EMKOCTH

O(nbmax ), UpezcTaBieHublii B pabore [71].



I'taBa 3

Ogronpubopabie 3agaun TP

BajiadaM 11 oHOro 1pubop yaessiercss B pamkax TP ocoboe BHuMaHne B
CUJIy MX TECHOI CBA3M ¢ KJIACCUYECKUMHU 3aJadaMy U3 APYTrux odjgacTeil auc-
KPEeTHOIl MaTeMaTUKH, a TaKKe B CBSI3U C TeM, UTO OJHOIPUOOPHBbIE 381N
SIBJISTIOTCST YACTHBIMU CJIyUYasiMU U 1033 1a9aMi 00Jiee CJIOXKHBIX IIPaKTHYe-
CKUX 3aJia4. B 9Toil r1aBe mpejcraBieHbl HEKOTOPbIE aJIlOPUTMbI PEIIeHMSI
KJIACCUYIECKIX OJHOIPUOOPHBIX 3a1a4.

J171s1 oiHOIIPUOOPHBIX 3a/1a4 MOXKHO BbIJICJIUTH CJIEIYIOIIee BaXKHOE CBOMCTBO.

Teopema 3.1 Ecau rj = 0 das ecex j = 1,2,...,n, u yesesan Pynryus
F(Cy,Cy, ..., C,) asaaemes MOHOMONHO Heybvsatowetd Gynkyuet, 3a6uUc-
wett om MoMenmoe oxonvanus obcaystcusarus mpebosanut Cj, mo 6 sada-
we MUHUMU3GUUY Gynkyuu F cywecmeyem onmumanvroe pacnucanue 6es
npepuisaruli 00CAYAHCUBAHUA MPEOOBAHUT U NPOCTNOES NPUOOPA.

Joka3zareabcTBO. [Ipe/nosoKmm, 910 BO BCeX ONTUMATLHBIX PACITHCAHI-
SIX TIPOUCXO/ISIT IIPEPhIBAHNSA B 00CIyKUBAHIHI X0Ts1 ObI 0/1HO# paboThl. [TycTh
T — ONTUMAJILHOE pacIicanue, Mpu KOTOPOM OOCTyKuBaHue padboThl j Ipe-
poiBaercs. [lycrs pabora j obcIyKuBaeTCss B MHTEPBAJIAX BpeMeHH (¢, to) 1
[t3,t4), THE 1] < ty < t3 < t4, upudem TpeboBaHUe j HE OOC/IY’KUBAETCS B
npoMexxyTKe (to,t3) 1 g0 MoMeHTa Bpement ty. [Ipeobpasyem pacrucanue 7
caemytonmM obpasom. [lepenBuaem gactb obcstykuBanus [tq,ts) BIEpe BO
BpEMeHH, YTOObI TpeboBaHme j 00CIYKIUBaJIOCh O3 IIePePhIBOB B IIPOMEXKY T-
Ke [t3—(ta—11), t4). Ilpu 9mOM TpeboBaHusi, 0OC/IYKUBABIINECS B TIPOMEXKY TKE
Bpement (to, t3) “ciBuHEM Ha3a)’ BO BpEMEHU Ha BeJInunny to —t1. B pesyiib-
TaTe TaKOI Oleparu 3HadeHre 1eeBoil (PYHKINI He YBEJININI0ChH, HO TPH
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9TOM MBI COKPATHUJIN OJIHO IpepbiBanue. [[oBTOpUB 3Ty omepalruio HeoObXo-
JIUMOE YHUCJIO pa3, paBHOE CYMMapHOMY KOJIMYECTBY BCeX IIpepPbIBaHUil, Mbl
MOJTYYMM ONTUMAJIbLHOE paciucanue 0e3 mpepbIBaHuil.

Tax Kax Mbl MUHUMHI3UPYEM IeJIeBYI0 PYHKIIIO I 1 Bce MOMEHTBI IIOCTYILIe-
HUsI PaBHBI HYJIIO, TO OYEBHUHO, YTO Bcerja OyJeT CyIecTBOBaTH OINTHMAJIb-
HOe paclicaHne 0e3 IpocToeB nprbdopa. [l

Muorue u3BecTHbBIe HAM He/ieBble (DYHKIUE ABJISIOTCA MOHOTOHHO BO3PACTA-
oMy (HeyObIBAIOMNMN ) (DYHKIUSIMU, 3aBUCSIIUMUA OT MOMEHTOB OKOHYA-
nust obcirykusanust Tpebosannit C';. Hanpuwmep, > C;, > U;, > T u na.

[IpuBegeHHbIl (haKT MOYKHO UCIIOJIb30BATD CJIEIYIONIUM 00pa3oM. Kcin neko-
TOpasi 3ajlada COOTBETCTBYET YCJOBUAM TeOPeMbl 3.1, Torja OITHUMaJbHOe
paciucanme Jijisi 9TOi 3aa41 OJHO3HAYUHO 3 1aeTCs 11ePECTAHOBKOI 9/IeMeH-
TOB MHOKecTBa V.

OHpeﬂeJIeHI/Ie 5 Hepecmanos%za U3 1N SNEMEHMOG — IO KOHEUYHAA NOCAE-
dosamenvrocmsv daumbl n, ece 3AEMEHIMDL %0m0p01‘2 pPasAuUYHbL.

JLtst TaHHBIX 3819 [epecTaHoBKa BIJIA T = (J1, J2, - - -, Jn), 3&/IAI0MIAsT PAC-
UcaHue 7, OpPeIe/IseT TOpsI0K 00CTyKIBaHNs TpeboBaHMil (CM. BEKTOpHOE
npejicrapyienne pacrnucanuii). To ecTb mepBbIM 0OCTyKIBaeTCsl TpeGOBAHUE
Jj1, 3a HUM — TpebOBaHUEe jo U T.JI. TOrja MOMEHTDHI 3aBEPIICHUS OOCITY K-

k
BaHUsl JIst Kazk[oro u3 tpebosanuit Cj, (m) = > p;,. Bennuuny Cj, () Ha-
=1

3BIBAIOT BpeMeHeM (MOMEHTOM) 3aBepliieHnst 00CTyKUBaHus TpeOOBaHUIT ji
IIpU PacCIUCaAHUU Tr.

JL71s1 38184, B KOTOPBIX PACIICAHIEe MOXKHO 3a/1aTh I1€PECTAHOBKOI, BaXKHBIMH
ABJISIIOTCS CJIEJIYIOIINE OIpeJIeIeHUS:

Omnpenenienne 6 EDD (Earliest Due Date) nopsadox obcayscusarus mpe-
b08aHULE — 0UEPEIHOCTNG 0OCAYHCUBAHUSA, NPU KOMOPOT mpebosanus 06CAY-
IHCUBAIOMCA 6 NOPAJKE HEYOLLEaANUA JUPEKMUESHOIT CPOKOS d;.

Omnpenesienne 7 LDD (Latest Due Date) nopadox obeayocusanus mpebo-
BaHUT, — 04EPEIHOCTNG 0OCAYHCUBAHUA, NPU KOMOPOT MPEOOBAHUSA 0DCAYNHCU-
6a10MCA 6 NOPAJKE HE603PACNANUA OUPEKMUSHBIT CPOKOE d;j.



Onpegnenenne 8 SPT (Shortest Processing Time) nopadok obcayorcusarus
mpebosaHUTl — 0YEPEIHOCTN 00CAYHCUBAHUA, NPU KOMOPOT, Mpebosarus 00-
CAYIHCUBAIOMCA 6 NOPAJKE HEYOLIEANUSA SPEMEN 0DCAYHCUCAHUA D .

Omnpenesienne 9 LPT (Longest Processing Time) nopadox obcayorcuearius
mpebosaHull — 04EPEIHOCTND 00CAYAHCUBAHUA, NPU KOMOPOT, mMpebosanus 00-
CAYIACUBAIOMCA 6 NOPAJKE HEBO3DACTNANUA 6PEMEN 0DCAYHCUBAHUA Dj.

Ounpenesienue 10 Yacmuunoe pacnucanue ©™ — ¢pazmenm yeaoz2o pacnuca-
HUA T, ONUCHLBANULEE NOPAJOK 0DCAYHCUBAHUA NOOMHONCECTNEA MPEOOB8aHUT]
N C N.

B nmannoii riase 3ammch Bujia {7} ob6o3HavaeT MHOKECTBO TpeboBammil, 06-
CJIY’KUBAEMbIX [IPU PACIUCAHUN TT. SallUCh BUja i € m o3Hadaer i € {m}.
Yepes w \ {i}, tne 1 = (m1,1,m2), OyJaeM 0003HAUATH YACTUIHOE DACIIH-
catue Bujia (71, o). 3aluch j — 4 O3HAYAET, YTO OOC/IyKUBaHIe TPeOOBa-
HUsl j IpeecTByeT obcayKupannio rpebosanns 1. COOTBETCTBEHHO, 3aI1Ch
(j = ©)x O3HAYAET, YTO TO BBIMOJHSIETCS TIPH PACIIICAHUI 7.



1 o o 1

3.1 Opnoupubopusle 3aga4u 1|r;, p;, = 1, pmin| ) f;

B srom maparpade npejaraercs ajropuTM pelleHns OJHOIPUOOPHBIX 3a-
Jad, JUIA KOTOpBIX pj = 1, r; € Z%, j = 1,2,...,n, u HeT OTHOIIe-
HUI [peIIecTBOBanus MexK iy Tpebosanuamu. OO03HAUNM 3TH 38049l KaK
Lrj,p; = 1,pmin|>_ f;. llpu srom dyukius f; TpeboBatus j 3aBUCHT OT
BpeMeHn OKoH4aHust obciyxusanus Cj. [laHHyio 3a7ady MOKHO DEIINTb,

ceenig ee K SAJIAYE O HASHAYEHIMAX.
Kommaecrso 3amannit B coorsercrpyomeit SAJIAYE O HASHAYEHNAX

OyzieT paBHO 7, & KOJMYeCTBO MCIOJHUTE/IeH PABHO Tmay + 1, 1€ T'jmax =

m?_x rj. To ecrb s Kazkporo Tpebosanusd 7,7 = 1,2,...,n, Hy?KHO olpe/ie-
j=Lln

JUTH uHTEpBa 00cyxkuBanus [t,t + 1) € [0, "max + n). Marpuna cronmo-
creit popmupyercst ciaeayromuM obpaszom. s TpeboBaHus j JJIsI KarKJI0r0
t € [0, rmax+n), t > rj, Berancianm a; = f;(C; = t+1). s xkazk1oit Toukn
t <rjn aj1d Kazxkaoi Toukn ¢ > Dj = P'max + N IPUMEM ay; = +0Q.

Pemue SAJJAYY O HASHAUYEHUAX, mosryanm naTEpBasIbl 00CTY KIBAHIS
Kazkjloro u3 rpebosannit. To ects 3anady 1|rj, p; = 1> f; MOxKHO pemnTnb
3a Bpems O(n?).

Pacemompum caedyrowyro npaxmuyeckyro 3adavy. Y depmepa ecmv odun
Kombatin. Emy meobrodumo ybpamv yposicati ¢ n' noseti. Ha ybopky no-
ai g, 7 = 1,2,...,n', neobxrodum 1 denv. Ha nossx 6 pasznoe epems 3a-
CEANA PAZHAA KYANOMYPG, NOIMOMY 0AA KadHcdo2o noas onpedeser “udeanv-
noili denn” dj, K Komopomy ypootcati na noae nysicno yopamo. Hapywerue
9M020 Cpoka 6edem K Mmomy, wmo yposicati nopmumcs. 1o ecmb 6o3HuKa-
10Mm nomepu Kaecmasa, nponopuUuoOHaIbHO 3aA8UCAWUE OM KOAUYECME0 OHETL
3ana3dvisarus ¢ Yyooprol u om ueHHocmu Kysomypou. Llennocms kysvmy-
poL sadaemcs wucaom w;. Qbosnavum wepes C; epems, K Komopomy no-
ae j ybpano. Ecau C; — d; = T; > 0, mo nomepu kavecmea 0as 9mozo
noas mozym sadasamoca popmyrot w;T;. Heobrodumo murumusuposamo
CYMMAPHBLE NOMEPU KAMECMBA NO BCEM KyAbMypam. Taxyro 3adavy modHcHo
pewums caedyrouum obpazom. Ouesudno, wmo nepuod cbopa ypostcas, He
npesviwwaem 365 dued, m.e. Y p; < 365. Mo Koncmpyupyem npumep 3a-
dawu 1lrj,p; = 1> fj ¢ mmoocecmeom us n mpebosanuti. /s xasrcdozo
603MO2HCHO020 OHA t, Oas Kaoscdozo mpebosanus j, 7 = 1,2,...,n, paccuu-



mueaem ai; = w; max{0,t+1—d;}. Tpydoemrocmo pewerus smoti 3adau
O(n?®) 6ydem npuemaemvim Ors 1106020 COBPEMEHHO20 KOMNLIOMEPA, M. K.
n < 365.

3.2 MwuamMuzanms 4mcJia 3ala3IbIBaIoInmx
TpeboBanmii 1|| Y U;

Nmeercst muoxkectBo Tpebosanmit N = {1,2,... n}. nsa kaxmoro Tpedo-
Banust j € N 3ajaHbl IIPOJIOJIKUTEIBHOCTD 00CTy KuBaHuA p; > 0 1 jupek-
TUBHBII CPOK d;, K KOTOPOMY TpeboBaHue JOJIZKHO ObITh obciyzkeno. ITpe-
PBIBAHUST IIPU OOCJIY’KUBAHUU U OOC/IyKHBaHue 06ojiee OZHOrNO TpebOBaHUsT
B J110007i MOMEHT BpEMEHH 3allpelleHbl. Pacrucanne OJHO3HAYHO 3a/1aeTCsl
epecTaHoBKOi T = (J1, j2, . - ., jn). 10O €CTb BpeMst 3aBepIeHnst 00CTY KIBa~
Husl TPEOOBAHUS jJj, IIPU PACIICAHUE T OLPEIEJIACTCs CIEAYIOMNM 00Pa30M:
Cj.(m) = Zlepjl. Ecin Cj(m) > dj, Torma tpeboBaine j 3ala3/blBaet, n B
srom ciydae nosaraior U; = 1. Ecin Cj(m) < d;, Torna tpebosanue j He
zanas/piaetT, n U; = 0. Heobxoaumo nocTponTts paciucanue , IIpu KOTOPOM

n
3Havenne nesesoii Gyukiun F(m) = Y U;(7) MuHEMAIBHO.
j=1

Hasee npejcrasien nosnHOoMuaAbHbI agroputy Mypa (Moore) [87] peme-
HIY JAHHOI 3a/1a4i, KOTOPBI OCHOBAH Ha CJIEIYIONIeil JeMMe.

Jlemma 3.1 Jlaa xaorcdozo npumepa 3adavwu 1| > U; cywecmeyem onmu-
maavhoe pacnucanue euda m = (G, H), npu komopom ece mpebosarus i € G
ne aanasduiearom, a ece mpebosarus j € H zanasdvearom.

HoxkazareabcTBo. [Ipesmnonoxkm, 94To CynecTByeT ONTHMAILHOE PACIIICa-
aue Buga ™ = (J1 ..., jk—1, Jks - - - » Jn), IPU KOTOPOM TpebOBAHUE Ji_1 3aras-
JbIBaeT, a TpeboBanue ji He 3anasasiBaet. Torna ©' = (41, ..., Jk, Jk—1y - - > Jn)
TaKKe SBJISIETCs] ONTUMAJIbHBIM PaCIUCaHUEM, T.K. KOJUIECTBO 3allas3/blBa-
IOIUX TPEOOBAHMIT HE YBEJININIOCH. [locie KOHeUHOro Yncia HonapHbIX 1e-
PECTAHOBOK TpeOOBaHNil, KayK1as U3 KOTOPBIX HE YBeJINIUBACT 3HAUCHUE 116
JIeBOil (DYHKIMN, MOTydnM ONTUMaJibHOe pactmcanne suga m = (G, H). O

,ZLOK&)KGM eme O04HO CBOIQ/JICTBO7 BazKHO€ IJId 3aJa4, CBA3aHHbIX C 3alla3JbIBa-
HUEeM.



Jlemma 3.2 IIycmo das npumepa sadavu 1| > U; cywecmsyem onmumans-
HOE pacnucanue, npu Komopom ece mpebosanus e 3anazdvisarom. Tozda
pacnucanue Tppp (mpebosanus obcaysrcusaromes 6 nopadke EDD) mawkorce
ABAAECMCA ONMUMAALHBLM OAS OAGHHO20 NPUMEDA.

HokazaresbeTBo. [IpeanosoKuM, 4To CynecTByeT OITUMAILHOE PACIIICA-
Hue BUJa T = (J1 ..., Jk—1,Jks - - - » Jn), 1PN KOTOPOM TpeboBanue d;, , > d;, .
Torna pactmcanue m = (j1, ..., Jks Jk—1, - - - » Jn) TAKIKE SIBJISTETCS ONTUMAJb-
ubiM, T.K. F'(7") < F(7). Ilpousseist JaHHYIO MOMAPHYIO [IEPECTAHOBKY HEOO-
XOJMMO€E YUCJIO Pa3, Mbl IOJIYYUM ONTUMAJLHOE PACIUCAHUE TEpD. O

OueBUIHO, YTO TaHHOE CBOICTBO BBHIIOJTHSAETCS U JjIsl MHOTUX JAPYTUX 38134
taxkux, kak 1|| > w;U;, 1|| > w;T; u 1.1 Tenepb Mbl MOXKeM yTBEPK/ATb,
aro st 3aja4u 1| Y U; cyliecTByeT onTHMAIbHOE DACIICAHIE, IIPU KOTO-
pPOM Bce HezamasjbiBaone TpeboBanus odcay)kuBaiorcd B EDD nopsike B
HavaJle paclicanus, a 3ala3/bBalonine TpeboBaHUs — B MMPOU3BOJIHLHOM TIO-
pAJIKe B KOHIIE PACIICAHUSI.

Unest anropurva pelieHnsi JTaHHON 3a/1ad1 OIMUCHIBACTCS CJIEIYIOIINM 00-
pazom. Mbl 110C/I€/10BaTE/ILHO (DOPMUPYEM MHOXKECTBO HE3ala3 [bIBAIONINX
tpeboBannii {G}. TpeboBanns BrioUaloTCss B MHOKecTBO {G} B mopsijike
HeYOBIBAHWA JTUPEKTUBHBIX CPOKOB U JI0OABJISIOTCS B KOHEIl YaCTUIHOTO PaC-
nucanust G. Eciu mociie go00aB/ieHnsl 0UepeiHOro TpeOOBAaHMSI j OKaryKeTcsl,
YTO OHO 3alla3/(bIBAeT, TO Mbl HaXo/ UM TpeboBaHue ¢ € (G, ¢ MaKCUMaJIbHOI
IIPOJIOJIZKUTETHHOCTBIO 00C/TyKUBAHNA 1 “‘TIepeMeliaeM”’ ero B MHOXKeCTBO 3a-
nazzpiBaromux Tpebosaruit {H }. @opMaibHO aaropuTM 5 perieHus 3a1adm
|| >° U; onncan nuxe.

ITpumep. Paccmorpum npumep ¢ b-1o TpedoBanusimu. IIpumepsr TpedboBa-
Huit: p1 = 2, pp = 5, p3 = 3, pr = 2, ps = 4, d = 3, dy = d3 =
9, dy = ds = 10. IIpu ucnoysHeHnn ajropuT™a b BKJIOUYaeM B MHOKeCTBO (¢
tpedoBanust 1 u 2. Ilpu stomt = 2+ 5 =7 < 9 = dy. [Ipodbyem BKJIIO-
quTh Tpebopanue 3. [lomywaem t = 2 +5+4+3 = 10 > 9 = d3, Torma
HaxojuM B (G TpeboBaHUe ¢ MaKCHUMAJbHON IPOJIOKUTEIbHOCTBIO ¢ = 2.
[Tonyaaem G = {1,3}, t = 2+ 3 = 5. Brutouaem TpeboBanue 4, nmeem
t=2+34+2=7< 10 = dy. Jlobannsiem B MHO:KecTBO (G TpeboBaHue 5.
Umeem t = 2+3+244 = 11 > 10 = d5, nosromy naxopuM B G TpedoBaHue ¢
MAaKCHUMaJIbHO MPOJIOJIZKUTEIBHOCTBIO ¢ = 5 U nck/wdaeMm ero u3 G. Mmeem



Algorithm 5 Anropurm pemtennst 3anaan 1|| > Uj.

1: Ilepenymepyem TpeboBanus coryiacHo npaBuiy di < do < -+ < dy;

2: G:=0;H :=0;t:=0;

3: for j:=1tondo

4 G=GU{k

5 t:=1+ pj;

6 if ¢ > d; then

7 Haiiyiem TpeboBanue ¢ € G ¢ MaKCHMAJIBLHOMN ITPOJIOIZKUTEILHOCTD 00C/TY KIBa-
HUS, T.€. | := argmax pg;

keG
8: G:=G\{i};
9: H = H\J{i};
10: t:=1—p;;
11: end if
12: end for

B urore G = {1,3,4} u onrumasnbhoe pactucanue m = (1,3,4,2,5).

Hanomunaem, uro jyist 3azaqn 1|| Y U; paccMaTpuBaloTCs TOIBKO PACIHca-
nus suja = (G, H).

Jlemma 3.3 Ilyemv npu pacnucanun © = (J1, j2, - - -5 Jis Jit1s - - - s Jn) 6OMOA-
naemea d; < d;, < --- <d;, . Tpebosarue j; — nocaednee rnesanasdvisarouiee
mpebosanue. To2da cywecmsyem onmumaibHoe Pacnucarue, npu KoOmopom
mpebosanue j* € {j1,Ja, ..., Jix1}, Dj* > Di, 0na 6cex i € {J1, 72, Ji+1},
3ana30v6aem.

JokazaresbcTBO. [IpeinookuM, 94To CyIecTByeT OINTUMAIBLHOE PACIIICa-
aue 7w = (my,j%, M, W3, 0, T4), TPH KOTOPOM TpeOOBAHUS MHOMKECTBA
{m1, 5%, Mo, w3} HE 3amaznbIBatoT, a TpeboBanust {i, 74} 3amazapiBaior. Coryac-
HO JieMMe 3.2 JiJIsl paccMaTpUBAeMOTro IpUMepa He CyIIecTBYeT paciicaHus,
P KOTOPOM Bce TPeOOBAHUS J1, Jo, . . ., ji, ji+1 He 3ala3/IbIBAIOT. Torga cy-
MEeCTBYeT 3amas/piBaioniee Tpebosanue ¢ € {j1,jo, ..., J1, ji+1}, © # 55 B
COOTBETCTBUN C JieMMOit 3.2 Bce TpeboBanust {7y, j*, mo, w3} 00CIyKUBAIOTCS
B nopsike EDD.

Ecmun dj» < d;, To pacuncanne ' = (my, 1, mo, ¥, T3, m4) TaKxKe OLUTUMAIb-
noe, T.K. F(n') < F(m). llpu pactmcanun 7' tpeboBanne j* 3amaspBaer, a
TpeboBaHme ¢ He 3alla3/IbIBAET.

Pacemorpum coyuait dj- > d;. Ilycrs s seex j € {m3}, dj > d;, u aia
Beex j € {mq} BeIMOIHSETCA d; < d;.



Pacemorpum pactmcanne n” = (7, mo, 1, w3, §%, m4). Qs Beex j € {mo} [J{m3}
umeem Cj(7n") > Cj(m), Tak kak p;+ > p;. llyers k — nocsegnee Tpebosa-
HUe U3 YaCTHUIHOro pacrmcanus mo. Torma C;(n") < Cy(n') < dy < dj,
T.e. mpu paciucanun 7 Bee TpeboBanust u3 Muoxkectsa {mo} | J{i} (J{m3} ne
sanasabiBatoT. [losromy pacnucanue 7’ onTumasbHOe.

JlemMa JloKa3aHa. U

Teopema 3.2 Ilpu nomowu arzopumma 5 das 3adawu 1|| > U; 3a O(nlogn)
ONEPAYUTL CMPOUMCA ONMUMANLHOE PACTUCHHUE.

HokazarenbcTBo. [lokaKeM Teopemy METOIOM MATEMaTHYECKON MHITYK-
1. AJropuTsm BepeH npu n = 1.

[Ipeino/10:KuM, 9T0 aJropuTM BepeH JIs BCeX IIPUMEPOB PasMEPHOCTH 1 — 1
Tpebopanmii. Pacemorpum npumep pasmepnocTu n tpebosanuii. IIpemmnolio-
JKUM, 9TO IPHM IOMOIIM aJIFOPUTMa 5 OBLIO MOCTPOCHO pacIMCaHue m =
(G, H), uo cymectByer ontumaibHoe pactmcanne 7' = (G, H') takoe, 910

&' = |Gl

[Ipu ucnosb3oBanun ajaroputMa b jajst n — 1 TpedboBannii 1,2,...,7 — 1,7+
1,...,n, rae TpeboBanue j = j* BeIOpaHO coryiacHo JieMMe 3.3, OyJIeT TOJTy-
deno onrtuMasbioe pactnucanue (G \ {j*}, H). Pactucanue (G’ \ {j*}, H')
SIBJISIETCS JIOMYCTUMBIM JIJISI COOTBETCTBYIOIEro IpuMepa n3 n — 1 TpeboBa-
rnit. [Tostomy mveem |G'| < |G|, rorma |G'| = |G|. Snaaut aaroput™ cTpouT
ONTUMAJILHOE peIleHHe.

TpynoémkocTb copTupoBKU TpedboBanuil B mopsijgke EDD Ha rmepBom 1mare aJi-
roputma coctasisier O(n logn) oneparuit. Tpymoémkocts muka 3-12 paBHa
O(n) onepanuii. To ects TpymoemkocTs anropurma pasaa O(nlogn) omepa-
LIHIA. U

3.3 MuHuMu3amnuga B3BeIIIEeHHOI'O YMCJIa
3ara3/pIBaronux rpebosanuii 1|| > w;U;

OueBUIHBIM SIBJISETCSA TOT (PaKT, UTO MUHUMU3AINS B3BEIIEHHOIO YLCJIa, 3a-
11a3/bIBAIOIINX TPEOOBaHMI SKBUBAJIEHTHO MAKCUMI3AIIMI B3BEIIIEHHOIO YIC-
Jla HesanasnbiBafoimx TpeboBaHuit. To ecTh Kpurepuil onTuMusaIun



F(r) = Y w;Uj(r) — min moxker ObITh 3amenen Ha Kputepuit F(m) =
Y w;[l = Uj(m)] = max.

Teopema 3.3 3adaua 1|| > w,;U; aeasemes NP-TpynHoii.

HokazarenbcTBo. JlokasarenbcTso mposegem cegennem 3AJTAYIN O PAH-
[E x gactnoMy ciy4dalo 3ajga4u 1|| Y w;U; ¢ obmuM AHPEKTHBHBIM CPOKOM
dj = d. Muoxecrsy npeameros N = {1,2,...,n} 3AJJAYN O PAHIE
CTABUM B COOTBETCTBHE MHOXkKecTBO TpeboBanuit N = {1,2,...,n} 3agaan
1|| Y- w;U;. Ilycrs Bec TpeboBanust w; = p; (croumocts npeamera B 3AJA-
YE O PAHIIE), npojo/zKuTeIbHOCTE 00C/IyKUBaHus TpeOOBaHUS P; = W,
(Bec mpeamera B SAJTAYE O PAHIIE) maa xkaxkgoro j, 7 =1,2,...,n. 3a-
JdaauM obmuit upeKkTuBHblit cpok d; = C, j = 1,2,...,n. Torga upu onru-
MasIbHOM pactmcannn m* 3nadenne »  w,;(1 — U;(7*)) paBHO MaxcuMa/IbHOl
CYMMapHOI CTOMMOCTH IIPeJMETOB, ITOMEIIEeHHBIX B PIOK3aK, TO €CTh paB-
HO 3HavYeHuo neaeBoit pyukmun 1ist SAJIAYY O PAHIIE. Takum obpaszom
CBOJIUMOCTD JIOKA3aHa.

O4eBuTHO, YTO CBEJIEHHE MOJTNHOMUAJILHO, T.€. BBIIOJHAETCS 3a IMOJINHOMI-
aJIbHOE YHCJIO I1aroB. L]

Teopema 3.4 /las sadawu 1|| Y w;U; cywecmeyem onmumanvroe pacnu-
canue euda m = (G, H), 2de sce mpebosarus j € H zanazdwsarom, a ece
mpebosarus t € G ne 3anazdvisarom. Tpebosarus ud mrootcecmea G obcay-

otcusaromesn 6 nopaoxe EDD, a mpebosanus u3 mmoocecmsea H — 6 nopsadke
LDD.

JlokazaTe/IbcTBO TOI TeopeMbl aHAJOTHIHO JI0Ka3aTeIbCTRY JeMM 3.1 1 3.2.
3aMeTnM, 9TO B ONTHMAJILHOM pacUCaHUN He3alla3/ibiBalolne TpeOoBaHusI
obcaykuBatorcsd B opsjake EDD B To Bpems, Kak 3alas/ibiBatoiine TpedboBa-
HIST MOTYT 0OCJTy2KIBAThCs B JIDOOM TTopsijike (B ToM ducsie B opsiake LDD).
Anroputm pemiennst 6 ocHoBaH Ha Teopeme 3.4.

B pannom asropurme 7;(t) 03HaUaeT ONTHMAJIbHOE YACTUYHOE DACIIICAHIE
T TpeboBanmit 1,2, ..., j, Ipr KOTOPOM 0OCJTyKIBaHe TpeOOBAHWI HaIN-

J
HaeTCs B MOMeHT BpeMmenn ¢, a fi(t) = Y w;[l — U;(m;(t))] coorBercTByer
i=1



Algorithm 6 Anropurm pemtenust 3amaan 1| > w;U;.

1: Ilepenymepyem TpeboBanus coryiacHo npaBuiy di < do < -+ < dy;
n
2: for t :=0to > p; do

=2

3: m(t) == (1);

4: 1ft+p1—d1§0then
5: fi(t) = wy;

6: else

7 fi(t) = 0;

8: end if

9: end for

10: for j :=2ton do

11: fort:=0to >, p;do

i=j+1

12: mhi= (f, mima(t 4 py), 7= (mma(t), 5);

13: if £t +p; —d; <0 then

14: Cbl(t) = W; + fjfl(t -+ pj);

15: else

16: @1(t) = fj_l(t + pj);

17: end if

18: ift+z]:pi—dj§0then
i=1

19: P2(t) := fi_1(t) + wy;

20: else

21: @2(t) = fj—l(t);

22: end if

23: if ®'(t) < ®*(¢) then

24: fi(t) = @*(t);

25: m;(t) = 72

26: else

27: fi(t) == @(t);

28: m;(t) ==k

29: end if

30: end for

31: end for

7,(0) — onrumasbHOe pactumcanue, a f,(0) — cooTBeTCTBYIOIIEE ONTUMAJIBLHOE 3HAUECHHE
1esIeBoit (DYHKIINN — MaKCHMaJIbHOE B3BEIICHHOE YHCJIO He3alla3/bIBAIONIIX TPeOOBAHUIL.




MaKCHMaJIbHOMY B3BE€IICHHOMY YHCJIy HeE3alla3AblBalOIInX Tpe6OBaHI/Iﬁ pn
9TOM 9aCTUYIHOM pPaCIIMCaHNN.

B Asropurme 6 IpoOMCXOAUT MOC/IEI0BATeIbHASA “OKAHTOBKA paHee MOCTPO-
eHHOro paciucanust. B pactucanun 7 (t) mis joboro [, [ = 1,2,...,n, Tpe-
ooBanust MEHO)KecTBa {1,2, ..., [} PaCIo/IOkKeHb! “KOMIIAKTHO”, T.€. MEK Iy HI-
MU HeT TpeboBaHUil ¢ OOJIBITUMI HOMEPAMMU.

Teopema 3.5 Anzopumam 6 cmpoum onmumasbroe pacnucanue 3a0a4 Max-
CUMUBAUUY B36EULEHH020 YUCAG He3anasduearouur mpebosanud 3a O(n ) p;)
onepayu.

okazaresbcTBo. JlokazarebcTBO OT 1poTusHOro. omyctum, 9o cyie-
cTByeT onTuMasibHoe pactucanue m° = (G, H), rje Bce TpeboBanust j € H
3al1a3/IbIBAIOT, a Bce TpeboBanud ¢ € (G He 3ama3abpBaioT. TpedoBanns u3
MHO2KecTBa, (G obciykuBatorca B nopsake EDD, a TpeboBaHusi u3 MHOzKe-
crBa H — B nopszike LDD, st koroporo f(7m*) < f(7,(0)) = f.(0).

[Iyctes 7' := 7*. Hus xaxxgoro [ = 1,2,...,mn MbI [IOCJIEI0BATE]ILHO Pac-

cmarpuBaem dactb 7 € 7, {m} = {1,...,l}, pacuucanus. Ilycrs 7’ =

(o, T, 7). 707 Ecom 7y # m(t), rnet = > p; (15 OLIPeJIesIEH st CM. CTPO-
1€{ma}

Kn 23-28 asiropurma), Torga upumeM 7 = (7, m(t), mg). OueBngHO, UTO

f((ma, T, m3)) < f((Ta, m(t), 75)). AHATOIHYHYIO OLIEPAIHIO HIPOJIE/IBIBAEM
st kazkgoro | = 1,2,...,n. B konne nonyusaem f(7%) < f(n') < f.(0).
[Tosromy pacmucanue m,(0) Tak ke ONTHMAJIBLHO.

OueBH/IHO, YTO TPYJOEMKOCTH ajroputma cocrasiser O(n ) pj) oneparit,

Tak KakK B 1ukJje 10-31 BwInmosngercsa n — 1 urepalnii 1 TpocMaTpuBaIlOTCs
n

BCe 11eJI0UNC/IeHHbIe TOUKH, OrpaHideHHOro narepsajgom [0, > p;|. [l
=1

PaxTIIecKn B MPeJICTaBICHHOM aJaropuTMme 6 JMHAMIYIEeCKOTO TPOrpaMMUpPO-

BaHU UCIOJIL3YIOTCS cieaytone pyHKIMOHaIbHbIE YpaBHeHns beivana:

() = at) + fi(t +py), G=12,....n;

f;(t) = max ®2(t) = B(t) + fi_1(1), j=1,2,...,n, (3.1)



e
fo(t) =0 g t > 0.

1 . _
Oyukius $'(¢) coorBercTByer 3HadeHnIo Hepementoit x; = 1 (T.e. Tpebo-
BaHUe j J100aBJISIeTCs B HAYaJ/I0 YACTUIHOIO pACICaHUs ¥ HAYMHAELT 0DCJIy-
JKUBATHCS B MOMEHT BpeMenn t), a dynkuust (1) cooTBeTCTBYeT 3HAUEHHUIO
z; = 0 (T.e. TpeboBaHme T0OABJIAETCS B KOHEI, 10C/Ie OOC/Iy KIBAHUS y7Ke
ylopsi104eHHbIx Tpebosanuit). Ecin t +p; —d; < 0, Torna a(t) = w;, nnade

J
a(t) =0. Ecm t + > p; —d; <0, rorna B(t) = w;, unaue [5(t) = 0.
i=1
Anropurm 6 MOXKeT OBITH MOAUPUINPOBAH TAKIM 00pa30M, UTO JJISI KayK-
noro j = 1,2,...,n B ocaoBHoM 1mkJie (ctpokn 10-31) OymyT paccmarpu-
n
BaThCsl TOJIBKO 3Hadenns t € [0,d; — p;], BMecto snavennit t € [0, > pil,
i=j+1
T.K. JIId J1oboro ¢ > d; — p;, Tpebopanue j 3anasjblBaeT B JIIOOOM HacTHY-
HOM pacrmcannn 7;(t), u wacTudaHoe pacuucanne 72 = (m;_1(t), j) aBastercs
ontuMaabHbIM. [ToaTOMY TpPyIOEMKOCTE MOINGMUIMPOBAHHOIO aaropurMa 6
paBHa O(ndmax), Uje dmax = maxd;. Bes orpannuenus obIHOCTH CUHTA-
jEN

n
eM dpax < Y, Pj, T.K. B IIPOTUBHOM CJIydae TpeOOBaHUE ¢ MaKCHMAJbHBIM

J=1
JINPEKTUBHBIM CPOKOM IIPHU JTFOOOM PACIUCAHUN HE3AIIA3/IbIBAIONIEE U MOYKET
ObITH MCKJIIOUEHO 13 PACCMOTPEHNSI.

3.3.1 TI'paduyecknii anropurm s 3agaqu 1|| Y w;U;

HanmomanM, 9TO MBI paccMarpuBaeM 3a/iady MaKCUMU3aIiN B3BEIIEHHOTO
YUC/Ia He3amlas3 /IbIBAIoONNX TPeOOBAHMII.

Nnest rpacduaeckoro agropurMa (GrA) nis maHHO 3891 MOYKHO OIHICATH
caeaytomuM obpazom. Ha kaxkom mare j anropurma GrA mbl coxpaHsiem
byuknnio f;(t) B TabaudHoM Bujie, npejcrasieHHoM B Tad. 3.1, ety < tg <
e <ty u Wy >Wo > 00> W,

Banucu B TabJiuie 03HAUAOT caeytoriee. st kaxkioro suadenust t € (ty, t141],
1 <1 < mj, ontumasnbubeiM Oyier pactucanue m = (Gj, Hj), rje Bce Tpe-
OoBaHust § € H; 3ama3jpiBaior, a Bce TpeboBanus ¢ € (7; He 3ala3IbIBAIOT.
TpeboBanust 13 muoxkecrsa (7; obciykuBatoTcst B nopsjake EDD, a Tpebosa-



t 11 (2 o tmj
fj (t) W1 W2 e ij

OIITUM. YaCTUIHOE PacIUcaHue | M1 | Mo | ... | Ty

Tabmuna 3.1: Oyuknus f;(t)

t L tian
Fia(D) W [ Wi =W,
OIITUM. YaCTUYIHOE pacCIIuCaHue e iy T4+1

Tabmuna 3.2: Coxparnenne 4ncia nHTepBasioB 1yt Gy [y (1)

Hus n3 MHoxkecTBa H; — B mopstjke LDD, koropomy cooTBeTCTBYET 3HaUYeHHE

fi(t) = W, = > w; (cymmapHOe B3BellIEHHOE HHCJIO HE3alla3/bIBAIOIIX
1€Gy
tpeboBanuit). Toukn ¢; HA3BIBAIOTCS MOYKAMU U3AOMA, T.€. BBITOJHIETCS

fi(@) > f;(E") mna tf <t <t

Ha ouepesnom mare j+1, Mbt Tpancdopmupyem byuxnumio f;(t) B 1se GyHk-
P! (¢) u ®2(¢) cormacno maram 12-28 anropurma 6 3a O(m;) oneparmit.
Oyukius ®'(t) nomyuaerca cmemennem rpadguka dbyukunn f;(t) Breso Ha

pj+1 U gobaBenneM HOBOH Toukn ¢t = pji1 — dji1, a byukuua () — j1o-
J+1

OaBJieHHeM HOBOIT Toukn t = Y p; — dji1. Bee aTn onepaiun nponssosres
i=1

npu oMoy Tabsui Buja 3.1. B kaxoit Tabiune ®L(t) u ®2(t) Oymer e

6osiee m; + 1 Touek uzsioma. Jlajee Mbl BbIMHC/IAeM Tab/UILy [l QYyHKINN

_ 1 2
fin1(t) = max{®"(t), ()}
3a O(m;) ouepanuit. B Hosoii tabsue, coorsercrsyiomeit dynkimu [ (1)
Oyner He Oosiee 2m; + 2 Touek u3jI0Ma (OOBIYHO STO YUCJIO CYIIECTBEHHO
Menbiie). QakTHIecKn, Mbl pACCMATPUBAEM HE BCe TOUKU t M3 WHTEPBAJa
n
[0, min{d; —p;, > pi}|, HO TOJBKO TOUKH HHTEPBAJIA, B KOTOPBIX MEHSETC
i=j+1

CyMMapHOEe B3BEIIeHHOE YNC/I0 He3alla3/IbIBAIOIINX TPeOoBaHUIL.
Eciin BcTpedaeTcs cuTyalins, olnucanHas B Tad. 3.2, TO MbI yaJigeM CTOJI0elI,
COOTBETCTBYIONIUI TOUKE £, U HIPUHUMAEM 7] = Tj41.

OueBngno, uTo Ha KakaoMm mare GrA Oyner paccMoTpeno He bosee Fi,y To-
n

4eK u3soMa, rje Foy < ) w; — MakcuMaJbHOe B3BEIeHHOe YHCJIO He3alas-
J=1



npiBarorux Tpedopannii. Ha xaxkaom mare 7 = 1,2, ..., n amropurma GrA,
‘ n j
HEOOXOUMO paceMoTperh He Oostee min{2/, d; —pj;, > pi, > w;, Fop} TO-
=i+l i=1
JeK 13J10Ma, T.C. TPYAOEMKOCTE GrA He IIPEBOCXOUT
O(min{2", n - min{dpax, Fop: } }) oneparnmit.

3.4 MunuMmunzanus cyMMapHoOro 3amnasjbiBanus 1|| Y 7T

B sannom naparpade paccMaTpuBaeTcs 3ajada MUHUMU3AMUNT CYMMApPHOTO
sanaspiBatus y 1, rae T; = max{0,C; — d;}. To ecrs B gamnoii 3anaue

n
HeoOX0oUMO HafiTu paciucanue 7*, pu KotopoM dyukuust F(m) = > Tj(m)
j=1

JIOCTHTaeT cBoero MuHuMyMa. HecMoTpst Ha TO, 9TO 9TO KjiaccudecKas 3a1a-
ya TP, nokazareynbcrBo ee NP-TpyaHOCTH OBLIO 1IOJIyYE€HO CPABHUTEILHO
HeJilaBHO — B 1990-M 1oy, T.e. BblsiCHEHUE €€ TPYJIOEMKOCTH ObLIO HEeTPUBU-
aJIbHOI 1IpobJiemoit. Hajee juist 9Toit 3aga4un OyayT HpejcTaBieHbl TOUHbIM
1 METa’BPUCTUIECKUI aJrOPUTMBbI PEIleHns], a TaKKe IPUOINKEeHHBII aJIro-
PUTM C PeryJimpyeMoil TOYHOCTBIO.

HoxkazarenbeTBo NP-TpynHocT JaHHOM 3a/1a9i ITPUBOIUTCS B IPUIOZKEHIH

2.

3.4.1 Tounslii anroput™ pentenud 3agauu 1| > 7T

AJropuTM OCHOBAH Ha CJIEYIONINX pe3ysbTarax, onybankoBaHHbix E. Jlay-
jnepMm B 1977-m romy. Heobxoimmo oTMETHTDL, 9TO JTaHHbINH aJrOPUTM CTPOUT
TOYHOE DellleHne U JJIs 9acTHOro ciydas 3ajga4du 1|| Y w,Tj, upu Koropom
BBIIIOJIHAETCs IIPABUIIO “ecsid p; > p;, To wj < wj, 4,7 € N7.

Teopema 3.6 [lycmv ™ — onmumanrvroe pacnucanue OAfL NPUMEPE 36004
¢ dupexmusnvimu cpokamu di,ds, ..., d,, u nycmo C; — momenmo: sa6ep-
wenus obeayotcusanus mpebosanutd 7 = 1,2,...,n npu 9Mmom pacnucaHuu.
Buvibepem nosvie dupexmusnvie cpoxu d} max, 4mo:

min{dj, CJ} < d; < max{dj, CJ}



Tozda moboe onmumanrvroe pacnucanue T, cOOMBEMCMEYIOULEE NPUMEPY C
Ho6bMU JupekmueHbmy cpokamu di, dy, ... d, AGAAEMCA ONMUMANLHOIM
U OAA NPUMEPQ C UCTOOHBMU QUPEKMUBHBIMU Cporkamu di, ds, . .., d,.

HokazarenbcTBo. Ob0o3nHaunM 4depe3 1, cymMMapHoe 3alla3/[bIBAHUA J1JIs1
npuMepa ¢ JUPEKTUBHLIMU cpoKamu di, ds, ..., d,, a depe3 T’ — cymmap-
HOE 3alla3/IbIBAHUS JIJI PUMepa C JUPEKTUBHBIMI cpokaMu di, ds, ..., d.
[Iycts 7' — onTuMasbHOE paciucanue JJjis IpUMepa ¢ JIUPEeKTUBHBIMU CPO-
Kamt dy, db, ..., d a C’} — MOMEHT 3aBepIlleHus] 00CIYKUBaHUsI TpeOOBaHUs
J, 7 = 1,2,...,n, upu JaHHOM paciucaHun. JamuieM 3Hadenus: 1T'(7w) u
T(n') B caemytomieit popme:

rae A; u B; — 3HadeHnsd, 3aBucdmige ot tpebosanus j € N, Jjis KOTOPBIX
BBIIIOJIHSIETCS CJIeJIyIOlNIee: :

a) nycth C; < d;, Torma:
(a) my J s

1. ecn C} < d;, Torna Aj = 0u B; = 0;

2. econ dj < O < dj, rorja Ay =0u By < 0. By =d; — C} <0;

3. ecrm dj < C7, rorya Tj(n') < Ti(n'). Hostomy A; = 0 u B; < 0.
Bj = d; — dj < 0.

(b) nycrs C; > d;, Torga:

1. eciin Cj’- <d;, Torga A; :d;-—dj >0u B; =0;

2. ecmm dj < CF < dj, torma Aj = dj —d; > 0n By = (C] —dj) —0 <
d;— d; = A;:

3. ecrm d; < O, rorna Aj = B; = d; — dj.



Bomomnsierest A; > B;j st Beex j = 1,2, ..., n. Bosee Toro, T'(w) > T'(7'),
T.K. IPY Paclicanny 7 Haxo[uTcsd MuHuMasbHoe snadenue 1. ITosromy mo-

+ZA > T' (7 +ZBJ,

re. T(mw) > T(n"). Teopema jnokaszana. O

JlydaeM

Jlemma 3.4 [ana sadavwu 1| YT cywecmeyem onmumasbHoe pacnucarue
T, NPU KOMOPOM.!

e obcayotcusarue mpebosarus 1 npeduecmeyem obCAYAHCUBAHUIO MPebo-
sanus J, ecau d; < dj u p; < pj;

® Gce HE3aNa30vBaANULUE MPEOOBAHUL 0OCAYHCUBAIOMCA 8 NOPAJKe HeYObl-
BaHUA QUPEKMUBHBIT CPOKOS.

,Z[OKaBaTe.TIbCTBO .

Cragajia ToKaKeM IIepBOe CBONMCTBO ONTUMAJIBHBIX pactucanuii. Ilycrs s
AByX Tpebosanuii ¢ u j sbiosngercd d; < d; u p; < p;. IIpennomnoxxum, uro
CYIIEeCTBYeT ONTUMAJIbHOE paciiucanue ™ = (7, J, T, 4, w3). s pactiucanus
7' = (1,1, 3, j ) memonsercn F(r) = F(x) > (Ty(m) = T(n'))+(T(m)—
Ti(n")).

Ecimm Cy(n") > d;, Torna

F(r) = F(a') > —=(pj+ > _pe)+ (pi+ Y _pr) >0
kems kemy

Nnaue, ecin Cj(n') < dj, BblosHsgeTcs
F(r) — F(r') > —max{0, C;(7") — d;} + max{0, C;(x") — d;} >0,
rae Cj(n') = Cj(m). Taxum 06paszoM, epBoe CBOHCTBO JIEMMbI JOKA3AHO.

Hokaxkem Bropoe cBoiicTBo. IlycTh cylecTByeT onTHMaIbHOE PaCIUCAHUE
m = (m,J, T2, 4, 73), upu KOoTOpoM d; > d; n oba TpeboBaHUHA i U j He 3a-
a3 piBatoT. Torma pactnucanne m' = (my, ma, 1, j, T3) TAKIKE SIBJISETCS OTTHU-
MaJIbHBIM. TToBTOpSIs 110106HYI0 Oepaliio HeOOX0IUMOE YUCIO Pa3 [MOJIY YKM
OITUMAJILHOE pacIiCaHue, YIOBIETBOPIONIee BTOPOMY CBOHCTBY JieMMbI. []



Teopema 3.7 Ilycmv mpebosarius ynopadovenvr cozaacho npasusy dy <

dy < -+ < d,. Oboznauum uepes 7° — mpebosarue ¢ MAKCUMAALHOT NPO-

QONHCUMENDLHOCTIDIO OOCAYHCUBAHUA, ECAU MAKUT MPEOOBaHULT HECKOALKO,

Mo U3 HUT € MAKCUMAALHOLM QUPEKMUBHDIM CPOKOM, M.€. j* = arg me%c{dj :
j

pj = me}\%:pi}. Tozda cywecmsyem mpebosarue k > j* makoe, wmo npu on-
1€

MUMANOHOM pacnucanuy ece mpebosarus i,1 = 1,2, ...k, i # 5%, 0bcay-
otcusaromes neped mpebosanuem J*, a 0cmasbHovie MPebosaHUA NOCAE Mpe-
bosanus 7*.

HokazarenbcrBo. Ilycrs C — nanbosibimmit MOMEHT OKOHYAHUST 00CIIY 7K1~
BaHUsI TpeOOBaHUs j* IPU BCEX ONTUMAJILHBIX PACINCAHUSIX, COOTBETCTBYIO-
X IPUMEPY C JUPEKTUBHBIMU cpokaMi d; < dy < .-+ < d,. Ob03HAUNM
yepes 7 ONTUMAaJIbHOE PaCIMCaHIe, COOTBETCTBYIOIIEE IIPUMEPY ¢ MOAUdU-
[UPOBAHHBIMU JINPEKTUBHBIMU CPOKAMIU:

! /
dl, dg, ce dj*—b dj* = max{dj*, C }, d'*_l, ceey dn,
1 KOTOPOE COOTBETCTBYET YCJI0BUsIM JieMMbI 3.4. Pacrincanme 7 sBjisieTcst orl-
TUMAJbHBIM U JIJIsT UCXOJIHOIO Ipumepa corsacHo Teopeme 3.6. Ilycrs C' —
BpeMsI 3aBepleHnsi 00c/IyKuBaHus TpeboBaHus J* npu pacrnucanund 7. To-
raaumeem C' < C' < ). = max{d;-, C'}, T.e. Tpebosanue j* He sanasjpsaet
B MOJnUITTPOBAHHOM IIpuMepe 1pu paciucanun 7. [Ipu pacrnucanum m Bee
TpeboBanus v, d; > d;-* 00CJIy>KIBAIOTCA 11epej TpeboBaHueM j*, T.K. MHade
TpeboBaHne ¢ He OyAeT 3ala3/IbIBAIOIIIM, 9TO IIPOTHBOPEINT BTOPOMY CBOIi-
cry Jiemmbl 3.4. C jpyroii cropoubl, Bee Tpebosanusg j Takue, uto d; < di.,
JTOJIZKHBI 00CIYZKIBATHCSI IPU 9TOM PACIICAHUN IIepel TpeboBaHmeM j*, T.K.
p; < pj» (cM. epBoe cBoiicTBo steMmbl 3.4). Teopema jokazana. O

MozkHO cjies1aTh CJIe/IyIonuii BbIBOJ U3 JaHHO TeopeMbl. Ecym BeIOpaTh Ta-
Koe TpeboBaHue j* 1 [jIst Hero onpee/nTh TpeboBanue (mo3uruio) k > 7%, to
HCXOJIHYIO 33189y MOXKHO Pa3dUTh Ha JBe 038 1a41 pelraeMble aHaIOTUIHO.
[lepBasi mmoj13a/1a9a COEPXKUT MHOXKECTBO TpeboBauuii 1,1 = 1,2,...,k, i #
J*, a apyrasg — muO)ectBO Tpebosanuii {k + 1,k + 2,...,n}. CraoxuocTs
3aKJII09aeTCs B BbIOOpe TpeboBamust (mo3urmn) k.

Ha stom dakTe ocHOBaH cjieAyOIIil TOUHBIN aJropuT™M 7 PeIeHus 33 a4u.



O6o3zuaunm gepes j*(N') TpeboBarue ¢ HAUOOJIBINEH TPOIOZKITETLHOCTHIO

obcy»kuBanus cpegu rpebopanuii Muoxkecrsa N' C N. Eciu Takux Tpebo-

BaHU{I HECKOJILKO, TO BbIOUpaeTcst TpeboBaHUe ¢ HAMOOJIBIITNM JUPEKTUBHBIM

cpokoM, T.e. j*(N') = argmax{d; : p; = maxp, }. s coxpamenust 3ammcn
jEN iEN'

smecto J¥(N') Gygem zanucbiBaTh j*, €cjii OYEBHJIHO O KAKOM MHOXKECTBE

UJIET PeYb.

Pacemorpum nipumep (mopmpumep) oOCIyKUBaHusT TPeOOBAHIIT MHOXKECTBA
N C N, N = {1,2,...,n'}, ¢ momenra Bpemennu t' > (0. MuoxectBo
L(N',t') ectb MHOXKECTBO Beex uHjekcoB ¢ € {7*, 7+ 1,...,n'}.

Algorithm 7 Anropurm pemtennst 3anaan 1|| > 7T5.
Procedure ProcL (N,t)
1: Jau mpumep {N,t} ¢ muoxkectBOM TpeboBaruit N = {ji,J2,...,jn} U MOMEHTOM

HauaJia obciyxkusanud t, rie dj, < dj, < --- < dj,.
2: if N = () then

3: 7T*:= IyCcTOe pacIimuCaHue;

4: else

5: Haiiziem tpeboBanue j* u3 muoxkecrsa IV

6: Haiizem muOkecTBO L(N, t) 1utst TpeboBanust j*;

7 for ALL k € L(N,t) do

8: 7, = (ProcL(N',t"), 7*(N),ProcL(N",t")), rae

N’ = {jla' e 7]k} \ {j*}7 t, = t?
N" = {rgrs o dnds =t 4+ Yy P

0 end for

10: T =arg kerg(ij{fl,t){F(m’ t)};

11: end if
12: RETURN 7%;

AjropurMm perieHusd.

1: m:=ProcL(N,0);

Bamuch F(my,t) B asroputMe 03HaYAET CyMMApHOE 3alna3/ibIBaHUe TIPH PAc-
MICAHUN T; BBIIOJHEHNE KOTOPOro HauWHaeTcsd ¢ MoMeHnTa Bpemenu t. Ha
CJIeIYIOIINX ABYX PUCYHKax 3.1 mokaszaH IIpoliecc BbIOOPa IO3UIMHU k U pa3-
OreHne MCXOAHON 3a/1a4n Ha JIBe 110/13a,1a91.

Crucok paccmarpuBaembix nosuiuit L(N', 1) MOKHO 3HAYNTETHHO COKpa-
TUTh, T.K. B 9TO MHOYKECTBO CTOUT BKJIIOUATDH TOJBKO TpeboBanus k € {j*, j*+
1,...,n'}, 11 KOTOPBIX BBINOJHSIOTCS YCIOBHUS:



Puc. 3.1: Pucynku x anropurmy

k
(a) '+ > pj < dy+1 (mpaBmiio MckJrOUeHUd 1) 1

J=1

k

(6) dj +p; <t'+ > pj, msaseex j=j*(N')+ 1,k (nmpaBuyia UcKJIO-

j=1
qenus 2, 3),

rje dy i = +00.

Cy1ecTByIOT 1 Ipyrue npaBuia UCKIIOUYEHN, T03BOJISIONINE COKPATUTD Bpe-
Msi PabOThI aJIFOPUTMA.

Teopema 3.8 [78] Tpydoémrocmy arzopumma 7 cocmasasem O(n*> pj)
onepayul.

Moudurannm JaHHOrO aIrOPUTMa € PA3IITHBIMI TPABIIAMI COKPAIICHIST
repebopa MepuoINIecKn MOsIBIISTIOTCs B inTeparype. Ho Ha Texyrmmit MOMeHT,
Sy dIIHi U3 TTPEJIOZKEHHBIX aJITOPUTMOB MOZKET PEIIATh “IPOCThIe” TPUMEpHI,
nocTpoentbie 1o cxeme [lorTca n Baim Baccenxosa [89] (ommcanne 9roit cxembl
npuBouTCs B aparpade 3.4.5.), pasmeprocThio He 60sbiie 500 TpeboBaHuil.

3.4.2 AnnpokcuMaImMOHHBIN aJITOPUTM

B nannom naparpade jist 3aga4an 1| Y T upeacrasiena [IOJTHA A ITOJIN-
HOMUAJIBHAS ATITIPOKCUMAIIMOHHAA CXEMA (fully polynomial
time approximation schema, FPTAS). ®akruuecku, 5170 mpubiKeHHbIH aJi-
TOPUTM peNIeHns ¢ HacTPanBaeMOil TOrPenIHoCTbIO. 1o ecTh Ji1d JIToO0To Ync-
Jga € > 0 ¢ TOMOIIBIO aJrOpUTMa MOYKHO HAWTH paclucaHue 7, Takoe, UTO



F(m)— F(r*) < eF(r*), tne m* — ontnmasbHoe paciucanne. TpyroéMKoCTb
TAKOTO aJITOPUTMa TIOJMHOMUAJIBHO 3aBICHT OT 1 1 OT 3Hadenns 1/¢e. [loaro-
My AJITOPUTM HA3BIBAECTCS NOAUHOMUGALHOU ANNPOKCUMAYUOHHOT CTemOU.
Tak kak aaroput™ paboTaer ¢ 000it 3a/JaHH0fi TorpemnocTsio € > 0, cxe-
Ma HazbBaeTcst noAnot. CyImecTBYIOT KOMONHATOPHDIE 3a/1atH, IJe TI0CTPO-
eHa ne NOANAA CXeMa, IPH KOTOPOI & He MOKeT OBITh MeHbIlle HEKOTOPOTO
qucaa a > 0.

Jl71s1 ommmcanmns cXeMbl HaM ITOHAI00UTCsI CeyIomast JeMMa.

Ilycts mppp — pacuucanue, pu KOTOPOM TpeboBaHKs YIIOPSII0YEHbI 110 HeyObI-

BAHUIO JUPEKTUBHBIX CPOKOB (T.e. 1o mpasumiay EDD). O6osnaunm depes

Trax = mei}ef{Tj(WEDD)} — MakKcHMaJbHOE 3alla3jibiBaHue [pHu JaHHOM pac-
j

IIMCaHnu.

Jlemma 3.5 Buomoanaemea Ty < F(1*) < F(mppp) < nTax, 2de m —
ONMUMANBHOE PACTUCAHUE 3A0AYU.

ﬂOKaSaTeﬂbCTBO 3TOI JIEeMMBI OCTaBJIdeM YUTATEJII0 B KA4eCcTBe YIIpazKHCHUA.

ANNPOKCHMAIIMOHHBI aJIrOPUTM OCHOBaH Ha TOYHOM ajiropurme 7. Iloka-
»KeM, 9TO TPYJI0EMKOCTH TOYHOro ajroputma 7 He npeBocxomuT O(nTiay)-
O6o3znaunm 1gepe3 T'(N,t) — MakcnMaJIbHOE BO3MOXKHOE CYyMMapHOE 3aras-
JbIBaHUe JIjIsI MHOXKecTBa TpeboBanuit N, oOc/IyKuBaHe KOTOPHIX HAaUNHA-
eTcsi ¢ MOMeHTa BpeMmeHn t. Hecji02KHO BBIMMC/IUTL MOMEHT BpeMeHu t*, mnpu
kotopom T'(N,t) = 0, t < t* u T(N,t) > 0, t > t*, T.e. MOMEHT BpeMme-
HI, HAYUHAS ¢ KOTOPOI'O, B HEKOTOPLIX JIOIMYCTUMBIX PACIUCAHUSIX CyMMap-
Hoe 3alazjbiBanue 6osibiie 0. Torma odeBHIHO, UYTO B aaropuT™Me 7 HMEET
CMBICJT BBIIOJTHATD 1potieiypy ProcL(N,t) Toibko mjis Todek ¢ Takmx, 9ro
t* <t < Tepp < nTyax. Toraa Tpynoémkocts O(n* >~ p;) orpanuuena sna-
genneM O(n°Tiax)-

[TocTpoum MoauduIUpOBAHHBI IPUMED, B KOTOPOM BCE IIPOJIOJIZKUTETHLHO-
CTH OOCIYZKUBAHNS [OJBEPr/INCH MACIITAOMPOBAHUIO, T.€. IPOJIOJIZKNTETHLHO-
cri obcaysKuBanus ¢; = %] (oKpyIueHne B HUZKHHIO CTOPOHY), COOTBET-
CTBEHHO, JIMPEKTHBHbIC CPOKN d; = Bj=1,2,...,n (6e3 okpyreHus),
rjae K — HeKOTOpOe IIO0JIOKUTEILHOE Ync/I0. IIpe ook, 9To ¢ HOMOIIbIO
AJITOPUTMA, 7 JIJIsI JIAHHOTO MOM(DUITIPOBAHHOIO IIPUMEPa, Mbl IIOCTPOUJIN Oll-

TuMasbioe pacrncanne m. Obosnatnm depe3 1% cymMMapHOe 3aras3ibBaiie



IIPU 9TOM pACIUCAHUU JIJIsI IPUMepa ¢ MPOIOZKIUTETLHOCTIMI O0CTY KITBa-
HUS p} = Kgq; n ¢ AMPeKTUBHbIMHI CPOKaMU, COBIAJIAIONIMMU C HUCXOJHBIM
npumepoM (d;). A depes Ty — cymMapHOe 3ana3/bIBaHue [Jis OPUTHHAIBLHOIO
[puMepa.

Ouesnjno, uro Kq; < p; < K(¢; +1), 7 = 1,2,...,n. Ucnonssyst sror
n(n+1)
2

daxr, mokaxem, aro Ty < T + K . O6osnaunm 1epes C} — MOMEHTBI

OKOHYaHMsSI 00C/IyKHUBaHIA TPEOOBAHUII 1IPU pACIUCAHUM 7 JIJI IPUMepPa C
I

HPOJIOJIZKUTEIbHOCTSIMEI 00C/Ty ?KBAHIA p; = Kgj. A 1epes C; — MOMEHTEI

OKOHYAHUsI JIJTsi UCXOMHOrO npuMepa. Ilyers m = (j1, jo, J3, - - -, jn). Toruia

Cj, —Cl <K, Cj, —C, <2K, C, — C} < 3K u 1., a cleJloBaTebHo,

Ty—T) < K(1+24 - +n)= K22t

Tormga Mot mosmyaaem, aro 1 < F(7*) < Ty <T) + K w Crenobarenb-
no, Ty — F(7*) < ) rgatad) nH . Bagtayinm K = Tax- Torma Ty — F(7*) <
€T max < eF (%), T.K. TmaX < F(7).

(n+1)

Taxnm 06pasoM, 3a Bpemst O(n°Thay/ K) sxsusanentroe O(% 1) GbL10 Haiie-
HO JIOTYCTUMOE PACIUCAHNUE T C OTHOCHTEJBLHON OIPENTHOCTHIO HEe MPEBOC-
XOJId1eit €.

Torja annmpoKCUMAITMOHHBIN aJTOPUTM MOXKHO OITHCATH CJIEYIONUM obpa-
3oM. [l BeIOpanHOro 3Havenus € BhIYUCAgeTcd K u crpoutcsd mojaudu-
IIUPOBAHHBIN TTPUMED € HpO,ZLOJDKI/ITeJIbHOCTHMI/I oOCIIy?KUBaHUA ¢ = L 2| un
JIMPEKTUBHBIMI cPOKamu d; = F? j3=1,2,...,n. nga maiiiennoro mpume-
pa ¢ TOMOITBIO TOYHOTO AJITOPUTMa 7 CTPOUTCS ONTUMAJILHOE paclicaHue
KOTOPOE SBJISIETCS MPUOIMZKEHHBIM PeIIeHneM JIJIsi NCXOTHOT0 TTPUMEPA.

3.4.3 Aaropmtm MypaBbunble KosoHun

B nannom naparpade paccMaTpuBaeTcst aJILOPUTM PelleH s, OCHOBAHHBII Ha,
merojie Mypasbuabie Koorun (Ant Colony Optimization, gasiee — aaropurs
ACO) . DroT uTepannoHHbI aJrOPUTM OCHOBAH HA HJIee MOCJIeI0BATEIbHOTO
HPUOJINYKEHUsT K OINTHUMAJJIBHOMY PEeIeHUO.

Kaxkas nrepaliust — “3allycK UCKYCCTBEHHOI'O MypaBbsi’, — KOTOPBIi “IIbITa~
ercs’” 10 HEKOTOPOMY IPABUJIY BbIOPATh HAMTYUIIIUil MapmpyT K “muie’” (K
ONTUMYMY (DYHKIINH), UCIOJIb3YsT METKI CBOUX IPE/IINECTBEHHNKOB.



Kazkaprit MypaBeil BBITIOJIHAET TeNovKy ImaroB. Ha kaxkpom mare ¢, ¢ =
1,2,...,n, BoiOupaercsa TpeboBanue j JJid MOCTAHOBKU HA MECTO ¢ B PaCIIU-
CaHWM, UCIIOJIb3Ys “BEPOSITHOCTH ITepexojia’.

B airopurMme UCHONIB3YIOTCH TTapaMeTph:

® 7);; — dBpHUCTHYECKad HHPOPMAIA O TOM, HACKOJILKO XOPOIINM “KazKeT-
cs1” IOCTAHOBKA TPEeOOBAaHUsI J HA MECTO ¢ B PACIUCAHUI. DTOT I1apaMeTp
BBIUNC/ISIETCS 9BPUCTHYECKH 10 OJTHOMY U3 BAPUAHTOB:

1. ITo npasuny EDD: n;; = %, 1=1,...,n;
J

2. ITo mpasmry MDD (modified due date). B asropurme MDD mnocie-
JIOBATEILHO Ha HO3UIUK ¢ = 1, ..., N BLIOMpPAETCA elle HeylIopsiIo-
deHHOe TpeboBaHue j ¢ HAUMEHBIM 3HadenneM max{S + pj,d;},
rae S — cyMMa IPOJOIXKUTEILHOCTEN IPeIIeCTBYIOINX YIIOPsI0-
YeHHBbIX TpeboBaHUil. IBpuUcTHUYECKas NHMOPMAIIIS PACCIUTHIBACT-

S 1 .
Csl CJIEJLYIONM 00Pa3oM: 1) = max{S+p;,d;]’

cm — L o

3. Ilo npasuiy L-MDD (Look-ahead MDD): n;; = Targ» e Tard,
CyMMapHoe 3ara3/blBanre Mpu MOAUMUITTPOBAHHOM PaCIUCAHUN
MDD, npu koropoMm Ha mo3uINN ¢ 0OC/TY:KUBAETCA TpeOOBaHMe J, a
BCe OCTaJIbHble TPeOOBaHN YIIOPSII0YeHbl B COOTBETCTBUM C ITPABU-

jgoMm MDD;

4. ITo npasuy SPT: n;; = p%-’ 1=1,...,n;

o 7;,; — “ciex’ (B upupoge: cien depomona). IMocte kakoii urepannn
9TOT IapaMeTp KoppekTupyercsi. [lapaMerp mokasbBaeT HACKOIBKO X0~
pomuM’ Jij1st TpeboBaHUs j OKazajach MO3WIUS ¢. 10 eCcTb 9TO HaKOII-
JIeHHasI CTaTHCTHIecKast MHMOPMaIlds 0 KadeCTBe BbIOOpa JIjIs TTO3UITIN
i TpebOBaHUS j, B TO BpeMs KakK 7);; XapaKTepHU3yeT HIPeIIoIaracMyio
BBITOJIY TaKOii IIOCTAHOBKI IIPU HEJOCTATKE HAKOILJIEHHON MHMOpMAIIIIL.

Ilepes nepsoit urepamnueit nonaraior 7,; = 1/(mTgpp), rue Tepp — cym-
MapHoe 3anas/pisanue npu EDD-pacnmcanuu, a m — KOJIM4ecTBO nTepaluii
(MypaBbéB). IlapameTpsl 1);; PACCINTBIBAIOTCS OJMH a3 liepe]| epBoil nre-
parueii.



Ha xaxxgom mare ¢, ¢ = 1,2,...,n, Beraucagercd MaTtpuiia BeposTHO-
CTeN nepexoa:

(731 [mi5)° -
. J e,
Pij = Z [Tih]a[nih]ﬂ
he
0, j¢&KQ,

rje () — MHOXKeCTBO HEYIOpsiJIoUeHHbIX TpeboBaHuil, o u [ — “HacTpauBae-
Mble” ITapaMeTpbl aJITOPUTMA.

[IpaBuio, 10 KOTOPOMY Ha TO3UIINIO ¢ BRIOMpaeTcd TpeboBaHue j ompejiess-
eTcs CJIEJIYIONNM 00pa30oM:

j = argmax|m] )’ ¢ < q,
he)

J ompeJiesisieTcs caydaiiibiM 00pa3oM,
COTJIACHO PACIPEJIICHUIO BePOATHOCTe! p;j, ¢ 2> qo,

rie 0 < gop < 1 — napamerp ajaropuTMma, a 3HadeHUe ¢ BbIYUCISETC CJIydaii-
HBIM 00Pa30M Ha, KayKJIOM IIare.

[Tocsie Toro, kKak TpedboBaHme j ObLIO IIOCTABICHO Ha ITO3UIMIO %, IePECUUTHI-
BaeTCsl “JIOKaJILHBIN cjiejr:

7i; = (1 = p)7; + p70,

rie 1o = 1/(mTepp), a p € [0,1] — koabdunuent pacnama dbepovona (ma-
paMeTp aJropuTMa).

[Tocsie KazKk 10l uTepanun “riodajibHblil ciell T;; KOPPEKTUPYeTCcs 110 IIpaBu-
Iy

Tij = (1= p)7ij + p/T",
eciu B “JryunieM”’ HailIeHHOM pacIUCaHuy Ha IMO3UINN ¢ 0OCTYKIBAETCS Tpe-
oosanme j. Mnade

i = (1= p)7ij,

Suadenne T — cymmapHoe 3alasjblBaHue Jjis “JIydniero’ HailJleHHOro pac-
MICAHUS.

Asroputm ACO maer Xopolire pe3y/abTaThl IPU UHTEIPAIIE B HEI'O JIOKAJIb-
HOT'O IIOMCKA, K IIPUMepY, IOIIapHOil mepecTaHoBKM TpedoBanuii. JIokaabHbI



IIOMCK 3allyCKaeTcCs I10CJIe Ka}K,ZLOﬁ urepannm epe 1mepecieToM lapamMeTpon
Tij-

Herpynno yoeauThes, 9To TPYL0EMKOCTE aIrOpUTMa, 6€3 JIOKAJILHOIO OUCKA
coctasister O(mn?) onepanuit. st Kaxkaoil nosumun 4 (BCero n mosuimii)
BeIOpaeTcst TpeboBanue j 3a O(n) omeparruii.

Tpyn0éMKOCTb JIOKaJILHOrO 110KMcKa — HonapHoii nepecranosku — O(n?). To-
ra Teoperndeckas TPyA0eMKocTh airoputMa ACO ¢ JOKaJIbHBIM TTONCKOM
cocTapiger He Menbine O(mn?) onepanuii, rje m — KOJIMIECTBO MyPaBbeB.

3.4.4 TI'mOpuUIHBINA aJITOPUTM peENIeHUs

Ha ocnope asropurma ACO u TOYHOro ajropurMma 7 ¢ HpaBUIAMHI HCKJIIO-

qernst 1-3 MOXKHO TocTpouTh [ ubpudnvii aszopumm|d]. Unes amropurmva

3aKJIIOYAETCSI B TOM, UTO Ha KayKJIOM MTeparun 3alycKaeTcst MOIUMUIIPO-
=k

BaHHDIN aJICOPUTM 7, B KOTOPOM oYepejiHoe TpeboBanue j* “ciaydaitHbiM’ 00-
pa3oM CTABUTCsT HA HEKOTOpYIo mosuiuio k € L(N,t).

“Caydaitaplil’” BBIOOP HPOUCXOIUT COTJIACHO MeToay ‘“MypaBbuHbIE KOJIOHUN
T.e. ToJ3a/a4a BbIOOpa MOoIXosIell mo3uimn peraercs aaropurmoMm ACO.
Moudunuposannas mnpoueaypa Procl, ucnosib3yemasi B aJropuTme, Ipe-
craBJieHa jiasiee (CM. aJropuTm 8).

[Tocsie KazKk 100t uTepanun “riodajubHblil cieli’ T;; KOPPEKTUPYeTCs 110 IIpaBu-
JIy:

Tij = (1= p)7mij + p/T7,
ecyIi B “ydiiieM’ HailIEHHOM PaCIUCAHUN Ha TIO3UINN ¢ O0CTYKIBAETCS Tpe-
bosanue j. nadge

Tij = (1 = p)7j,
rie p € [0, 1] — mapamerp ajnropurma. 3HadeHue T — cymMMapHOe 3alas/[bl-

BaHUe Jjs1 “JIydiiero”’ HaiiJIleHHONO pacIluCaHMs.

[Tocme Kaxk 01t nTEpaIun 3ammycKaeTcs Ipolleaypa JOKaJILHOTO TOMCKa — I0-
napHasl IIepecTaHOBKa TPeDOBAHUIA.

Herpyntno ybenurbesi, 910 TPYA0EMKOCTH ['mOpuaHoro aJjiropurma 6e3 Jio-
KaJbHOro Honcka cocrasisger O(mn?) onepaunii. [Iponenypa ProcL zamyc-



Algorithm 8 Moaudunuposannas mporeaypa ProcL

Procedure ProcL (N,t)

1:

2:

10:

11:
12:

Han mpumep {N,t} ¢ muoxkecTBOM TpeboBanuit N = {ji,J2,...,jn} U MOMeHTOM
HauaJia obciyxkusanud t, rie dj, < d;, < --- < dj,.
if N =( then
¥:= IIycTOe pacIuCaHue;
else
Haiiyiém pebosanue j* n3 muoxkecrsa NV
Haiiném muozkectBo L(N, t) st TpeboBanust j*;
Paccunraem MaTpuily BeposiTHOCTEl Hepexojia Jjisi Kaxk1oii nosuiu i € L(N,t).

Diie = Tij*/F(’ﬂ'i,t)
v > Thp/F(wht)

heL(N,t)

rae 7TZ = (jla <o 7jm—17jm+17 s 7ji7j*7ji+17 s 7jn)7 djl S st 7djn7 j* = Jm,m < 1,
F(7m',t) — cymmapHOe 3amas3/plBaHie MPH PACIUCAHUN 7', MOCTPOEHHOM C MOMEHTA
BpPEMEHU ¢.

Boibepem nosutuio k € L(N, t) n1pou3BoIbHBIM 06pa30M COIIACHO PACIIPE/IE/IEHUTO
BEPOSITHOCTEN ;.

[lepecunTaem “JTOKaIbHBIN ci1e’:

Thjx = (1 - p)Tkj* + pTo,
rine 70 = 1/(mTepp). Tepp — cymmapHoe 3anas/piBanue npu EDD-pacnucanun.
T = (PI‘OCL(Nla t,),j*(N),PI‘OCL(N”, tll))’ rne
N = {j17 cee 7]19} \ {j*}7 t/ = t’

k
N" = {Jeg1, - s dnk, " =1+ 3 pjis
=1

end if
RETURN 7*;

KaeTcst 1 pa3. B kaxoit mporienype Boimosasiercs nopsijka O(n) geiicTBuii.

TpyoéMKocTh JIoKaIbHOro noucka (ronaphas nepecranoska) — O(n?). To-

rJ1a TeopeTndecKasi TPYI0EMKOCTh [ MO IHOrO aJIropuT™Ma € JTIOKAJIHHBIM T10-
nckoM coctapisger ne menbine O(mn®) oneparmii. To ecTb TPyI08MKOCTD

njaeHTnIHa TpygoéMkoctu aiaropurya ACO.



3.4.5 DdPeKTUBHOCTH AJTOPUTMOB JIJII TECTOBBIX
npumepoB Ilorrca nu Ban BaccenxoBa

Db heKTUBHOCTD PA3/IMUHBIX AJIFOPUTMOB PelleHs HEKOTOPOil 3a/1atn KOM-
OMHATOPHON ONTUMHU3AINN 3a4aCTYI0 CPaBHUBAIOT dKCIepuMeHTabHO. Ha-
IpUMep, MOYKHO CPaBHUTH BpeMsi pabOThI aJIF'OPUTMOB, KOJMIECTBO UTepa-
Ui, TPOU3BOIMMBIX aJTOPUTMOM, TOYHOCTDH OJIYUE€HHOTO pelieHus u T.J. B
KaveCTBe WJLIIOCTPAIT TOTO, KAK MOTYT ITPOBOJINTCS SKCIIEPUMEHTHI, B JTaH-
HOM Taparpade 1nmpeJIcTaBJIeHbl Pe3Y/IbTAThI SKCIIEPUMEHTATBHOTO CPABHEHMsT
['ubpujHoro asiropurma u ajropurma ACO. DKcnepuMeHThl TPOBOJIMINCD
Jutst mpuMepoB pasmepuoct n = 4, ..., 70,100, KoTopble reHepUpPOBAJIUCH C
romoripio cxemsl [lorTca n Ban Baccenxosa [89).

[Ipumeps! renepupoBa/uch CjiejlylomuM oOpa3oM. SHaueHus p; € Z pac-
IIpe/IeJIeHb [0 PAaBHOMEPHOMY 3aKOHY Ha rpomerxkytke [1, 100]. Suauenus d;
reHePUPOBAIUCH CJIYyYallHBIM 00Pa30M COIJIACHO PABHOMEPHOMY 3aKOHY pac-
pejiesieHIs Ha IPOMEXKYTKe

> pi(1=TF—=RDD/2),) pj(1—-TF+ RDD/2)
Ji=1 ji=1

[Tapamerper TF 1 RDD npuanmaror 3uadenus: n3 maoxkectsa {0.2,0.4, 0.6,
0.8, 1}. s xkaxmoit kombunaruu (T'F, RD D) reaepuposasiocs mo 100 mpu-
MepoB (Beero 2500 PUMEPOB JJIsT KAZKJIOr0 7).

[Ipmmvepst, mis kotopbix F(mppp) = 0, He paccMaTPUBAJINCH, T.K. B 9TOM
caydae ['nbpunnbiii agroput™ n AC'O rapaHTHPOBAHHO HAXOAT TOUYHOE pe-
eHne — Tppp — Paclucanue MocTpoeHHoe 1o mpasuay EDD.

B anropurmax MCIOJIB30BAJINCH CJEAyIONINe MapaMerpel: @ = 1; f = 2;
p =0, 1. JIokaJabHBI MONCK — TONapHasd MepecTanoBKa. [Ipumensemast 9Bpu-

ctuka — MDD.

s KaxKJI0To mpuMepa 3allycKaJicsl TOIHBIN aJaropuTM 7. B pe3yabrare ero
pabOTBLI MbI 1IOJIy4aJ/il OUTUMa/IbHOe 3Hadenne ejeBoil Gy Fpy.

B asropurme ACO MypaBbl IeHEPUPOBAJINCH JIO TEX 0P, 1TOKa He HAXOJIH-
JI0Ch pacrmcamne m, upu KotopoM F(m) = Fpy. D10 “neobxomumoe” Kosm-
YeCTBO MypaBbéB (pUKCUPOBaIOCh. H1c/I0 MypaBbEéB HaMU ObLJIO OrPAHUYEHO
m < 100. Ilepen nepsoil uTepalueil napaMeTpbl T;; PaCcCUUTLIBAIUCH 110



d)opMyﬂe Tz'j = 1/(TEDD)7 1= 1, .. .,n,j = 1, oo, T = 1/(TEDD)

Asropurym 3amyckasics 1o 10 pas (moka He HalfIeHO ONTHMAJBHOE PACIIICA-
aue). Takum 0Opa3soM MBI MBITATNCH U30€KATD “CIydaitHOCTH PabOTHI AJIro-
puUTMA.

Jlydiee naitjennoe 3nadenue neseBoit pyukiun Fuoo pukcnponasioch. Bol-
Faco—Fopt

quCJIdJIaCb OTHOCHUTE/IbHaA ITIOTPEHIHOCTD F
opt

Takasi ke cxeMa, HCIOJIb30BaJIach st ['mbpuanoro ajaropurma. Takum o0-
Pa30M MbI MOTJIA CPABHUTH OTHOCUTEJIBHYIO IOI'PEITHOCTD JIBYX aJIlOPUTMOB
(ACO u I'ubpuHOrO), KOJUIECTBO MYPABbEB, HEOOXOINMOE KaXKIOMY aJIro-
PUTMY JIJIsSI HAXOXKJIEHUsI OITUMAJIBHOIO PACIIUCAHMSI.

Pesy/ibraThl 9KCIIEPUMEHTOB IIPeICTaBIeHbl B Tad. 3.3.

s pazmeproctu 3aga4un n = 100 pacecmoTtpeno 617 mpumepos. st ocTaib-
HbIX paszmepnocteit mo 2500 npumepoB. B Tab/uiie BBIBOJATCHA TOJTHBKO Te
CTPOKM, COOTBETCTBYIOIINE pAa3MEePHOCTHU 3814 N, JIJISI KOTOPBIX YUCI0 HETOY-
HO PENIeHHbIX MpuMepoB bosbIie 0.

B niepBoii KoJIOHKe ITpejICTaB/IeHo 3HadeHne 1 — pa3MepHOCTDb 3a/a4un. Bo BTo-
poit 1 TpeTbeil KOJIOHKaX, COOTBETCTBEHHO, YUCJIO IPUMEPOB, JIJIsI KOTOPBIX
asiroput™m A CO nnu ['ubpuHbIil He HAIILIM TOYHBIE pellleHust. B 1eTBepToii 1
IATOI KOJIOHKAX IpejicTaBIeHa MaKCUMaJIbHas OTHOCUTEIbHAS! TIOI'PENTHOCTD
AJITOPUTMOB (€ TOTHOCTBIO JI0 COTBIX TPOIEHTa). B mocsieiHux 1ByX KOJIOH-
Kax — CpejiHee JHUCJ0 MypPaBbEB, HEOOXOAUMOE JIJIsi IIOMCKA OIITHMAaJIbHOI'O
peleHus.

Kak Buano u3 tabsmisl, npumepno st 99% upumepos oba ajaropurma Ha-
XOJISIT TOUYHBIE PEIIeHUsI.

Yucs1o npuMepoB, HETOYHO peleHHbIX ['MOpUIHBIM aJIrOPUTMOM, 3HAUUTE b
1O MenbIie, ueM ajaropurMoM ACO, u ne npesocxomut 0,44% or obmiero duc-
ja upuMepos. OTHOCHTE/IbHAA HorperHocThb He upesocxoant 0,46%. Yucio
MypaBbeB, HeoOXoauMoe ['MOpuIHOMY aJIrOpUTMYy TaKrKe MeHbIe. 3aMeTHO,
yro juid n = 100 ['mbpujgHoMy aJiropuTmy B cpejgHeM HeoOXOo Mo 4-5 My-
PaBBEB [T HAXOXKJIEHUS ONTUMAIBLHOTO PACIUCAHN, B TO BpeMs KaK aJro-
purmy ACO 1tpebyercst B cpenneM 60siee 27 MypaBbeB.

Ornocuresnbaast norpemnocts ajropurMma A CO npesocxout 1,26% nst n =



Tabmuna 3.3: PesynbraTsl sKcriepuMeHTOB

n | Yucao neontumasibio | MakcnMasibHasg OTHOCUTE/IHHAS Yucio MmypaBbEB
PEIIeHHBIX TPUMEPOB MOTPENTHOCTH
ACO | Twbpumueiii | ACO [M'ubpw bt ACO | I'ubpuambIit

19 2 0 0,22 0 1,6164 1,4004
20 1 0 0,58 0 1,6064 1,4204
22 1 0 0,16 0 1,626 1,4844
28 2 0 0,09 0 1,9704 1,6688
34 1 0 0,15 0 2,2212 1,9568
36 0 1 0 0,04 2,2332 2,154
37 1 1 0,38 0,01 2,4796 2,102
40 1 0 0,04 0 2,6036 2,2424
42 1 1 0,05 0,01 2,7888 2,4092
43 1 1 0,07 0,06 2,7316 2,3656
44 3 0 0,04 0 2,8464 2,3784
45 2 0 0,68 0 2,9736 2,4728
46 1 0 0,03 0 3,1624 2,4088
47 2 0 0,01 0 3,248 2,5152
48 9 0 0,56 0 3,4516 2,5196
49 3 1 0,15 0,08 3,4252 2,7
50 9 1 0,35 0,29 3,716 2,6336
51 8 0 0,22 0 3,8412 2,7768
52 4 1 0,04 0,07 3,5816 2,86
53 4 2 0,03 0,42 3,8948 2,9668
o4 9 3 0,1 0,29 4,0324 2,9924
55 8 2 0,11 0,06 4,1048 3,0496
56 9 1 0,83 0,01 4,2916 3,0064
o7 7 0 0,23 0 4,1568 3,158
58 14 0 0,17 0 4,71 3,3724
59 14 4 0,24 0,1 4,81 3,3372
60 11 1 0,22 0,01 4,7268 3,4224
61 18 2 1,26 0,02 95,3032 3,5216
62 10 2 0,26 0,01 5,0964 3,5032
63 17 7 0,16 0,08 95,3016 3,5728
64 15 6 0,57 0,46 95,2388 3,6504
65 18 7 0,1 0,14 5,548 3,6604
66 17 11 0,15 0,14 5,4288 3,8552
67 17 7 0,83 0,1 6,1068 4,1016
68 25 4 0,2 0,08 6,3864 3,7252
69 18 6 0,12 0,1 6,1912 4,0796
70 33 4 0,23 0,05 6,974 3,8672
100 | 36 0 0,31 0 27,35 4,66




61. Yuco “merouno”’ pemeHubix npuMepos g n = 70 6osbine 1% ot obiero
qucsa npumMepoB. Ciielyer OKuJaTh, ITO ¢ POCTOM 1 Oyner HabJII0aThCs
3HAYUTEIbHOE IPEeUMYIeCTBO ['MOPIIHOrO ajJIropuTMa.

OB3HAKOMUBIIICH C IOJIYIeHHBIMI Pe3Yy/IbTaTaMi, MOXKHO CJEIATh BBIBOJL, UTO
IIOCTPOEHHE “‘CMeIIaHHbIX TI'HOPUIHBIX aJrOPUTMOB JaeT XOPOIIe Pe3yJ/ibTa-
THI.

3.5 Munumnsamnus o6obieHHo pyHKITN
3ana3/IbIBAHISA

B npeapiayomux naparpadax Mbl IO3HAKOMUIUCH C ABYMsI 3a1a9aMi, [eJe-
Bble (DYHKIINN KOTODBIX CBSI3AHDI C 3amas/biBamueM tpebosanuit 1|| Y w;U;
u 1|| Y- T;. B srom naparpade npusoantest 00001eHne STUX JABYX 3a/1ad.

B jononnenun K oObIMHBIM IapaMeTpaM p; 1 d;, Jyis KaxKJIoro TpeboBaHusd
J, 3 = 1,2,...,n, zajaunl keoma sanazdwsanus b; > 0, xospduyuerm
HOPMANbHO20 3anasdvisanus v; > 0 1 Kosdduyuernm rnenopmarvrozo 3anas-
dveanus w; > 0.

O0o06IIeHHOE 3alla3/bIBAaHIE 3a/Ia€TCs CJIEIYIONIIM 00pa30M:

0, ecn Cj(m) —d; <0,
GT}(W): Uj'(Cj(’]T)—dj), €CJIn O<Cj(7’(’)—dj Sbj,
wj, ecin by < Cy(m) — dj,

rjae w; > v;b; ana kaxgoro j € N. Lenesasa dyHKIMA 3a/a40:

F(r) = Z GT;(7) — min.

DyHKINIO OOOIIEHHOIO 3alla3/IbIBaHnsl MOXKHO HHTEPIPETUPOBATD CJIE/LyIO-
muM obpasoM. Eciu 3anazibiBanue TpeboBaHus j IpeBblaeT napamerp bj,
TO 3HaYeHue ImTpada yzke He 3aBUCUT OT 3alla3/[bIBAHIA, OCTACTCSI 1TOCTO-
AHHBIM U paBHBIM w;. Heobxoumo nafiTu pacincaiue, MUHUMU3UPYIOLIee
snadenne F'(m). Dty 3ajgady Oyjem obosnadars Kak 1|| > GT).

OuesujHo, uTo 3Ta 3aja4a NP-Tpynna, Tak Kak ee qacTHblil ciydail b; = 0
coorBerctByer NP-rpyanoit npobieme 1|| Y w;Uj.



B nannom maparpade Mbl pacCMOTPUM YaCTHBIH Cirydail 3aadn, Ipu KOTo-
poMm

bi=p;, v;j=1, w;=pj, (3.2)
T.e., GT;(m) = min{max{0, Cj(w) — d;}, p;} ns Bcex j € N.

Teopema 3.9 Yacmmuoui cayuats (3.2) sadavwu 1|| Y GT) asasemes NP-mpyo-
HOIM.

HokazareqbcTBo. CsejieM K JanHoMy dactHomy ciaydaio SAJIATYY PAS-
BNEHUAA. Tan npumep SAJAYY PASBUEHNA. [Toctpoum npumep gact-

Horo ciydas (3.2) ¢ n+ 1 TpeboBarusivu. [Ipogo/KnTessHOCTH 00CTY KIBA~
mug p; = by, j=1,2,...,n, 1 pyp1 =1, Te. %1])]- = 2A + 1. lupekTuBHbIE
cpoknd; = A, 7 =1,2,....n,udyy1 = A —ﬁzll [Ipu r060M pacnucanuu m
BbITIOJTHSIeTCS F () > A = %1 pj — dp+1. Bostee Toro, s Beex pacnucaHuit
Boinosiasiercst F(m) < A 4+ {:1

[Ipu onrumabroM pactmcanuu 7° = (71, n + 1,7m) (6e3 mpocToes) paBeH-
ctBO Cp11(7") = A + 1 BBIIOJIHSAETCST TOT/IA U TOJBKO TOTJIA, KOTJIA OTBET B
npumepe SAJIAYY PASBUEHN — “JIA”. Bee TpeboBannst n3 9acTHIHOTO
paciucanus m 1 TpeboBaHne n+ 1 He 3al1a31bIBAIOT, 8 TPEOOBAHMS U3 Ty 3a-
na3apiBaor. TpeboBaHne n3 YacTUIHOIO PACIINCAHUSI | COOTBETCTBYIOT 91~
MeHTaM HaiileHHoro noaMuoxKecrsa unces N’ npumepa 3AJTAYN PASBUE-
HUA. [puuem, F(r*) = A. Takum obpasom 3aznaun (3.2) 1| > GT; u PAB-
BUEHUAA apnsitorcss SKBUBaJIEHTHBIMU, YTO M JoKasbiBaeT NP-TpynHOoCTb
qacTHOrO ciydas (3.2). O

Jlemma 3.6 Jlasa wacmmozo cayuan (3.2) cywecmeyem onmumanvroe pac-
nucanue suda m = (G, H), 2de das ecex mpebosaruii i € G 6wnoansemcs
0 < GT;(7) < pi, a daa mpebosanuti j € H svnoanaemes GT;(m) = p;.
Tpebosarus u3 muootcecmea G obeayotcusaromes 6 nopadke EDD, a mpebo-
sanus u3 mroscecmsa H — 6 nopsadke LDD.

HokazarenbcrBo. 1) Jlomycrum, 9ro cyiecTByer onTUMaJIbHOe PACIIHCa-
une 7 = (my, j, m2). Ecim GTj(w) = p;, Toraa pacuucanne ' = (7, 72, j)
TakKe onTuMajbHoe. T.e cylecTByer onTUMAJILHOE PACIUCaHue BUIA T =



1 o o 1

(G, H), riie Bce TpeboBanus j € H zanazgpisaior u G1;(m) = p;. s Beex
tpeboBanuii ¢ € G Beinonusiercst 0 < GT;(m) < p;.

2) Paccemorpum onrumasbhoe pactucanue suga m = (G, H), tae Bce Tpebo-
Banus j € H sanasueiBator u GTj(m) = p;, a s Beex Tpebosanuit ¢ € G
seinosiasiercst 0 < GT;(m) < p;. Hokazxkewm, aro TpeboBanust i € G 00CTy KU~
BafoTcsd B nopsiake EDD.

[IpeamosozkuM,  9YTO  CyIIECTBYeT — ONTHMAJILHOE — pPACHUCAHue  BHJIA
m = (m,q, B, m), rue TpeboBanust «, f € G, n BbuonHseTca d, > dg. A
taxke Boinosaercest Cy(m) —dy < po 1 Cp(m) —dp < pp, Torna Co (1) < d,.

Paccmorpum pacniucanne 7/

Co (7). Torpa

= (my, B, a,m). Onpejemum C = Cs(m) =

F(r) — F(n)

(GTo(m) — GTo(m)) + (GTp(m) — GTs(n')) =
= —min{p,, max{0,C' — d,} } + min{p,, max{0,C — dsz}} >0

" paclincaHue 7T/ TaK>Ke OIITHMaJIbHO.

3) Jokaxem, aro TpeboBanust j € H obciayxusatorcsa B nopske LDD.

n
Hst Becex tpebosanuit j € H umeem d; < > pp — > pi, uHade, ecian
=1 keH

n

di > > pi— > pk, Torja upu pacuncannn m = (G, j, H \ {j}) Mbl umeem
=1 keH

MeHDITIee 3HaYeHne MeaeBoil GYHKIM, T.e. TOIyINIn MPOTUBOpedne, T.K. T

— onTuMaJibHoe paciucanue. [Toaromy TpedboBanust u3 H MoryT ObITh 00CIIy-
»KEHBI B JIIOOOM IIOpSsIJIKE. [l

Dror pesyabrar aHajgornden Teopeme 3.4. ITonb3ysacs 3Toil eMMoil, MOXKHO
IHOCTPOUTL TOYHBIN AJrOPUTM PEHIeHUsI JAHHOIO YacTHOIO CJydasd, aHaslo-
ruunblii anropurMy 6. TpyroéMKOCTE HOCTPOECHHOTO alrOpuTMa OyaeT paBHa
O(ndyayx) omepantuii, e dyayx — MAKCUMAJIBHBIN TUPEKTHBHBIN CPOK.

3.6 OmgHompubopHBIE 33J]a9N C OOpPATHBIMI
KPUTEPUAMU OITUMUBAINN

Hpe,ZI;CTaBbTe Ce6e, 4YTO HaM H606XO,ZLI/IMO MaKCHUMH3NPOBAaTb CYMMapHOE 3a-
Ha3ablBaHe NJINM MaKCUMU3NPOBaThb YMCJIO 3alla3JbIBalOIINX Tpe6OBaHI/I'I7I7 B



OTJIMYNE OT KJIACCHYECKUX 3aJiad, TJie 9TU 3HAUEHUs] HY:KHO MHHUMU3UPO-
BaTh. HecMoTpst Ha abCypiHOCTD TAKOM MaKCUMU3AINN, JaHHbIE 33, 1a41 IIPe/I-
CTABJISIIOT CODOI TeopeTnuecKnii U npakTuiIecKuii narepec. B manHoMm mapa-
rpade paccMaTpUBAIOTCs OJHOIPUOOPHBIE 331841 ¢ “o0paTHLIMI KPUTEPU-
SIMI OIITUMAaJIbHOCTH, HAIIpUMeD, 3a/a9il MAKCUMI3AIUN CyMMapHOTO 3al1a3-
JIbIBAHUS U MaKCHMU3AIUN KOJMYECTBa 3alla3/bIBaloNnX TpeOOBaHUM IJIsI
OJIHOT'O IIpubdOpA.

(DOpMy.HI/Ip}/IOTCH 9TH 3aJa4dl CJICAYIOIHM o6pa30M, [IpaKTN4Y€CKN COBIIada-
omuM C CbOpMyJII/IpOBKaMI/I KJIaCCUYIeCKHNX 3aJdad9 MUHUMU3aIN.

Heobxoaumo obcrykuTh n TpedoBaHmii Ha ojgHOM 1pubdope. IIpepbiBanus npu
o0CTyKUBaHNN 1 0OCTyKIUBaHue OoJjiee OTHOTO TpedoBaHns B JTI0O0H MOMEHT
Bpemenu 3atperienbl. st kaxoro tpebosanust j € N = {1,2,...,n} 3a-
JaHbI TIPOJIOJIZKUTE/ILHOCTL 00CTyKuBanus p; > 0 n JUPEKTUBHBIN CPOK €ro
okonvyaHug d;, rae N — MHOXKeCTBO TpeOoBaHUil, KOTOpble HEOOXOIUMO 00-
caykuTh. [Ipubop HaumHaer obC/yKuBaHue TpebOBaHUIT ¢ MOMEHTa BpeMe-
nu 0. IIpocTon mpubopa npu obciryKnuBaHum TpeboBaHuUii 3amperiie-
HbI (MHAYE 33/[a41 MAKCUMU3AI[IMNA CTAHOBATCSI TPUBUAJIbHBIME ). Pacricanne

obcutyKuBaHust TpeboBanuit m = (j1, jo, - - -, jn) CTPOUTCS C MOMEHTA BPEMEHH
0 1 OJHO3HAYHO 3a1a6TCsI IePEeCTAHOBKOM 3j1eMenToB MuozxkecTsa N . O603Ha-
k

anM depe3 Cj,(m) = D pj, BpeMst 3aBeplileHnst 00C/IyKuBaHust TpeOOBaHMIL
=1
Ji upu pacuucanun w. Ecin Cj(m) > d;, Torjga tpeboBanue j 3alas/bBaerT,

1 B 9ToM ciydae nosaraior U; = 1. Ecim Cj(m) < dj, Torma tpebosanue j
He sanasapiBaet, 1 U; = 0

Tpebyercst mocTpouTh pacuucanue m° o0C/Iy:KHUBaHUA TPpeOOBaHUIT MHOXKE-

n
crBa IV, IIpH KOTOPOM JocTuraercst MmakcumyM ¢yuknun F(m) = Y Uj(m).
j=1

O6oznaunm fgannyio 3ajady depe3 1(nd)||max > U;. Anasorndno, obosHa-
qaeTCs 3a/1a4a MAKCUMI3AIII CyMMapHOro 3amas3apiBanus 1(nd)|| max ) | T
¥ JIpyTHe 381891 MaKCHMUI3AII.

Bamuch (nd) o3HAYAET, YTO PACCMATPUBAIOTCSA PACIUCAHUS, HPU KOTOPBIX
npubop He npocranBaer (non-delay), T.e. Bce TpeboBaHUsT 00CTYKUBAIOTCS B
untepsaste [0, > p;] 6e3 nepepbiBoB. B smnreparype MOKHO BCTPETUTH U JIPY-
rue 3a/a90 MaKCUMU3AIN, 0003HavYaeMble cuMBotaMu 1(sa)|...|max..., B
KOTOPBIX PACCMaTpPUBAIOTCA T.H. semi-active pacimcaus.



B srom naparpade npupojsTes JokazaTreabcTBa NP-TpyIHOCTH HEKOTOPHIX
3a/1a9 MaKCUMU3alllN, & TaKKe HOJMHOMUAJIbHBIN rpadryecKuil aJropuTM
perenust 3aga4n 1(nd)|| max ) T;.

C omHOIT CTOPOHBI, UCCJEIOBAHIE JAHHLIX 3aJlad caMoO II0 cede sIBJISIeTCSI
BayKHOI TEOpeTHIecKoil 3aa1ueil. AJTOPUTMBI PellleHns JaHHbIX 3aJad MO-
I'yT ObITh HCIIOJIL30BAHbBI JIJIsl BBIUYHMC/IEHUSI BEPXHUX OIEHOK, MCCJIEIOBAHMSI
CBOMCTB ONTHMAJILHBIX PACIICAHUN, BBIYHC/IEHUSI JaCTHIHOIO IIOPSIIKa 00-
CIIyKUBaHUsT TpeOOBAHUI JIJIsl “MCXOIHBIX MUHHMU3AIMOHHBIX 3a/a4, a TaK-
JKe I COKpallleHusi 1mepebopa B aJlrOPUTMAax PeIIeHns ‘HMCXOJHBIX 3ajad.
Hanpumep, ajaropuTsm pelneHus 3aJadnl MaKCUMU3AIUN KOJMYECTBa 3alla3-
apiBaronnx Tpebosanuit 1|| max ) U; ucnosnb3yercs i BLIMHCIEHIT MakK-
CUMaJIbHOI'O KOJIMYECTBa 3alla3/IbIBAoIINX TPeOOBaHUil, UTO, B CBOIO OYe-
peJib, I03BOJIIET COKPATUTh I[epedop B aJI'OPUTME pelIeHUs] 3aJa9l MakK-
CHMH3AIUI CyMMapHOro 3aiasjipiBanus 1||max ) 7;. Sunadenne max y 7
MOZKeT OBITH HCIIOJIB30BAHO IIPU PEIIeHNN KJIACCHIeCKOil 3a1au MIHUMI3a-
nnn 1||(a ) E;+ 8> T;). Haupumep, eciit o« > [3, Torjia MOKHO BBIYNC/IUTD
MakcuMasibHOe 3Haderne () T 1 10cjIe HCKaTh PACIICAHIE, ONTHMAJBHOE
TOJIBKO C TOYKHU 3peHnst Kpurepusi » | Ej.

Taxke TeOpeTI/I‘{eCKHﬁ NMHTEPEC NPEeACTaB/IACT KOPPEJIAInad ME2KAY IIOJIMHO-
99

MUAJbHO paspemuMbiMi 1 NP-TpyaabiMu cirydadgaMmu Jitd “ucxoaHoit’” n “ob-
paTHOI” 3a1a4.

C Jpyroit cTOPOHBI, /ISt IaHHBIX ITPOOJIEM CYIIECTBYIOT IIPAKTHIECKIe HHTED-
npeTanun u npuaoxkenns. Hanpumep, MoHTaXKHas KOMaH/a TOJ7KHA CMOHTH-
pOBATH BETPSIHBIE JIEKTPOreHepATOPh! (TYPOUHDBI) B PA3HBIX pafioHax CcTpa-
Hbl. B KaxK0M paiione j HeOOXOJMMO CMOHTHPOBATDL OIpe/ie/IeHHoe KOJItie-
CTBO TypOuH. Bpemsa MoHTarka p; 3aBHCUT TOJIBKO OT KOJIMYECTBa TYpOUH
1 He 3aBUCHT OT MOTOJHBIX WM KJINMaTUIecKnx ycjaosuit. OgHako moroa
BJIUSIET HA JIONOJIHUTEIbHbIE PACXOJbl (HAIPUMED, HA PACcXo]| TOILINBA, HA
3apILIaTy U CTOMMOCTD IPOKUBAHUSA pabovYnx, KOTOPbIE MOT'YT OBITH BBIIIE
3uMoit ). CyMMa 9THX JIOMOTHUTEIBHBIX PACXO0/I0B HAUNHAET ObICTPO CHUKATh-
cst Tocste cxogia cHera. JlJist Kaskioro pervona (T.e. [jst KazKJ0ro TpeboBaHMs )
JIAH IIPOTHO3, KOTJIa OXKUIAETCsT CXOJT CHEeTa, T.e. KOTJ[a CHEr' pacTaeT (3TOT MO-
MEHT BDEMEHHU MOXKHO WHTEPIPETHPOBATh KaK AUPEKTHBHBII cpok). IleeBast
pyHKINSg — MUHIMU3UPOBATH STH JIOTOJTHUTE/ILHBIE PACXOIBI, T.€. Ie/ieBas
byHKINA MOXkKeT OBITH HHTepIpeTnpoBata Kak max »  max{0, S; — d;}, rje



S; = Cj —p; nd; = dj — p;. B pesynbrare nonyunm sagady 1f| max ) T},
CaejieHnst 0 TPYJOEMKOCTH 33/1a MAKCUMI3AINN CBEIEHDBI B TaOJHILy 3.4

Bo/IbIIMHCTBO pe3ysibTaToB JjIsi 3ajad MaKCUMU3alluU, [IPeJICTaBIeHHbIX B
TabJiniie, MOI'yT ObITh IOJIy4YeHbl 0e3 0coObIX yeuinii. JlaJjiee mpuBeieHbl TPH
IIPOCTBIX JI0Ka3aTe/becTBa NP-TpyIHoCT HEKOTOPBIX U3 IepedncIeHHbIX 3a-
Jiad.

Jlemma 3.7 3adavu 1(nd)|Dj|max ) T; u 1(nd)|D;| max ) U; NP-mpyo-

HbL.

HokazarenbcTBo. JlokazarenbeTBo mposejem csejenneM 3AJTAYIN PAS-

BUEHUS x pamaemv 3agagam. Jar npumep 3AJTAYM PASBUEHUSA ¢ n

qucjaaMmn. KoHcTpyupyeM TpuMep HCCJIelyeMbIX 3aJad CJIeTyIonuM odpa-
n

soM. B npumepe n + 1 tpebosanue, rjue p; = bj n d; = D; = Y p; + 1,
j=1

J=1,2,... n, T.e. upu JOOOM JIOIYCTUMOM PACIIICAHUU STU TPeOOBaHUIT He

n
sanaszapiBaior. [lyers ppi1 =1, dpi1 = A, Dy = A+ 1, tie A = % > D
j=1

Ecan orser B npumepe SAJJAYN PASBUEHWA “/IA”, Torma cymecrByer

onrtuMmaJsibHoe pactucanue m = (mw,n + 1,m9), rme {m} = N', > pj = A,
jEN
n+1
{m} = N\ N'u > Tj(r) = 1. Ecqim orBer “HET”, Torga s Beex gory-
j=1

n+1 n+1
cruMbix pactmcanuit y |, T; = 0. CoorBercrsento, Boinosasioress »y , U; =1
J=1 J=1

n 2: LG =0. L]

Jlemma 3.8 3adavu  1(nd)|rjjmax ) w;C; w 1(nd)|Dj]max ) w;C;
NP-mpyonoL.

HokazarenbcTBo. JlokazarenbeTBo mposejem csejenneM 3AJTAYIN PAS-
BUEHUSA x nanaeiv 3aja4gam. Jan npumep 3AJTAYN PASBEUEHUA ¢ n
ancsamu. Koncrpyupyem npumep 3aa4au 1(nd)|r;| max ) w,;C; ciegyromm
obpaszoMm. B npumepe n + 1 tpebosanue, rjge p; = w; = b; u r; = 0,

n
g=12 ... n. Ilyctb ppy1 =1, w1 =0, rpeq = A, FILGA:%Z])J'.
j=1



Tabaumna 3.4: CegeHus o TPYIOEMKOCTH 38129 MaKCHMUBAIIT

Sanaga

TPYJOEMKOCTb U aJrOPUT-
MBI

TPYJIOEMKOCTH COOTB.
33/1a91 MUHUMU3AITAN

1(nd)|| max ) U,

[Tonuu. pazpermuMma 3a Bpe-
mst O(nlogn)

[Tonuu. paspemmma 3a
Bpemst O(nlogn)

1(nd)|D;| max ) T} NP-1pyana 77
1(nd)|D;| max ) U; NP-rpynna 77
1(nd)|D;| max ) w;C; NP-tpyana 77
1(nd)|D;| max} C; NP-1pyna 77
1(nd)|| max > w;U; NP-1pyna NP-tpyana
1(nd)|r;| max ) U, NP-1pyna NP-rpyana
1(nd)|r;| max ) w;C; NP-tpyana NP-rpyana
1(nd)|r;| max ) C}; [Tosnmu. paspermnma 3a Bpe- | NP-tpynHa
mst O(nlogn)
1(nd)|prec, rj| max Ciax | O(n?) NP-Tpyna
1(nd)|prec,rj| max fumax | O(n?) NP-Tpyna
1(nd)|r;| max fiax O(n?) NP-tpynna
1(nd)|prec,rj|maxy_ C; | NP-tpynmna NP-rpyana
1(nd)|prec,rj|max ) U; | NP-tpynma NP-rpyana
1(nd)|| max ) w;T; NP-rpyua, Ausropurm | NP-Tpyana
peleHnsi  TPYIOEMKOCTH
O(nmin{) w;, dmax})
1(nd)|rj| max Y w;T; NP-rpyana NP-tpysana
1(nd)|r;| max ) T} NP-rpyana NP-tpysana
1(nd)|| max ) T} Auropurm pemtenust Tpyio- | NP-rpynna.  Asro-

émrocrn  O(n ) p;j). A
FOPUTM  pEIlleHHsl TPYIO-
émxocru O(n?)

PUTM PeleHus: TPy0-
émkoctn O(n* Y p))

I(sa)lr, max 3 75

[Tonuu.pazpernmuma 3a Bpe-

mst O(n?)

[(sa)lr | max > w, T,

NP-tpynna




Ecan orser B npumepe SAJAYN PASBUEHWA “/IA”, Torma cymecrByer
onTHMa/IbHOE paciucanne m = (m,n + 1,m), rae {m} = N, > p; = A,

JEm
{m} =NA\N' > pj=> b —An
jE?TQ j€N
n+1
S wiCim)y= Y bibj+ > bi—Al,
j=1 1<i<j<n jEN
T.K. IpK pactucannn ' = (71, Ty, n + 1) BbIIOIHsIETCS
n+1
ij'oj(ﬂ') = Z bzbj
j=1 1<i<j<n

TpeboBaHust B YACTUUHBIX PACIHUCAHUAX T U Ty MOIYT ObITH OOCJIy?KEHBI B
nmobom nopsijike. Ecian orser “HET”, To

n+1
S wiCi(m) < > bibi+ | > b —A
j=1 1<i<j<n JEN

CuleoBaTesIbHO JacTHBL ciry4ait 3ajaun 1(nd)|r;| max Y | w;C; sKBuBaseH-
TeH NP-rpyanoit 3a1a4de PASBUEHUA, MIO3TOMY 3a/1a9a
1(nd)|rj| max ) w;C; asasiercsa NP-TpyHoit.

Amnasnormano uys 3aga4n 1(nd)|D;| max ) w;C}, Mbl KOHCTPYHPYeM HIPUMeED

n+1
¢ MHOXKeCTBOM n3 m + 1 TpeboBanmit, rje p; = bj,w; = 0, D; = > p;,
i=1
7=1,2,...,n,aTakxke poy1 = 1, wyy1 = 1u D,y = A+ 1. OrBer s
npumepa 3AJTAYM PASBUEHUS “/IA” torma u TobKO TOrma, KOrjma Ipu
ONTUMAJIbHOM pacimcanuu 7 Boinojasiercss Cp () = A + 1. O
Jlemma 3.9 3adava 1(nd)|D;| max ) C; NP-mpyona.
oka3zaTeabCcTBO. Ouesmjgno, uro jase 3ajgadn  1|rjjmin) C; n
L|rj|min ) S; sxBuBasentnsl, .. », C; = > S;+ > pj;. UsBecrno, 1ro

jEN jEN jEN
sagada  1|r;|min)  C; NP-tpynna. Jlerko nokasarb, d9TO —3a7adn
1(nd)|Djlmax ) C; u 1|r;| min ) | S; takKe sxBusaenTHbL. [IycTh nmeercs



npumep 3aga4u 1]r;| min Y S; ¢ moxkecrsom N u3 n rpebosanuii. st npu-
mepa 3aja4dn 1(nd)|D;| max ) C;, 3agaum n TpeboBaHUil ¢ apaMeTpaMu
/ / e I __
P}, D%, onpeiesientbivu 1o ipasuiam: p; = pj, D = _Zij—rj. Pacemorpum
VAS

n
pactmcanne ™ = (J1, 52, - - -, Jks Jht1s - - - » Jn). Oupenennm Hj, = > p;,. To-
i=k+1
raa 3ajada Makcummsaiun Yy C; = n Y p; — > H; cBojurcs K 3ajade
JEN JEN JEN
MuHIME3anun », Hj, re. cBogurcs K 3ajade 1|r;|min ) S;.
jEN

[Iycte m = (1,2,...,n) — onTUMAaJIbHOE paCICAHUE JJisI TIPHMepa 3a/1adm
L|rj|min ) S;. Torna pacuncanue 7 = (n,...,2,1) Oyger onTHMaIbHBIM
JJIsL COOTBETCTBYIOINIEro pumMepa 3aga4u 1|D;| max ) | C;.

[TosTomy nBe TPOOJIEMBI SKBUBAIEHTHBI U, CJIE0BATENLHO, NCCIIETyeMast 3a-
nada 1(nd)|D;| max ) C; asisercsa NP-TpynHoii. O

3.6.1 oxkazarenbcrBo NP-TtpyaHoctu 3aga4uu 1(nd)|| max ) | w;7T);

Haneko He Bce jokazareabcTBa NP-tpynnoctu mis 3amad TP croab TpuBn-
aJIbHBL. [IJIs1 MiLIIoCcTpaIun HeTPUBUBUAJIBLHOIO JOKA3ATE/ILCTBA PACCMOTPUM

sagady 1(nd)||max ) w;T;. JokasarenbcTso nposejieM cpejenneM 3AJIA-
YU PABBUEHNA x wacraomy ciyvaio 3ajgaun 1(nd)||max ) w;T;. Bes
norepu obmiHocTu, nycrb B npumepe 3AJTAYN PASBUEHUNA n > 3 u

i1=1

Han npousBosibhbiii npumep 3AJTAYN PASBUEHUS, mbr koHCTpYHpPYyeM
caeaytonuit npumep 3ajgadn 1(nd)|| max ) w;Tj:

wy = M, i=1,2,...n, (3.3.1)
Wo;_1 = Wa; + bi, 1= 1, 2, oo, n, (332)
i—1 1
pr=> wy+= > b, i=12...,n, (3.3.3)
< j=1 ’ 2 jeNvi) ’ (3.3)
Poi1 = p2i + by, 1 =1,2,...,n, (3.3.4)
dgi:dgi_l :P—Zpgj, 1= 1,2,...,71, (335)
\ Jj=i




n

2n
rne M =(ndY 0)%u P=3p,.
i=1 j=1

O6o3HaunM paboTsl 13 MuozKecTBa N = {1,2,...,2n} cieiyronum o6pasom:

‘/17 ‘/27 ‘/37 ‘/47 SRR ‘/22'—17 ‘/21'7 SR ‘/271—17 ‘/271

Kanonuuveckum pacnucanuem OyneM Ha3bIBaTh pacllicaHue BUA
Vo, Vaergs - Vi, Vi Vi, oo Vi oo Vi, Vi) mae { Vi, Vo) =
{Voi_1, Vi }, 1 =1,2,...,n.

Jlemma 3.10 /Jlaa xaowcdozo npumepa sadavu 1(nd)|| max > w;T; cywecmesy-
em onmumasvroe pacnucarue euda m = (G, H), 2de ece mpebosanus j € H
aanasddvisarom, a ece mpebosanus i € G ne zanasdwsarom. Bce mpebosa-
HusA u3 muootcecmsa G 00CAYHCUBAIOMCEA 8 NOPAJKE HEBO3PACNAHUSA 3HAYE-
Hut Z_j’ a ece mpebosanus us mroxcecmea H obcayorcusaromesn 6 nopadre
HEYOVIBAHUA 3HAYEHUT Z—j

,Z[OKaBaTe.TIbCTBO .

1) IIpejmonokunM, dTO CyIIECTBYeT ONTUMAJbHOE DACIUCAHUE —BHIA
7w = (my,J, o, 1,M3), P KOTOPOM TpebOBAHUE j 3ama3jblBaeT, a TpeboBa-
Hue ¢ He 3anasnpiBaet. s pactmcanus m' = (7,4, J, To, T3) BBIIOJTHSIETCS:
P(r) = F(x) = w(Ty(x") — Ty(m) + wi(Ti(x") — Ti(m)) = w;(p) + (0) > 0.
[oayunau nporuBopedne, Tak Kak IS PACIUCAHUdA 7 3HAYCHHe IeJIeBoii
dyHKIIN 60JIbIIE, & 3HAYUT paclucaHue T He onTuMaJjbHoe. [ToBropus HeoO-
XOJIUMOE YHCJI0 Pa3 HO0A00HO0e IIPpeobpazoBaiie PaCIuCaHtsl, MbI IOy YUM OII-
TUMaJIbHOe paciicanue Buja m = (G, H).

2) Pacemorpum ontumasibHOe pactucanne Buja m = (G, H), riae Bce Tpe-
OboBaHusi 7 € H 3amnasgpiBaior, a Bce TpeboBaHusi ¢ € (G He 3alla3/bIBAIOT.
[TokazkeMm, aT0 Bce TpeboBanus j € H oOCIyKUBaIOTCA B TOpsiJIKE HEYOBI-

o Wy

Banusl sHavennii o>, IIpeAnonoxim, 4To cyliecTByeT ONTUMAILHOe PACIIH-
J

catne ™ = (7, J1, J2, T2), IPU KOTOPOM TPEOOBAHUSI J1 U jJo 3alla3/bIBAIOT I

wj w] / _ . .

?'11 > F‘j’ T.e. W;,pj, > Wj,pj,- g pacuncanns m = (71, j2, j1, T2), BbI-

nommsercs F(n') — F(x) = wy, (T, (') — Ty, (1)) + wy,(T, (') — Ty, () >



wj,pj, — Wi, min{pj,, Tj,(m)} > 0. [lonyunan nporusopedne, a 3HAYUT, Pac-
nucanne ™ = (71, J1, j2, m2) He ontuMasbHoe. [locse HeobxoaMMOro Kosmde-
CTBa MPeodPA30BAHII PACIIICAHNST 7T MbI TTOJIY UM OINTHMAJIBLHOE PACIHCAHIE,
P KOTOPOM Bce TpeboBaHmst MHOX)KeCTBa H OyIyT yIOPsIIOUeHbI B OPSIJIKE

w,
HeYOBIBAHWSA BEJIMINH p—?.
J

3) Pacemorpum onrumasibhoe pactucanue sujga m = (G, H), vie Bce Tpebo-
BaHusi j € H 3ana3anpiBaior, a Bce TpeboBanus ¢ € GG He 3ana3apiBaior. [loka-
’KeM 9To Bce TpeboBaHus ¢ € (G MOI'YT OOCJIy?KHUBAThCsI B IIOPSIKE HEBO3PAC-

o Wj o
TaHUs 3HAYEHUIT p—? IIpU ONTUMaJIbHOM pacuucanun. s Bcex TpeboBaHMil
J

i € G Bomojasiercs d; > Y pg, uHade, ecan d; < Y Pk, TO paclucaHue
keG keG
' = (G\{i}, 1, H) “myque’ (1.e. ijis JAHHOTO paCIUCAHUsT 3HAUEHUE T1eJIeBOil

dbyHKIIN 60JIBINE), & CIe0BaTe/IbHO, TT0JIyIeHo npoTrBopeune. [losromy Bee
TpeboBanust i € G MOTYT OBITH OOCJIYKEHBI B JIIDOOM MODSIJIKE (B TOM UHC-
Jie, ¥ B TIOPSIIKEe HEBO3PACTAHNS BEJMINH ;f—j), TaK KakK MpH JIIOOOM IOPsiIKe
obctyKuBaHus Bce TpedoBanus u3 G He 3alla3/IbIBaloT. O

CitesicTBHEM U3 9TOM JIEMMBI sIBJISETCs CJIE/IYIONIEE YTBEP:K IeHUE.

Jlemma 3.11 Jlas wasicdozo npumepa 3adavwu 1(nd)|| max > T cywecmey-
em onmumasvroe pacnucarue euda m = (G, H), 2de ece mpebosanus j € H
aanasddviearom, a ece mpebosanua i € G we 3anazdwsearom. Bce mpebosa-
Husa u3 muoocecmsa G obeayosicusaromes 6 nopadke HeyovBarus NpPodon-
orcumenvrocmu obeayorcusarua (SPT), a ece mpebosanua u3 muoocecmea
H obcayorcusaromes 6 nopadke mneso3pacmarui npodosHcumesvbHocmu 00-
cayorcusanus (LPT).

Jlemma 3.12 Jlaa wacmmuoeo cayuan (3.8), 6ce onmumasvhvle pacnucaHLs
ABAANOMCA KAHOHUMECKUMU, UAU MO2YM Obimb c8eJeHbl K KAHOHUYECKUM
PACTUCAHUAM, €CAU YNOPAJOYUMD NEPBLIE N MPEOOBAHUTT 6 PACNUCAHUL 1O
npasuay LPT (longest processing time).

JlokazaTeabCTBO.

1) CuauaJia jlokazkeM, 4TO OJIHO U3 JBYX TpeboBanuii, Vo, umu Vs, 1, 3anas-
JIbIBAET IIPH JII0OOM ONTHMAJILHOM paciucannu. [Ipemnonoxkum, 4To 0da Tpe-
OOBaHWSI He 3ala3]bIBal0OT IIPH HEKOTOPOM OITHUMAJbHOM PaCIUCAHUIN



7 = (w1, Vop, T, Van_1, T3, T4), TJI€ 3ama3/bIBAIOT TOJBKO TPEOOBAHUS M3 Ua-
CTUYHOIO paciucanus 4. Mbl paccMaTpuBaeM TOJLKO ONTHMAJILHBIE pac-
nucanus sujga m = (G, H), rie Bce TpeGoBanus j € H 3amasjpBaior, a
Bce TpeboBanus ¢ € G He 3anazapBaoT (M. gemmy 3.10). s pacrmcanus
7' = (my, w9, Vop—1, 3, T4, Vo) umeem:

2n 2n
> wTi(r') = > wiTi(w) > wo, Ton (') = pon > w; >
j=1 j=1

je{ma}

2n—1 2n—1

, Mn—l . 1
> pan M" —pay, Z(QM“rbz') = po, M" —pay, QMW + Z bi | > 0.
i=1 1=1

SHATUT PACIUCAHIE T He ONTUMAJBHOE, T.€. OJIHO U TOJIBKO OJTHO (CM.THPEKTHBHBIE
CPOKN) U3 JBYX TpeboBanuii, Vs, min Vo, 1, 3ama3/1piBaeT IpH JHOOOM OIITH-
MaJIbHOM PacCIIiICaHNM.

2) Jlokazkem BEpPHOCTD CJIEJIYIOIIEr0 HEPABEHCTBA: CYIIECTBYET ONTHMAIBLHOE
pacrnucanue, pu KOTOpoM

(%) Wy (%
D2 P4 DPon

Heobxommmmo j1oka3arh, 9To

Mz’—l _ Mz

1—2 i—1 )
legj‘F% Z bj ZlUQj+% Z bj
J:

JEN\{i—1} J=1 JEN\{i}




O6oznaunm B; = % >, b, 1=1,2,...,n. Torga Mbl nmeeM:

JEN\{i}
Mz'—l _ Mz
MMZZL 4 gy MM 4B
1 M

" MO 204 B, (M-1) ~ MO =1+ B (M—-1)

M-1 M—1
= MM —1)+B(M—-1)< M[M(M"*—1)+ B;_1(M —1)]
— 0<M*Bi_1—1)-M(Bi_1+Bi—1)+B;, i=1,2,...,n

n
[Tocsenee HepaBeHCTBO UCTHHHO, T.K. M? > M -2 > bj u (B;-; — 1) > 1.
J=1
To ecTh MCXOIHOE HEPABEHCTBO BEPHO. AHAJOTHYHO MOXKHO JJOKa3aTh, UTO

Wa(i—1)—1 < Wa; W2 (i—1) < W2i—1 - Wa(i—1)-1 < Woi—1
Y

P2(i-1)-1 P2i P2(i-1) P2i—1 P2(i-1)-1 P2i-1
JJIst Jioboro ¢ = 2,3, ..., n.

r HO U3 JIBYX T BaHMit n Vo, _1 aBiasgeTcs nas-
Torna oamo us eb0Ba, , Vo, 1 Vo, eTcsl IIOCJIE THUM 3allas3
JIBIBAIOIINM TPeOOBAHIEM TIPU JIIOOOM ONTHUMAJBHOM PACIICAHIN (CM. JIeM-
My 3.10). B manbHeitmem OyjieM paccMaTpUBATL TOJBKO DACIUCAHUS BHJIA

(Vn,b T Vn,Z)a rae {Vn,b Vn,Z} — {‘/Zn—ly ‘/271}

3) AHAJIOrNYHO JIOKA3aTe/ILCTBAM U3 MIl. 1) 1 2), MOXKHO JIOKa3aTh, 4TO JIJIs
Kaxkjgoro ¢ = n — 1,n — 2,...,1, ogHo u3 aByx TpeboBanuii, Vo, u Vo 1
3ala3/bIBAeT [IPHU J0OOM OINTUMAJJILHOM PACIICAHNIN. L]

Teopema 3.10 3adava 1(nd)||max ) w;T; NP-mpydna 6 obviurom cmvic-
e

HokazareabcTBo. g pacnucanus m BUIA
™= (‘/271 17‘/2(71 -1 ‘/37‘/17‘/27‘/47"'7‘/2(71—1)7‘/271)

nMeeM CJIeJlyIoliee 3HaYeHne 1esieBoil (PyHKINu:

ZwQJTQJ Zw2jp2]



PaccmoTpum Kanonndeckoe pacimucanmue BUIA

= (Vn,la Vn—l,la ceey ‘/;,1, cey ‘/1,1, ‘/172, cey ‘/LQ, cey

OrnpeenM mepeMeHHy o

T — 17 eCJIn ‘/22_‘/22 1,
! 0, ecsim Vo= Vi

Torma MBI UMeeM:

Vi—1,2, Vn,z)-

F(W/) = F(W)+sz (w%_l—w%).Tvm( ) pgz 1— p2z (Zw‘/ﬂ)]

1=1

n i i—1
= F(m)+ Z i | bi - pa; — b; - (Z ng)]
i=1

i1 i1
= F(m)+ sz b - pa;i — b; - (ngj + Z:vjbj>]
=1 =1

1=1

n i—1
= F(TF) + Z SCZbZ [p% — 1 Z ngj Z ijj]
i=1 j:1

j 1+1

= F(ﬂ)—k%Z:czbz Z bj— Z SCjbj
=1

JEN\{i} JEN\{i}

= +Zszbb z;).

i=1 jeN\{i}

B ciayuae, korpa cymecrsyer noamuoxkectso N' C N aust npumepa 3AJIA-
YU PASBUEHUSA rtakoe, uro Y b, = % > b;, TOrmA TpPH ONTHMATBHOM

1€EN’ 1EN
KaHOHNYIECKOM pacCIInCaHumn 7T*, MbI UMe€eM

F(r*) = F(r) + %AQ,



rex; =1, ecmi € N uz;=0,ecmi e N\ N, k.

F(?T*):F(W)-F%Z Z bi-bj:F(ﬂ)—F%A-A.

1EN' jeN\N'

Ecin orer B nnpumepe 3ATAYN PASBUEHNA “HET”, Torna

i=1 jeN\{i}
1
= F(m)+5(A-y)(A+y)
1 1
- F _A2 T2

e y > 0.

MaxcumasbHoe 3HaUeHne 1esieBoit Gyuxnnn 3aga4du 1(nd)|| max ) w;T; no-
CTUTAeTCsI TOIJIa U TOJBKO Torja, Korja orser B npumepe 3AJAYN PA3-

BUEHNA “JTA”.
L

st 3ataan 1(nd)|| max ) w7} cyuiecTByeT HCeBI0NONHOMUAIBHBL aJIro-
PUTM pellienns, mosToMy 3ajada NP-TpyiHa B 00BIIHOM CMbICTE (HE B CHITb-
HOM CMBICJIE).

3.6.2 IlceBaomoimHOMUAJIbLHBIN AJTOPUTM PeEIleHUsd
zagaun 1(nd)||max) T

Anropurm 9 ocnoBan Ha jemme 3.11, Ha ToM dakTe, UTO CYIIECTBYET OII-
TuMaibHOe pactucanue Buga m = (G, H), rae Bce TpeboBanus j € H 3a-
1a3/bIBaloT, a Bce TpeboBanus ¢ € (G He 3amnas3jbiBaioT. Bee TpeboBaHus u3
MHOKecTBa, (G 00CIYKIUBAIOTCs B IOPSIKE HEYOBIBAHUSI IIPOIOIZKITETbHOCTH
obcayzkuBanusi (SPT), a Bce TpeboBanust u3 MHOKecTBa H 00CTYKUBAIOTCS
B MOPsIJIKe HEBO3PACTAHNUS MPOIoJKITebHOCTH 00cayKuBanus (LPT).

Teopema 3.11 Aszopumm 9 cmpoum onmumanrvroe pacnucarue OAf 3a0a-
wu 1(nd)||max ) T; 3a O(n)_ pj) onepayud.

JlokazaTe/bcTBO TEOPEMbl AaHAJJOTUIHO JT0KA3aTEILCTBY TEOPEMBI 3.9.



Algorithm 9 Anropurym pemtenust 3agaau 1(nd)|| max > 7.

1: Ilepenymepyem TpeboBaHUS COIVIACHO NPABUILY: P1 > Po > - -+ > Pp. Bemu p; = piy1,
Torga d; > dii;
n
2: for t :=0to > p; do

=2

3: m(t) = (1);
4: f1(t) == max{0,p; +t — d };
5. end for
6: for [ :=2ton don
7: fort:=0to ). p; do
i=l+1
8: L= (i miea(t+py), 7= (mia(t), 5);
9: OL(t) := max{0,p +t —di} + fii(t +);
I
10: P2(t) := fi_1(t) + max{0, > p; +t —di};
j=1
11: if ®'(t) < ®%(¢) then
12 i) o= 0
13: m;(t) =
14: else
15: fi(t) == ®L(¢);
16: m;(t) =7l
17: end if
18: end for
19: end for

7, (0) — onTuMabHOE pactmcanue, a f,(0) — cooTBeTCTBYyINEE ONTMAJBHOE 3HAYCHUE I1e-
7eBoit pyHKINK (MaKCHMAaJIbHOE CyMMapHOE 3alla3/IbIBaHue).




Fr=u, (t-t,) + b,

by Lo e 0T e by

-~V
-~V

tio e e tea

Puc. 3.2: Oyukuus fi(t) B axropurme 9 u B asropurme GrA

3.6.3 TI'pacduuecknuit anropur™m pemenuns 3agadn 1(nd)|| max ) T;

B srom naparpade npegacrasien ['padpudecknit Anropurm (GrA) pemnienuns
sagaqn 1(nd)|| max ) T}, ocHOBaHHBII Ha yrKe U3BECTHOM HAM Hjjee MOI]H-
KaIU{ aJrOPUTMa JIMHAMUIECKOTO TporpaMmupoBanns. GrA mpejcrasiser
coboit Mopndukanuio agropurma 9, B Koropoit dyukiwms fi(t) onpenenena
715t JTI000T0 3HaueHust t € (—00, +00) (He TONbKO JIJIst MEbIX t), HO MBI Bbl-
GUCJISIEM €e 3HAUYEHUsT TOJIBKO B moukar udsoma. Kak Gyjier nmokasaHo jaJee,
KOJIMIECTBO TaKUX TOYEK MOJMHOMUAIBbHO. B 3moMm naparpade moMumo camo-
ro ajaroputma GrA npousurocTpupoBata paboTa ajropuTMa Ha KOHKPETHOM
IpUMEPE.

Ha xazkom mare ajropurma GrA, mbr coxpansiem GyHakimio fi(t) B Tabimd-
HOM BHJIE, KaK IPEJICTaBIEHO B Tad. 3.5.

Tabmuna 3.5: Oynukuus fi(t)

t (—oo,t1] | (t1,ta] | -+ | (fu, +00)

b =0 | b |...] bon
KOJI-BO 3anasp.tpeb-uit u | u; = 0 uy | oen | U
YaCTUY.OITUM. PACIIICAHHE ml | Tyt

Barnmcu B TabJIHIe O3HAUAIOT cieytoriee. [ist kaykporo suavenns t € (tg_1, tgl,

OIITUMaJIbHBIM 6y,ZL6T JaCTUYIHOE pPacClliCaHue 7T§€, B KOTOPOM U 3alla3JblIBa-

IOHmMX Tp€6OBaHI/IfI, n KOTOPOMY COOTBETCTBYET 3HaYCHUE HeﬂeBOfI CI)YHKIJ;I/H/I



fi(t) = ug - (t — tp—1) + by (em. pue. 3.2). Oyuxuus fi(t) onpenesnena me
TOJIBKO JIJIA 1EJIbIX ¢, HO U JIJId BEIleCTBEHHbIX .

st ynporennst onucanust aaropurma GrA Mbl paccMaTpuBaeM BCIO OCb t,
Te. t € (—o0,+00). B meopeme 3.12 nokazano, 4To 5Ta TabMIA COOTBET-
CTBYET HEIPEpBIBHOf, KyCOTHO-JNHEiHOM BbimykI0# dyukinn fi(t). Touku
t1, 19, ..., t, HA3BIBAIOTCI MOYKAMU U3A0MG. TOJHKO B HIX MPOUCXOIUT U3~
MeHeHne (yBeJnveHne) KOJMIecTBa 3aa3/bBaoNuX TpeOOBAHUN ¢ Ug_1 HA
Uy (9TO O3HAYAET, YTO MEHSIETCsT HAKJIOH KyCOUHO-JTHHeliHOi dbyHKImm). 3a-
METHUM, UTO TOYKHN lj MOTYT OBITH HENEJOUYNCJIeHHbIMI. /{1 onncansa Kazk-
JIOTO JINHEHHOTO cerMeHTa (PYHKITNN, MbI XPAHUM €ro HAKJIOH Uj 1 3HadeHne
dyuakuun by B Touke t = tp_1.

B GrA ¢yuxiust fi(t) coorBercTBYeT TeM Ke PEeKypPCHBHBIM YPaBHEHUSIM
Bejvana, uro u dyukuusa fi(t) B amropurme 9, T.e. jisd Kaxkjoro t €

n
Z N0, >_ pjl, fi(t) umeer Toxke 3HAYEHNE, YTO U B asropuTMme 9 (cM. puc.3.2),
j=2

HO Terepb (bYHKIMsI OlpejiesieHa Ha BceM nuTepsaje t € (—oo, +00). B pe-
3yJibTaTe, ‘cocTosiHusi ¢, COOTBETCTBYIOIINE OJHOMY U TOMY K€ OITHMAJIb-
HOMY JaCTUIHOMY PaCIICAHWUIO, CIPYIINPOBaHbI B mHTepBa/bl. Ha puc. 3.2
(a), nokazana dyuknus f(t) u3 GrA, a va puc. 3.2 (b) — dyukuus fi(t) us
ajaropurma 9.

I'padbuueckuii anroputm GrA

ITar 1. [lepenymepyeMm TpeboBaHUs COTJIACHO NMPABUILY: P1 > Po > -+ 2> Dp.
Ecmu p; = piy1, Torpa d; > diyq;

Iar 2. [ := 1, 7}(t) := (1), ynxuusa fi(t) := max{0,p; +t — dy} onpe-
nestena i Beex t. Oyuxuna fi(t) 3agaerca tabmureii 3.6.

Tabmuna 3.6: Oynkuus fi(t)

¢ (=00,dy — p1] | (dy = p1, +00)

b 0 0

u 0 1
YACTUY.OLUTUM. DACIICAHNE (1) (1)

HTar 3. Ilycrs [ > 1, a dyuxrmms fj_1(t) Boranciaena (cm. tab. 3.7).

N3 byskmun fi_1(t) nocrponm dbyuknuio fi(t). [Ipomexyrounsie dyHKImm



Tabmuna 3.7: Oyuknusa fi_q(t)

t (=00, 1] | (b1, ta] | -+ | (fw, +00)

b by =0 by e buw+1

U up =10 Ug . Uy+1
JaCTAI.OITUM. DACIIICAHIE 7Tl171 7Té71 ce 7rf;+11

®L(t) u ®%(t) Taxke xpaHarcs B Buje Tab. 3.5.

Ilar 3.1. ®ynxuus &1 () crpourcs uz Gyukimu f;_1(t) upu oMoy ciey-
rorux orepartuii. Mol ciiBuraem rpaduk yukimm fj_1(f) BJI€BO HA p; e IHHUIL
1 B TabJIAILy, COOTBETCTBYIONIYTO “ciBuyToitl”’ dyukmun fi_1(t), nobasssiem
HOBYIO KOJIOHKY, COOTBETCTBYIOILYIO HOBOI Touke uzjoma t' = d; — p;. Ecin
tk—p <t < tgrr —p, k+1 < w, rorga B Tabmuny ®(t) mbr g06aB-
asieM fBa mHTepBaa: (ty — py, t'] u (¢, tyr1 — pi]. Hanee mbl yBemauBaem
BCE BHAYCHUST Upi1, Uki2, .-, Upr1 HA 1, T.€. KOJUIECTBO 3alla3/IbIBAIONINX
TpeboBaHuil (M HAKJIOH COOTB. JINHEHHOrO cermMeHTa rpaduka) BO3pACTaeT.
CooTBeTCTBYIONEeE YaCTHIHOE PACIINCAHNE T' cTpouTCs JobaBiIeHIeM Tpebo-
BaHUs [ B HA4YaJ0 IPEJbIIYIIEro YaCTUIHOIO paciucaHus. Takum odpazom

nostydena Tab. 3.7.1, coorsercriytomas Gy O1(t).

Ilar 3.2. ®ynxuus ®%(¢) crpourcs uz Gyukimu f;_1(t) npu oMoy ciey-
rolux oreparuit. B rabsuity, coorsercryiontyio dyuknun fj_1(t), mobais-

l
eM HOBYIO KOJIOHKY, COOTBETCTBYIOIIYIO HOBOI Touke nsmoma t” = d; — > p;.
i=1

Ecm t, < t" < tpy1, h+ 1 < w, Torga B Tabmumy ®%(t) Mbl jobasisiem
nBa unrepsaga: (tn, t"] w (", ty11]. damee mMbl yBesmanBaem Bce 3HAYCHHST
Uht1, Wht2y -« -y Uyt HA 1, T.e. KOJHUECTBO 3alIa3/bIBAIONINX TpeOOBaHU (1
HAKJIOH COOTB. JIMHEHHOTO cermeHTa rpaduka) Bozpacraer. COOTBETCTBYIO-
Iee JaCTHYHOE PACIICAHNe T2 CTPOUTCS J00aBiIeHHeM TpeboBaHms | B Ko-
Hell IPebIAYIIEro YacTUIHOIO paciucannd. TakuMm oOpa3oM 1ojydeHa Tad-

sna 3.7.2, coorsercrytomast gynkimu ().
ITar 3.3. Tenepb MBI cTpOUM TaOJIUILY, COOTBETCTBYIONLYIO (DYHKIINN
fi(t) = max{®*(t), ®*(1)}.
B unTepBasiax, o6pa3zoBaHHBIX TOYKaMU 13 ABYX Tadsul 3.7.1 u 3.7.2 Mbl

cpaBHUBaeM 3Hadenns gyukiuit ®1(t) u ®*(t) u nmem TOYKM HepecedeHns
nx rpadgukoB. Dror mar Tpedyer mopsiika O(w) omnepariuii.

BoJjiee 1onpodbHO — KOHCTPYUPYeM CIUCOK ti,to, ..., ts, t1 < to < ..., 1,
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1 o o 1

Beex Touek t uz oboux Tabmun P(t) u $3(t), KoTOphIE SABJIAIOTCA TPAHE-
IaMII HHTepBaJIoOB n3 stux Taduuil. Jlajsee paccMarpuBaeM KayKIblil nHTED-
Baa (t;,tip1], ¢ = 1,2,...,8 — 1, u cpapnusaem yukiuu ®1(t) u ®3(t) na
srom unuTepBase. [lycrs unrepsan (t;,t;11] Briouen B unrepBas (t,_1, 1]
w3 tab. ®'(t) u B unrepsan (t,_1,t,] us rabmunpr ®(t). Torna ®(t) =
t-up+ by + (6 —tp1) - up m () =t -uy + b, + (t; — t,—1) - u,. Boibupaem
KOJIOHKY W3 JIBYX TaOJINI[, COOTBETCTBYIOILYIO0 MAKCHMYMY U3 JIBYX (DYHKIHIT
11 BCTaBJIsIeM 9Ty KOJOHKY B Tabsuiy fi(t). Econ ma gammom nnrepsase cy-
mecTByeT Touka nepecedenns " gyuknnit ®1(t) u ®%(t), To Mbl BeTaBisiem
JIBe KOJIOHKHU, cooTBercTBylome uurepsaiam (t;, t"] u (1" t;11].

Ecimu B nrorosoit Tabsuie, coorsercrBytonieit dpyuknun fi(t), Bcrpedaercs
cuTyarust Kak B Tab. 3.8, MbI yuasasgeM KOJOHKY (tg, tg11] 1 oObennnsieM 06a
UHTEpBaJa, T.€. IPUHUMAEM Tf := Tjy1.

Tabsmma 3.8: YiajseHne KOJOHKI

t o et | (et

b

u Ce Uk Ug+1 = Uk
JaCTHY.OITHM. PDACIIUCAHUC TT;

B Teopeme 3.12 ngoxkazano, 9TO JIs1 KaXKJ0TO [, YUCI0 KOJIOHOK B TabJIUIe
fi(t) ue 6ombie [ +1 < n + 1.

IMTar 3.3. Eciu [ = n, torga nepexonum K mary 4 maade [ := [+ 1 u
HePexoquM K Imary 3.

IMTar 4. B rabaune f,(t), Mbl HAXOMUM KOJIOHKY (tg,trv1], Tae tp < 0 <
trr1. Torma MBI MMeeM ONTUMAILHOE PACIUCAHUE T = Tj4q U ONTUMAJILHOE
sHauenne neesoit dyukiun F(m*) = beoy + (0 — tg) - Upy1.

OueBngno, uro GrA crpout TO ke permrenne, 9To u ajaroput™m 9. B To Bpe-
MsI, KaK B aJropuTMe 9 paccMaTpuBaIOTCs BCe IEJIOUNCICHHbIE TOUKN T €

n
[0,>" p;], B GrA paccmMaTpuBaIOTCST TOJIBKO TOYKH U3/I0MA, OIIPe/Ie/IeHHbIE
=2

Ha Beeil ocu t, Takue, yro Bce suavenust fi(t), | € {1,2,...,n}, t € Z N

n
[0, > pj;] coorBercTBYeT TEM ke 3HAUEHHSIM, OLPE/EIEHHBIM B AJrODUT-
j=1+1
me 9. TTostomy asropurm GrA crpout TOUHOE PEIleHue.



Teopema 3.12 Tpydoémrocmv arzopumma GrA cocmasasem O(n?) one-
PaYUL.

HokazarenbcrBo. [lokaxkem, uro Bce dyukiwn fi(t), | = 1,2,...,n, as-
JISTIOTCSI HEIIPEPBIBHBIME KYCOUHO-JTMHEHHBIMU BBIMTYKJIBIMUA (DY HKITIIMHE.

OueBnino, uto dynkiws fi(t) — HelpepbIBHAS KYCOTHO-IMHEHHAST BBITYKJIas
yHKIMS ¢ 0HON TouKoi#l m310Ma. CoryacHo mary 3 ajaropurma ode pyHK-
mun @1 () u (1) Taxske ABIAIOTCA HEIPEPBIBHBIMHU, KyCOUHO-TUHEAHBIME 1
BRITYK/IBIME. [TosToMy dynkuus fo(t) = max{®!(¢), ®*(t)} Takxe nenpe-
pbIBHASI, KYCOTHO-JTMHETHAST 1 BBITYKJIAsI.

[Iponokast anabie paccyXJIeHns JUid APYTUX [, MOJyIuM, 9TO Bce PYHK-
mun fi(t),l=1,2,...,n, 00J1aIal0T ITUM XaPAKTEPUCTUKAMU, T.€. ABJIAIOTCS
HelIPEePBIBHBIMU, KYCOYHO-JIMHEIHBIMU 1 BBILY KJIBIMU.

Tenepn NHPEIIOIOKAM, YTO HA Iare 3 ajrOpPUTMa Mbl IOJIYYUIN TaOJIIILy
3.7.3. myst mekoropoit dyukimn fi(t). Ilokazkem, 9T0 BBINOIHIETCS HEPABEH-
CTBO U] < Uz < -+ < U < Ukl < o0 < Uy41- Hpe,ZI;HOI[O}KI/IM, 9TO
up > ugy1. Torma it kaxkgoro t € (tg, tra1], vae t — Bpems Hadasa 06-
CJIy’KUBaHWs TPeOOBAHUI U3 TACTHIHOTO PACIUCAHUS (T WM Tjy1), UMEEM
F(7m) > F(Tk41), T.K. BBIIOJHSIETCS Ug > Ugi1. 1O €CTh MOJTYyUNIN TPOTH-
sopeunel. Hamomuum, uro dyukius f(t) sBisgercs HelpepblBHON KyCOYHO-
JIMHENHON BbIyKJI0# dyHKme, u by = by + (tr, — th—1) - up.

Corytacuo asiropurmy GrA, ecim up = Ugyq1, TOTJA Mbl yJIAJIgeM KOJIOHKY,
COOTBETCTBYIOILYIO TOUKE M3JI0OMA Ugy1 1 00beamHgeM 00a HHTEPBAJIA.

Mbr nmeem u; < Uy < --0 < Up < Upr < o0 < Upaq, TIE Uiy T =
1,2,...,w+ 1, — KonudecTBo 3anas3biBaommnx rpedosanuii. Torma w + 1 <
[4+1 < n+1. Kak ciejicTBue Mbl mMeeM He OoJtee [ TOUYeK N3/10Ma, 9TO 3HATNT,
ue 6osiee [ + 1 < n + 1 KostoHoK i1 Kazkpoit dyukiun fi(t), | =2,... n.

[Tosromy Tpyroémkocts [lara 3 anropurma cocrasisier O(n) orneparuit jijist
KaxkJoro [ = 2,...,n. 3Ha4nT TPyA0EMKOCTh ajroputma GrA cocrapisier
O(n?) oneparuii. O

Cront 3amerntb, 4To yzKe [yist 3aga4dn 1(nd)|| max ) w;T; aHaIOrHIHBII

13ameTnM, 9TO MAaHHBIH DAKT, 9TO U < -+ < Uy, MOKHO JOoKa3aTh nHade. Oynxmun O (t) m O3 (t)
BBIIYKJIBI, & ciiejioBaTesibio dyrkius fi(t) = max{®!(t), ®2(t)} Takxke BbimyK/Ia. SHAUCHHUS U) COOTBET-
CTBYIOT tgQu, TJe (v yrOJI MEXKJLy OCBIO t U JimHeHHbIM cermMenToM dbyukimu fi(t).



aJIropuTM nMeeT TpyLoéMrocTb O(min{2", n-min{dmyax, Y, w;}}) oneparuit.

Nnnocrpanus padorsl I'paduiueckoro AjropurMa Ha mmpumepe

Pacemorpum npumep 3agadn 1|| max )y | 7, BXO/HbIE JaHHbBIE KOTOPOT'O IIPE/I-
craBJjieHbl B Tabsuie 3.9.

Tabmmma 3.9: Bxonmble naHHble
71112 3]4

p; |30 (2212 5
d; | 327353840

Omnuiem Tab/IMIBI, cOXpaHsieMble Ha Kaxkjioil urepanun [, aaroputma GrA.

[Tycts [ = 1. Coxpansiem Tabsuiry 3.10.

Tabsuna 3.10: Oynknus fi(t)
t | (=00,2] | (2,+00)
fi(t) 0 0
u 0 1
i (1) (1)

['paduk dbyuxiun fi(t) npeacrasien wa puc. 3.3 (a).

[Iycts | = 2. ToamyudaeM cieyionye pe3ysibTraThl. Brauc/sieM HOBYIO TOUYKY
uznoma t' = dy — py = 13, 1 1a6.3.11 pist dyuxmun P(¢).

Tabmuna 3.11: Oynkius P (t)

[ (—oo, —20] | (—20,13] | (13, 100
(1) 0 0 33
U 0 1 2
! (2,1) (2,1) (2,1)
Berancisiem HoByto Touky nznoma t’ = ds — (py +p2) = —17, u 1ab. 3.12 11a

byukiun O3(t).

Tenepb npoBepuM Kazkiblii u3 uHTepBasos (—oo, —20], (=20, —17], (—17,2],
(2,13], (13, +00), u nposepum, He nepecekarorcs g Gynkmun O(t) u ®3(¢)
Ha 9TuX uHTepBantax. g unrepsana t € (2,13] us nepasencrsa ®!(t) =
(t+20)-140= ®*t) = (t —2) -2+ 19 nosyyaem TOUKy liepeceveHus



B 4

B 4

B 4

f-(0,56)

B 4
-~V

Puc. 3.3: I[Ipumep

(5,25). Kombunupyst pesynbrarsl uz tabaun ®1(¢) u ®%(t), nonyuaem tab-
mury 3.13 dyskmun fo(t). Samerum, aro it t < 5, 9acTUTHOE paCIICAHUE
(2,1), coorsercrpyiommee dyuximun PL(t) spigercs onTUMAILHBIM, B TO Bpe-
Msi, Kak Jyist t > 5 ONTHMAaJIbHBIM $IBJISETCST dacTHaHoe pactucanue (1,2),



Tabmuna 3.12: Oynkius P2 (t)

t | (—o0,—17] | (—17,2] | (2,400)
(1) 0 0 19

u 0 1 2

2 (1.2) 12) | (1.2)

coorsercTiytomee bynxuun O2(t).

Tabmuna 3.13: Oynknus fot)

t | (—o0,—20] | (=20,5] | (5, +00)
fa(t) 0 0 25

u 0 1 2

2 (2a1) (271> (172>

['paduk pynknun fi(t) npeacrasien va puc. 3.3 (¢). On mosyden u3 rpadu-
KOB, TIpeJICTaBIeHHbIX Ha puc. 3.3 (b). AHAJIOIMYHO PACCMOTPUM OCTABIIHECST
nrepanuu [ = 3,4.

[Iycrs [ = 3. Ilonygaem cienyioniye pe3yabTaThbl.
Borancisiem HoBy10 ToUKy u3ioMa t' = d3—p3 = 26, 1 1a6.3.14 1 GyHKIN

dl(1).

Tabmuna 3.14: Oynkiua $(t) aa | = 3

aist pynkuun S2(1).

t | (—o0,—32] | (—32,—7] | (=7,26] | (26, +o0)
(1) 0 0 25 01
U 0 1 2 3
ml (3,2,1) (3,2,1) (3,1,2) (3,1,2)
Beraucsisiem HoByto ToUKy ussioma t' = dz — (p1 + p2 +p3) = —26, u Tab. 3.15

Tabmuna 3.15: Oynkiuma $2(t) aua | = 3

t (—o0, —26] | (—26,—20] | (—20,5] | (5, +00)
D2(t) 0 0 6 56

U 0 1 2 3

2 (2,1,3) (2,1,3) (2,1,3) (1,2,3)

Touxa nepeceuennst napyx rpacduxos ynkuuit ®(t) n ®%(t) — (—14, 18).
Oyukins f3(t) npeacrasiena B tab. 3.16. Ee rpaduk nokasan Ha puc. 3.3 (d).

[Tycts [ = 4. [lonydaem ciietyioniie pe3yabTaThl.



Tabmmna 3.16: Oyuximsa f3(t)

t (—o0,—32] | (—=32,—14] | (—14,5] | (5,+0)
f3(t) 0 0 18 56

U 0 1 2 3

3 (3,2,1) (3,2,1) (2,1,3) (1,2,3)

Boraucisiem HOBYIO TouKy usjioma t’ = dy —py = 35 1 1a6.3.17 11t HyHKImH
dl(t).

Tabmna 3.17: Oyukius O (t) pisa | = 4
t (—o0, =37 | (=37,—19] | (—19,0] | (0,35] | (35,+00)
dl(t) 0 0 18 56 161
U 0 1 2 3 4
ml (4,3,2,1) (4,3,2,1) | (4,2,1,3) | (4,1,2,3) | (4,1,2,3)

Beraucsisiem zHoByto TouKy m3soma t’ = dy — (p1 4+ p2 + p3s +ps) = —29 u 1ab.
3.18 nst dyuxmun ().

Tabmuna 3.18: Oynkiua $2(t) aua | = 4
i | (—oc, 32 | (=32, 20] | (—29, —14] | (—14,5] | (5, +o0)
2I0) 0 0 3 33 90
U 0 1 2 3 4
| B2.14) | 3214 | G214 | (2134 ] (1234

Touka nepecedennust AByX rpaduxos Gyukmuit ®1(t) u ®*(t) ectb Touka Ha
mwiockoctn (—24,13). @yuxrus fy(t) npegcrasiena B tab. 3.19. Ee rpaduk
nokaszan Ha puc. 3.3 (e).

Tabmuna 3.19: Oynknus fy(t)

t | (—oo,—37] | (=37, —24] | (=24, —14] | (=14,5] | (5, +0)
A6 0 0 13 33 90

u 0 1 2 3 4

T | (4321 | (4321) | (3.214) | (21,34 | (1,2,3.4)

Mbl TOIyYmJIM  ONTHMAJLHOE 3HAYEHHe WMCKOMOI 1nesesoil  (hyHKImn
f1(0) = 33+ 14 - 3 = 75, KOTOPOMY COOTBETCTBYET OINTHMAJILHOE DPACIIH-

canne m4(0) = (2,1, 3,4).



3.7 3ajgadu ¢ oAHUM HEBO30OHOBUMBIM PECypPCOM

B nmamnoMm maparpade paccMaTpuBaioTCs OJHONPHOOPHBIE 3aadl ¢ HEBO3-
OOHOBUMBIM PECYPCOM. DTOT pecypc HeoOXOAUM JIjIst 00CyKUBaHUsT TPebo-
BaHUil, IpudeM IOTPEOHOCTU B pecypce y TpebOBaHUl MOXKET OTJINIAThCS.
B kauecTBe TaKOro pecypca MOI'yT BLICTYIIATh, HAIIPUMED, AeHbIU, TOILINBO,
IIpoYre PacXo/iHble HeBO30OHOBUMbIE MaTepraJ/ibl. Tak Kak I10J00HbIe 3aa-
YU 9aCTO BOSHUKAIOT B OMOJIZKETHBIX OPraHM3allUsiX, JJIsi KOTOPBIX PEeCypPCOM
SIBJISIIOTCs] JICHBI'M, 9TH 33/a9l TaKKe HA3BIBAIOTCS (UHAHCOBIMU.

[TocTanoBka 9TUX 3a7a4 COBLALACT C KJIACCUIECKON HOCTAHOBKON OIHOIPH-
bopHbIx 3a1a4. JlonoHnTe/15HO 3a/1aHbl HeBO30OHOBUMBIT pecypc G (j1eHbrH,
TOIJINBO U T.II.) H MOMEHTBI BpeMeHHU IocTyiutenust pecypea {to,t1,...,t,},
to=0,% <ty <--- <t, Braxzapil moment Bpemenu t;, ¢ = 0,1,...,y,
nocrynaer G(t;) > 0 equnur pecypea. st kaxgoro Tpebopanus j € N,
3aJ1aHo 10TpebiieHne pecypca g; > 0, KOTOpoe IIPOUCKOJIUT B MOMEHT HadaJla
00C Iy KIUBaHUs. BBINOIHIETCS PABEHCTBO

Zgj = Z G(t;).

Obosnaunm vepes S; BpeMs Hadasa obciyzKusanud Tpebosanus j. Paciu-
canne S = (5;,,5),,...,S5j,) OLUCBIBAET B TOM HHCJIE HOPSJIOK OOC/IYKH-
Bamus TpeboBanuit: m = (j1, J2, ..., Jn). Pacuucanue S = (S},,5,,...,95;,)
SIBJISIETCS JTOITYCTUMBIM, €CJIN BBITIOJIHACTCST, TIOMIMO KJIACCHIECKUX YCIOBHI,
cJIeJIyIoIee HepaBeHCTBO:

YNo< Y G, i=12....n
k=1

VI: 6<S;,
[lepecTaHOBKY T TaKzKe HA3bIBAIOT PACIUCAHUEM, T.K. 110 9TOH llepecTaHOBKe
MOZKHO BBIYHC/INTD pacuucanue S = (S5),,5,,...,95;,) 3a spemst O(n).

Takue onHonpubopHbIe 3aja4n oboznadaoT 1|N R, ...|..., tne NR obosna1gaer
IPUCYTCTBYE B YCJIOBUU 3aJ1a91 HEBO30OHOBMMOIO pecypca (non-renewable).

B T1ab. 3.20 npejicTaB/ieHbl HEKOTOPbBIE CBEJIEHUS O TPYOEMKOCTU OJTHOIIPH-
OOPHBIX 3a/1a9 ¢ HEBO30OHOBUMBIM PECYPCOM.



Tabmmma 3.20:

TpynoémkocTh 33184

Le. YHactubrii ciryyait | Tpy1oéMKoOCTb
dyHKIL,
Clnax NP-rpynna B cuibHOM cMmbicie. Cie-

nenne SAJIAYN 3-PASBUEHNA

> U;

NP-tpysna B cunbaOM cMmbicie. Cae-

nenne SAJIAYN 3-PASBUEHNA

> Cj

NP-tpynna B cunbaOM cMmbice. Cae-
nenne 1|5 > C;

Lmax

NP-tpynna B cunbaOM cMmbice. Cae-

nenne 3AJIAYN 3-PASBMEHN A

YT dj =d NP-tpynna B cunbaOM cMmbice. Cae-
nenne 3AJIAYN 3-PASBMEHN A
YT g =9 NP-tpynna (samaga 1|| Y7} asiser-
Csl YACTHBIM CJIy9aeM )
YT p;=p NP-tpyana. Csenenne 3AJIAYUN
PASBUEHN{I.
YT dj=d, gj=g NP-tpyara. Csenenne 3AJIAYU
PASBUEHNI.
YT p; =D, MOJIMHOMUAJIBHO pa3perimnma,
g1 < go <--- < gn, | ONTUMAIBHOE pacIUcanue: 7° =
(1,2,...,n)
dy <dy <---<d,




B kaudecTBe MIIIOCTpAlNK MIPUBEIEM HECJIO0XKHOE JToKazaTeabcTBO NP-Tpy-
HOCTU HEKOTOPBIX U3 IEePEeUNCICHHBIX 3a/1a4.

SBAOAYA 3-PABBUEHWUS. 3agano muoxkectso N = {by, by, ..., b,}

qncest, rae n = 3m, y ,b; =mBu % <b; < % j=1,2,...,n. Heobxomumo
i=1
OTBETUTDL Ha BOIPOC, CYMIECTBYET JIM Takoe pasOuenue muoxkecrsa N Ha m

noaMHOXKecTB Ny, No, ..., N, KaxKJ10e U3 KOTOPBIX COHAEPYKHUT POBHO TPH
qUCJIa, U CYMMBI 9UCE]T KOTOPBIX PaBHBI, T.€.

b= b= = bj = B?

bjENl bjENQ bjGNm

NzBecrro, aro 3AJTAYA 3-PASBUEHWN A asasiercss NP-tpyaHoit B cribHOM

CMDLICJIE.

Teopema 3.13 3adawu 1|NR|Chax, 1|/NR,d; = d|> T;, 1{NR|> U, u
LN R|Lpax Asasromes NP-mpyoHvmu 6 cusvhom cmoicae.

Jloka3aTejabCTBO. HokazareabcTBo mposegem cegernem 3AJIAYUN
3-PABBUEHNA k wacTHOMY cirydato 3a/ad.

Pacemorpum 3agady 1|NR|Cpax. Jan npoussosbhbiii npumep 3AJTAYN
3-PABBUEHUS, nocrpoum npumep 3agaun 1| N R|Ciyay coiepytormmm obpa-
3oM. B npumep sajiajquMm n TpeboBanmii ¢ napamerpamu g; = p; = bj,
j =1,2,...,n. Bpemena nocTymienns pecypca onpeieeHbl KaKk

{to,tl, c. ,tm_l} = {O,B,ZB, Ceey (m — 1)B}

u G(ty) = G(t1) = -+ = G(ty-1) = B. Ouesugno, uto Cyax = mB Torga u
TOJIKO Torja, Korja orseT B npumepe 3AJTAYN 3-PASBUEHUA “/IA”. B

9TOM CJIy4da€ B OIITUMaJIbHOM PaCIIMCaHUM HET IIPOCTOEB HpI/I60pa.

Hust 3amaa 1NR,d; = d| Y T, 1{NR|)> U; u 1|NR|Lyax JIONOJHATENIHHO
onpepennM dj =d =mB g j =1,2,...,n. Torna Y T; = 0 BbinosHSAETCH
TOIjIa U TOJBKO Torma, Korga orser B npumepe 3AJIAYN 3-PASBUEHN A

“HA”. Ananorunuyno ) U; = 0 u Ly, = 0 BBIIOJIHAIOTCH TOIJA U TOJIBKO
Torja, Korjga orser B npumepe SAJIAYN 3-PASBUEHN A “/TA”. Il



bubimorpadpunieckas copaBka

Banaua 1|| ) U;j nommroMuaibo paspenmma 3a Bpems O(n log n) npu nomornu asroputma Mypa
[87].

Asropurmsl pemennst 3aga4n 1|| ) w;U; u dacrHoro ciydas sazaan 1|/|GT) mnpencrabiieHbl B

pabore [77].

Bamaua 1||) T; siBisiercss NP-tpynuoit B obbranom cmbicie [5, 53], E.JI. Jlaynep [78] mpex-
JIOXKUJT TICEBIONOTMHOMHUAIBHBIA aJIFOPUTM pelenus OOMmero ciydas TpoOJeMBbl TPYI0EMKOCTH
O(n*>"p;). B. Usapn u jp. [101, 102] mocTpousiu ajropuTMbl perennst pobIeMbl, KOToOphIe
6butn mpoTecTrpoBanbl it ipumepoB . < 500 (recrosbie mpumepsr C.H. Tlorrca u JI.H. Ban
Baccenxosa [89]). VccienoBanne npubIIMzKeHHBIX aJIrOPUTMOB PEIIeHus IPOOJIEMbl OBLIIO IPOBe-
JieHo B pabore [49], r/ie moCTPOEeHbI IIPUMEPBI, Ha KOTOPBIX U3BECTHBIE IPUOJINKEHHbBIE aJITOPUTMbI
HAXOJIAT PEIeHne ¢ OTHOCUTENIbHON MOIPEITHOCTHIO TIOPS/IKAa PA3MEPHOCTH IIPUMEDA M.

Basaun ¢ 06paTHBIME KPUTEPUSIMU MaKCUMU3AIUN PacCMaTpuBaloTcst B paborax (31, 32, 56, 59,

61]. Bamaun ¢ HEBOBOOGHOBUMBIM pecypcoM B pabore [57].



I's1aBa 4

Sajadnu nexa (Shop problems)

4.1 3agaum F||Cpax

B sroMm pasjesie riasbl paccMaTpuBaercst 3agada Flow-Shop, B koTopoit HeoO-
XOJAMMO MUHMMU3UpoBaTh 3HadeHne Chay = max Cj. Hamomuum, urto g

jEN
JAHHON 3aJlaun Kaxkjoe TpeboBanue j, j = 17,2, ...,N, COCTOUT U3 OJIHUX
u Tex ke onepauuit, T.e. Oj1 — -+ — Ojp, V7 € N, nupudeM Jya KazkJoii
orepanuyu ¢ HOMepoM %, ¢ = 1,2,...,m, 3ajaH pUOOP, BBITOJIHATONINI 7
9Ty onepaiuio. Onepalun KaxJoro TpedoBaHusl J BBIIOJIHAIOTCA B 3a/aH-
Hoit nocsenosareabnocT Oj1 — -« -+ — Ojyy,, IPHYUEM BBIIOJIHEHUE Ollepalliil
k, k = 2,3,...,m, MOXKET HadaTbCs He paHbllle OKOHYAHUS BBITOTHEHUS

onepanuu k — 1 jyig 9Toro ke TpedoBaHUSI.

Pacnucanune Juig Kazkjaoro npubopa 3a/1aeTcd BEKTOPOM — IOPSIIKOM 00CTy-
JKMBaHUs Ha JAHHOM IpHOOpe olepaluii, OTHOCAIINXCS K Pas3HbIM TpedboBa-
nugam. Ha puc. 4.1 npencraBieno JaBa JOMYyCTUMBIX pacluCaHnsd JIJIS OJIHOTO
1 TOro ke npumepa, riae n = 2 u m = 4. [Ipu srux pacnucanusx Cpae = 11.
OnrumasbHOe paciucanue upejcrasieHo Ha puc. 4.2, riae Chae = 10.

Teopema 4.1 Jlaa sadauu Fm||Chpax cywecmsyem onmumasvroe pacnuca-
Hue, obaadarowee c80UCMEAMU:

e nopadok ocaysrcusarus mpebosanuli (6exmop) oas nepewr dsYT npu-
bopoe coenadaem;

o n0paAdok ocayHcusaruA mpebosanull (6exmop) das nociedHur deyr npu-
bopoe coenadaem;
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Puc. 4.2: OntumasibHoe paciucanue g JIByX TpeboBaHuUi

Ha ocroBanuu 3T0ii T€OpeMbl MOXKHO CIEJaTh BBLIBOJ, YTO ecu m < 3, TO
CYTIECTBYET TOPsI0K 00C/TYKUBAHUsI (BEKTOD ), OIITUMAJIBHBII (0OJIMHAKOBBII )
JIJIsl BCeX Tpex IIPUOOPOB.

Hausee npejcrasien agroputm Jlxoucona pemenust 3agadn F2||Cpax, m0JTy-
yeHnblit B 1954-M rojty. U nes aaropurMma 3ak/odaercs B cieytoneM. [loce-
JIOBATEILHO Mbl KOHCTPYHUPYEM Hadasio Ty 1 KOHEIl Ty BeKTopa m = (71, 7o) ,
3a/1AI0IIEr0 IOPsI0K obcyzKuBanust. Ha KaxkioMm mare Mbl paccMaTpUBAEM
onepanuio Oj; ¢ HAMEHBIINM 3HAYEHHEM Pj; CPEJN PACCMaTPUBAEMbBIX Olle-
panuit. Eciim 4 = 1, T0 B KOHeI[ YaCTUIHOIO PACIUCAHUS 711 Mbl J0OABJIsIEM
tpeboBanue j, T.e. m = (my,J), uHade TpeboBaHUe JIOOAB/IAETCS B HAYAJIO
JPYTOro 9acTUIHOTO pactucanusi my = (j, my). Ilocse sToro tpeboanue j
MCKJIIOYALTCA U3 PACCMOTPEHH U MbI IIOBTOPSIEM MTEPAINIO JIO TeX II0P, I0-
Ka He OyIyT paccTaBjieHbl Bce TpeOOBAHMS.

Heobxoumo ormeruts, aro anroputm 10 nmeer Tpyroémkocts O(nlogn)
orepalnii, ecjau MyHKT 3 aJI'OPUTMa — COPTUPOBKY TPOJIOJIZKUTETHHOCTHA 00-
CJIy?KUBaHUsl TpeOOBaHMII — BBIIIOJIHUTE JIO OCHOBHOI'O HuKJja 2—10.
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Algorithm 10 Anropurm /Izxoncona pemenns 3agaan F2||Chax.
1. N':=N; m = (), m :=();
2: while N’ # () do

3: Haitnem Oj»;» ¢ MUHEMAJIBHOMN IIPOJIOJIZKUTEIBHOCTBIO Pjxi» = min{p;;|j € N, i =
1,2}

4 if i =1 then

) ™ = (7T1,j);

6: else

T Ty = (]7 7T2);

8: end if

9. N':=N'\j;

10: end while
11: = (m, m);

[IpogemoncTpupyeM padoOTy ajaropuTMa Ha IpUMepe.

Tabauma 4.1: Bxoanble maHHbIe

j 1123|465
DPj1 4 3 3 1 8
Dj2 8 3 4 4 7
Kyna Briatogaem Tpe- | mp | mo | ™ | T | o
boBanue j

Jl1st TaHHOTO TpHMepa ONTHMAJIBHBIH MOPSIOK (BEKTOD) MMEET BUJ T =
(4,3,1,5,2). Ha puc. 4.3 cooTBeTcTBYMOIEE PACINCAHIE TIPEJICTABICHO I'Pa-
puraeckn.

Y 3 I g [ |

L+ 1 3 [ v | 5 |2 |

M2 U U U U U U U U U U U U U U U U U U U U U T T T
12345678 9101112131415161718192021 2223242526 272829 30

|
0

Puc. 4.3: OnrumabHOe paciucanme I IpUMepa

bubimorpadnieckas cipaBka

[Tonpobree 0 MHOrOIPUOGOPHBIX 33a9axX MOXKHO MPOUYNTaTh B MOHOrpadusx [25, 41]. Cogubie
Tabyuiel ¢ nwHpopMarmeit 0 NP-TtpynnocTr MEHOrOnpubOpHBIX 3a1a49 U JIYUIINX U3BECTHBIX AJITro-
pUTMaX UX PEIIeHns IPEJCTABJIEHbI HA CaliTe

http://www.mathematik.uni-osnabrueck.de /research/OR /class/ .
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npubopamu.



I'maBa 5

IlocTpoenue pacnmcanus Jijig IIpPoeKTaA.
Project Scheduling

B sTolt ri1aBe paccMaTpUBaIOTCA 3aJ[a9l ITOCTPOEHNS PACIIICAHUS JJIsl IPO-
ekta (Project Scheduling). Bazosast 3amaga storo pasmena TP — “Munnmu-
3alsl BPEMEHU BBITIOJTHEHUS ITPOEKTa C YUETOM OTpaHUYEHHs] Ha PeCypChbl’
(RCPSP). Ee nocranoska Oblia 1prBejieHa B 1epBOil Tiiase.

3tech OYIyT IpejcTaB/eHbl HeKOTOpbie cBoiicTBa 3ajgadan RCPSP, anroput-
MBI ee pertieHust (B ToM qmcse ajgroput™ Berseit u ['panui, merasspucru-
9eCKUH ¥ 9BPUCTUYECKUN aJTOPUTMbI), & TAKKe PACCMOTPEHBbI HEKOTOPBIE
IpaKTU4YeCcKe ee NHTePIPeTalluil U YacTHbIE CJIyda.

SamerumM, uro B 3ajade RCPSP ogHOBpeMeHHO IpuUMEHAIT 006a TepMUHA,
mpebosarus 1 pabomot, sIBJISIIONINECS SKBUBAJICHTHBIMI.

Perrenne 3ajgaun RCPSP mpejcrasiisiercss B Buje HabOpa MOMEHTOB HAUAJIA
obciykuBanusi TpeboBanuii S = (S, ...,5,). Peuenue, yjaosiersopsitoiiee
PECYPCHBIM OIpAHMYEHUsIM U OFpAHHMYEHHSM IIPEINIeCTBOBAHUSI, OyIeM Ha-
3BIBATDH JIOITYCTHMBIM.

CrpyKTypy IpOeKTa, ero TpebOBaHUs U B3aMMOCBI3b MEXKJIy HUMU, MOXK-
HO IPEJICTABUTH B BHJIE CeTeBOro rpaduka (CM. MEpBYIO IJIaBY), T.e. B BH/E
mpebosanua-6-6epuiunar opueaTuposantoro rpada G = (V, F), tiae kax-
noit Beprmmae u3 V= {1,...,n} cooTBeTcTBYeT HEKOTOPOE TPEOOBAHIE MHO-
xkecra N = {1,...,n}, a muoxecrso ayr E = {(i,7)|i,j € V;i — j} co-
OTBETCTBYET OrpAHUICHUAM IIpeniecTBoBanusa. QOUueBnaHo, 9TO JOMYCTUMOE
pelleHne CyIecTBYeT TOJILKO, KOraa rpad npeiecTBOBAHNs AlUKJINYEH.
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OOBIYHO B paccMOTPeHUe BBOJAT JBa (PUKTUBHBIX TpeboBanusa 0 u n + 1

C IPOJOJIZKUTEIbHOCTAMU OOCIyKUBaHUA Py = Ppy1 = 0 U OTHOIIEHUA-
mu npegmectsopannd 0 — 7 — n+ 1,7 = 1,...,n, g = gn+1x = 0,
k=1,...,K.

Bynem oboznadars yepe3 U B BepXHIOI I'DAHUILY I OINTUMAJILHOTO 3HAUYE-
oA nesesoit  dynkmmn  CF... K npumepy, MoxkeM — IPHHATH

n
_ _ *
UB - Z Di 2 Cmax'
=1
st kaxkgoro TpeboBanust ¢ € N ompenesnM BpeMeHHOe OKHO [r;, d;], B KO-
TOpoM TpeboBaHUe 7 JIOJXKHO OBITH OOCJIYy?KEHO IIPHU JII0OOM OITHMAJILHOM
pacrnucanun S':

ro=0; r; = max {r;+p;}, i=1...,n+1,
jlGi)eE

dpy1 =UDB; d;= min d;j —pj, i=n,n—1,...,0.
jlig)eE

5.1 IIpakTuydeckas 3ajava cOCTaBJIEHUS
pacrnucaHusd IMPOeKTa

Ha npaxruke 3aaua RCPSP obiiajaer psaoMm oT/imauit 0T MaTeMaTHIecKoil
MOJIeJIH, HIPeJICTaBIeHHO B 1epBoil ryaBe. [lajiee mepedunciieHbl HEKOTOPBIE
BO3MOKHBIE OTJINUMS Ha IIpuMepe npakTundeckoil 3agaun RPCPS, Bosnuka-
IOINEel B CTPOUTEJILCTBE.

e PaboTbl MOryT Kj1accuduIimpoBaThbCs 110 THUILY:

— Ilpodosstcumenvrocmob. ITO KaaccudecKuil Tl padorhl. BarkHast
ee XapaKTepPUCTUKA — IIPOJI0I2KUTEIbHOCTD BhIIIOJHEHHST;

— Konmpoavroe cobwmue. K nipumepy — cocrapjieHne OTYETHOCTH,
paszoBbIit KOHTPOJIb. Takas paboTa nMeeT HyJIEBYIO MPOIOIKUTE b
HOCTD;

— lamax. PaboTa BBITIOJTHSAETCS CTPOrO MEXKJYy MOMEHTaMU BpEMEHU

OKOHYAHWS pabOT-TPEJINECTBEHHUKOB U HAaYaJIOM PadOT-TIOCTIET0-
BaTeseil, T.e. ee MPOJO/KUTETHLHOCTE He (PUKCUPOBAHA,



ITpomomknressbHOCTDL. 3ajaeTcs B JHAX Wik 4dacax. Ha mpaxTuke
PeJIKO ILJIAHIPOBAHIE BEJIEeTCs B MEHBIINX euHnax speMenn. OdesBu/i-
HO, YTO IIPOJIOJIZKITEJIHLHOCTH MOXKET 3aBUCETh OT MHTEHCUBHOCTU Pabo-
ThI (T.€. OT KOJIMYECTBA U KAYeCTBa [PUBJIEUEHHBIX PECYPCOB);

e HeBo3obHOBUMBIE pecypchl. HekoTopble orpanmdenus Ha JOMYCTH-
MbIe PaCIUCaHs MOTYT 3a/laBaTh HEBO30OOHOBUMBIE PECYPCHI, KOTOPHIE
HEOOXO/IMMBI I BBITIOJIHenns padoT. Hanpumep, MaTepualsibl, TOILINBO
u T.IL.;

e Bo3obHoBuUMBIE pecypchl. Texnnka, nepconaj. Pecypcbl MOTyT 00b-
eJIMHSITCS B “Opura/ibl’, KOTOPbIe BBICTYIIAIOT HEJIETUMbBIM PECYPCOM. 3a-
JacTyIO Y PA3HbIX PEeCypPCoB, 3a/1eficTBOBAHHBLIX Ha paboTe, ObIBAET pa3-
HbIIl TpacduK paboThl. DTO HEOOXONMO YUIUTHIBAThH, IIPU COCTABJIECHUN
KaJIeHIapHOTO TIJIaHa TTPOEKTA;

e I'pacpmk paboTnl. Paznbie paboThbl MOI'YT BBIIOJIHSITCS C PA3HBIM I'Da-
durom. K npumepy, ocHOBHBIE MOHTarKHbIE pabOTBI B 2 CMEHbI 7 JTHeil
B HEJIEJII0, a BCIIOMOraTe ibHble paboThl — TOJBKO B 1 CMEHY U TOJIBKO B
IIEPBYIO TOJIOBUHY HEIeJIH;

e OrpaHuvenue Ha Bpemsl BbinoJiHeHud. [lapamerp npunnmaer 3ua-
yenns ‘Kak MoxkHO panbIine’, “Kak MoyKHO 1mo3:xke’, “@uKcnpoBaHHAS
nara’, “Hadasio e nosxke”, “Hauasio ne panbiie’”.

e XapaKTepuCTUKI B3aMMOCBsi3eil Mexky padoTaMu TakKe MOIYT
oTmuaTbesi. OOBIIEHHOI IIpeJIcTaB/IsIeTCsl B3auMOCBsA3b THIa “OKoHYIa-
nue-Hadasio”, To ecTh paboTa-11oc/iejoBaTe/ b HAUHETCS He paHbIlle, YeM
3aKOHYNTCs “‘pabora-npemecTBeHHUK . Ha mpakTuke JIOMOJHUTEIHHO
BoiesstioT cBst3n “Hauwaso-Hauano” (korya pabora-mocseoBaresib He
MOXKET HA4YaTbCsd PAaHbINe, YeM HAIHETCsT paboTa-NMpe/ecTBeHHIUK ),
“Oxonuanne-Oxonganne”, “Hagasio-Oxkonuanue”’. Bojiee Toro, 1o TexXHo-
JIOTMH MEXKJIy OKOHYaHUEM PabOThI-IIPEIIIeCTBEHHIKA 1 HAYaI0M Pado-
TBI-IIOCJIe0BATE ST MOYKET ObITh 3a/aHa 3aJePKKa 110 BPEeMEeHI.

HekoTopbie n3 nepedncieHHbIX 0cOOEHHOCTENR MOTYT OBITH BKJIIOUEHBI B MaTe-
maTudeckyio mojiesib RCPSP B KauecTBe J0N0JHITEIBHBIX yeI0BHit. B 9T0M
caydae roopgat o 3aja1e RCPSP 6 pacwupennot nocmanosxe. Ilepeunciimm
HEKOTOpbIE U3 3TUX YCJIOBUIA.



e KosiniecTBo BO30OHOBHMOIO pecypca k MOXKET 3aBHUCETh OT BPEMEHH.
To ecTb BMECTO KOHCTAHTBI () MOXKeT OBITH olpejeseHa (DYyHKINUS OT
spemenn Q(t). Takas dyHKIMs 0OBIYHO 3a/1a€TCsI B TAOJUIHOM BH/IE.
Hanpuwmep, ¢ 10-ro o 15-oe dpepasist gocryiHo 3 skckaparopa. C 16-ro
o 18-oe — 2 skckaBaTopa, a ¢ 18-1o 1o 25-oe deBpaJis — 4 IKCKaBaTOPA;

e [IpooIKNTEIHLHOCTH PAOOTHI MOXKET 3aBUCETH OT KOJIMIECTBA 3aHATHIX
Ha Hell pecypcoB. OUeBUIHO, UTO €CJIM Ha BBINOJHEHHEe PabOThl HA3Ha~
auTh OOJIBIIE UCTIONHUTE el (Ha KIAKY CTeH — 00JIbIe KAMEHIIUKOB, Ha
PBIThE KOTJIOBAHOB — GOJIbINE HKCKABATOPOB U CAMOCBAJIOB), TO paboTa
MOzKeT OBbITh BBIIIOJIHEHA ObicTpee. st KaxKa0ii paboThl MOI'YT ObITH 3a-
JlaHbl (pUKCUpOBaHHbIE BAPUAHTHI BhiToiHeHns. Hanpuwmep, “Bapuant 1:
POJIOJIZKUTETLHOCTL = O JTHEH, HeoOX0IMMO 2 9KCKaBaTopa 1 O pas3Ho-
pabounx’, “BapuaHT 2: IPOJOKUTEJILHOCTb = 4 JIHSA, HEOOXOIUMO 3
9KCKaBaTopa u 5 pasHopabounx’ u T.J. 3agaay RPCSP B Takoit mo-
CTAHOBKE HA3BIBAIOT MYAbmumodasvhoti n obozuadaior MRCPSP. [1pn
TaKO#l TTOCTAHOBKE HEOOXOIMMO OIPEIe/INTh BAPUAHT, 110 KOTOPOMY Oy-
JIeT BBITOJTHATHCS paboTa U yzKe MOTOM TTOCTPOUTDL PACIICAHIE;

e Ommume B3anMOCBsA3eil MOXKeT OBITH 3aJaHO ycjaoBuaMu. Hampumep,
qutst onncannst B3anmocBssn “HAYAJIO-HAYAJIO”, moxkHO 3a1aTh yC10-
Bue S; > S; + Aj;, vae A\jj — IPOJOJIZKATEIBHOCTD 3a1€PKKIL.

Hazke 0e3 3TuUX JONOJHUTEIbHBIX orpanndenuii 3amada RCPSP ocraercs
axempemanvro NP-tpymanoit. JIydmmit 3 m3BECTHBIX TOYHBIX aJIlOPUTMOB
Bpyxkepal43] 3a mpuemiemoe BpeMsi MOYKET DeIIaTh TPUMEPbI PA3MEPHOCTH
He Oostbiie n = 60. BoJjiee Toro, mazke Jj1sg 4acTHOIO CJIydas ¢ OJHUM HEBO300-
HOBUMBIM pecypcoM K = 1 HeM3BeCTHBI TOJINHOMUAILHDBIE AJITOPUTMbI Pellie-
HUsI C OTHOCUTEJIHLHOH MOI'PEITHOCTBIO, rapaHTHPOBAHHO HE IIPEBOCXOISIIIei
HEKOTOPOIl KOHCTAHTDI.

5.2 Aunropmrm gucnerdepusanun g 3agadu RCPSP

B sTom maparpade npuBeieH U3BECTHbIN aJrOPUTM ITOCTPOEHUS JIOIIyCTUMO-
I'0 PaCICaHUs BBIIOJHEHNUS paboT IIPOEKTA.



Algorithm 11 Asnropurwm List Scheduling (LS).
1: [Tycrs EL — cnmcok Bcex TpeboBanuii 6e3 mpejriecTBeHHUKOB. [lomaraem Qp(7) =
Qk,VT,k: 1,...,K.
2: while EL # () do
3: Bribepem tpebosanue j € EL;

t:= |(II1€§XA{Sz‘ + p;}. Ecoim st tpebGoBanust j MpeIecTBEHHUKHI He OTIPe/IeJIeHbI,
il(i,5)€
torna t = 0;

5: while Cymecrsyer Takoii pecypc k, aro ¢;, > Qi (7) 1st HekoToporo 7 € [t, t+p;)
do

6: Boraucium Takoe MuHHMAJIbHOE 3HaYeHHE t) > t, 9TO TpeboBaHUE j MOXKET
OBITH OOCIIY?KEHO Ha HHTEPBAJIE [ty, T, + p;j), €CIIH PACCMATPUBAETCA TOJIBKO pecype k;
: t = ty;
8: end while
9: Hasnaunm Beimosnenue tpebosanus j ma unrepsat [S;, C;) = [t, t + pj);
10: Pesepsupyem pecypcsr moj Beinosnenue Tpebosanus j: Qx(7) = Qk(T) — gk, k =

L...,K, Tett+p));

11: EL=FEL\{j};

12: Hobapasiem B E'L nocienoBaresieit TpeboBaHus j, JIJIs KOTOPBIX BCE IIPEIeCTBEH-
HUKHW ITIOCTAB/IEHBI B PACIIUCAHNE;

13: end while

[Tonydennoe pacrucanne 3aBUCUT OT BbIOOpa TpeOOBAHUS j Ha IIare 3 aJi-
roput™Ma. Vies naHHoro ajropuTMa 3ak/aiovaeTcs B TOM, YTO TpeboBaHue j
CTaBUTCs B pacliicaHue ¢ HaunboJiee paHHEI'0 MOMEHTa BPEeMEeHH, [P KOTOPOM
He HapyIIaloTCs PeCypPCHBbIE OTPAaHUYEHNs 1 OTPaHUYeHNUs 11PeJIIeCTBOBAHNSI.
Tpynoemkocts anropurma O(n?K) onepauii.

Axmuenbi.m — HA30BeM — Takoe  JIOIYCTHMOE — pachucaHue  (perieHue)
S = (S1,...,S8,), st KOTOPOrO HE CYIIECTBYET JIPYTOrO JIOIYCTUMOTO PAC-
nucanus S’ = (S, ..., S,) Taxoro, uro S; < S;, Vj € N, n x0Td 6bl 0/1HO 13
HEPABEHCTB CTPOroe.

JIerko yoeuThbest, 9To aJropuTMoM LS ¢TposiTCs TOJIbKO aKTUBHBIE PACIIICa-
Husi. O4YeBUIHO TaKyKe, YTO ONTHMAJIbHOE PaclicaHue CIelyeT HCKATh CPeIi
MHOKeCTBa aKTUBHBIX.

B coiepyroreii Teopeme jlokazaHo, 9TO aKTUBHOMY pactucanuto (S, ..., S,)
COOTBETCTBYET HEKOTOPasl IIEPECTAHOBKA 3JIEMEHTOB MHOKeCTBa N | KOTOPYIO
Oymem 0b03HAYATH Yepe3 T = (J1,.. ., Jn)-

Teopema 5.1 Axmusnoe pacnucarue 00H03HANHO NPEICMABAAEMCA 6 BUJE
nepecmanosky ™ = (ji, ..., Jn) U3 N mpebosaudl.
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Puc. 5.1: IIpumep zagaun RCPSP.

[TepecTanoBka 7 3ajiaeT 1OC/IE0BATEILHOCTL BbIOOPa TpeOoBaHUil J Ha Ila-
re 3 aaropurMma LS. [To100HbI aJaropuT™M 3a9acTyio Ha3bIBAIOT “KOHKYPCOM,
T.K. paboTa Ha mare 3 MOKeT BIOUPATHCsI COIJIACHO HEKOTOPOMY “TIPHOpUTE-
Ty”, KOHKYPCY.

ITpumep 1. PaccMmorpum nipumep, npeacrapieHbii Ha puc. 5.1. ITpoekT co-
crout u3 4-x Tpedosannii. Ha cereBoMm rpacduke cBepxy Hajl y3jiaMu yKa3aHa
IIPOJIOJIZKUTEIbHOCTh 00C/IY2KIUBaHUsT TpeOOBaHMl p;, CHU3Y — HEOOXOIUMOE
JIUIsT 00C/TyKUBaHUsST TPeOOBaHUsT KOJUIECTBO ;1 BO30OHOBJISIEMOT'O pecypca
1. Beero spocrynno 4 epuauipl pecypea 1 (K nmpumepy, JOCTYIHO 4 MOHTAXK-
HIUKA).

Ha pucynke 5.1 mpejcraBiieHbl 2 JIONYCTUMBIX pPaCICaHUsI, TP KOTOPBIX
cOOJTIO/IENbI OTHOIIEHUS TTPEJIIIIECTBOBAHIA, OTPAHNYIEHUS Ha PECYPCHI 1 TTPO-
JOJIKUTETHHOCTD O0CTYKUBaHNsT TPeOOBAHMIT.

[IpogemoncTpupyem padoTy ajaroputMma LS Ha JaHHOM IIpUMepe.

lar 1. EL = {1,4}

[Maru 2-13. IIycts 7 = 1. Camoe paHHee BpeMsi BbIIIOJIHEHUsT TpeboBaHus 1:
0,2). EL = {4,2};

[Marun 2-13. IIycts j = 4. Camoe paHHee BpeMsi BbIIIOJIHEHUsT TpeboBaHus 4:
[0,4). EL = {2};



[Mlaru 2-13. j = 2. Camoe panuee BpeMs BbiloJHeHs1 TpeboBanus 3: [4,7),
TaK Kak Ha uHTepBase [2,4) jist TpeboBaHus 2 yKe He XBaTaeT pecypca (3a-
pesepBupoBanbl 110/] Tpebosanue 4). FL = {3};

[Mlaru 2-13. j = 3. Camoe panHee BpeMsi BHIIIOJIHeHUs TpeboBanus 3: [7, 11),
T.K. TpeboBanne 2 3aKaHIMBACTCS B MOMEHT BpeMmennu 7. EL = ()

B uTore Mbl noiyunan pacimcanue, Ipu KOTOPOM BpPEMsI BBIITOJHEHUs IPO-
ekTa Caxy = 11. MbI MOXKEM IPEICTABUTE OCIE0BATEILHOCTE OCTAHOBKI
TpeboBaHWil B pacnucanme Kak nepectanoBky m = (1,4,2,3).

Ecsm 661 MbI cTaBmin Tpebosanus B mopsijke (1,2, 4, 3) wiu (1,2, 3,4), To 10-
JIydmin Obl paciucanue, npu KoTopoM Chra.x = 9, To ecTh paciucaHue, cooT-
BeTcTBYyIOIIee epecranoBke m = (1,2, 4, 3), jiydiile ¢ TOYKU 3PEHNUsT 1EJIeBOi
dbyuxnun. Taknm 06pazom, noJmHOMUAILHLI ajaroput™ LS He rapanTupyer
HAXOK/ICHUE OITHMAJILHOIO PEIICHUS.

Ha ocHoBannm JaHHOrO ajIropuTMa, JUCIeTIepU3alnl MOKHO IIOCTPOUTDH TOY-
Hblil asiropuTM Berseii u I'panuni. Bersienne mponcxouT 1npu Bbibope Tpedbo-
BaHust J. CxeMa BeTBJIEHUsI JAHHOI'O aJI'OPUTMAa JJIsl IpumMepa puc.b.1 mpe-
craBjieHa Ha puc.b.2. Tak kak ajgroputm Berseit u ['panutl gB/isieTcst OJJHUM
n3 Hanbosiee 3P MEKTUBHBIX TOUHBIX aJITOPUTMOB JIJIsI PEIIeHusI JaHHOI 3a1a-
YU, TO CTAHOBUTCSI aKTyaJIbHBIM HaX0XKJIeHNE “XOPOIINX HUKHUX U BEPXHIX
OIIEHOK.

5.3 3agada RCPSP c npepbiBanussMu o0cCTy KUBaHUs
TpeboBaHU’IA

Bagaay RCPSP, rue pasperienbl npepbiBaHusi B 00C/IyKUBaHIE TpedOBa-

auii, Oynem HasbiBath PRCPSP (Preemption Resource-Constrained Project
Scheduling Problem).

Permenne 3ajgaun PRCPSP npescrapisiior B Buje HabOpa MHOXKECTB, COCTO-
SIIIUX U3 [P 9HCeI

S"={S1 = {[s11,c11)s - [S1my, C1my) }
SQ - {[3217 621)7 ) [32m27 CQmQ)}7 cee }



Puc. 5.2: JlepeBo mouncka olnTUMaJIbHOIO PACITUCAHUSI.

Tpebopanue 1 06CIYKUBAETCS HENPEPBLIBHO Ha IIPOMEXKYTKAX BPEMEHU
[s11,¢11), - -+ [S1my, Clmy ) € M1 — 1 TIpepbIBAHUSAMIL.

[Tycts CF

¥ ax — OLITIMAaJIbHOE 3HadeHne nesesoil pynknun jyg npumepa RCPSP.

Oboznaunm yepesz C*

¥ ax(DMEN) — onTUMANIbHOE 3HAYEHNE T1eJIeBOH (DY HKINT

JJId TOT'O 2Ke ITpUuMeEpPa, KOI'la Pa3pellCHbl IIPpEPbIBAaHM .

Ha puc. 5.3 npencrasien npumep RCPSP u onrumasibhbie pacnucanusi B
Caydasdx ¢ IIpepbIBAHUAMEI U 0€3 IpepbiBannii. B mpuMepe KOJM4IecTBO padoT
PaBHO 71, U B KaKJblil MOMEHT BpeMeHU JIOCTYITHO JIBE €JIMHUIIbI Pecypca.

CereBoil rpaduK MMpoekTa g JAHHOIO MPUMEPa COCTOUT U3 JBYX HECBSI3-
HbIX dparmeHToB. IlepBrIil pparMeHT — MOCIe0BATEIbHOCTD “IJIMHHBIX U
“koporkux’ TpeboBaHUil (IPOIOIKUTEILHOCTBIO P U €, COOTBETCTBEHHO, 1€
£ — JIOCTATOYHO MaJjas BeJuduHa). Bropoil ¢hparMeHT cOCTOUT U3 OJIHOTO
TpeboBaHUsI, ITPOJI0IZKIUTEHHOCTHIO (%) p. 3HaUeHue 1eJ1eBOil (DYHKIINN:

Ciax = (5 = 1) (P+) + 5. Calpmtn) = (5 =1) (p+2) +p.

Ciax = Conaslpmtn) = (5 = 1) p < Gl (pmtn),



Qq= 24———————— = — = — ——————————————
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Puc. 5.3: IIpumep zagaun RCPSP ¢ npepbiBanusmu.

Crnax < 2Cax

(pmtn).

To ecTb 1151 TaHHOIO IIpUMEpPa BPeMsl BBIIIOJIHEHUsI IIPOEKTa 0e3 IpephIBaHUI
IIPEBBIIIAET BPEMs BBIIIOJIHEHUs IIPOEKTa C IIPEePbIBAHUAMEI He 0oJiee YeM B 2
paza.

O6paruM BHUMAaHME, YTO IPHU ONTUMAJILHOM PACIUCAHUYU C IPEPLIBAHUSIMI
KaKJIblil (pparMenT | = [s,, ¢p1) TPeOOBAHUS ¢ HOMEPOM 7. OOCJIYKIBACTCST
HapaJIeJIbHO ¢ HeKOTOPBIM JAPYIUM TpeOOBaHIEM.

5.4 Hwxune onenkn ajiga 3agauu RCPSP

B pannom naparpade NpUBOJISTCS HEKOTOPDLIE M3BECTHDLIE HUZKHIE OICHKH
st 3aaan RCPSP, a Tak:ke cBejienns: 00 mX TOUYHOCTH.

Onpenenenue 11 IIymv coedunarouuti sepuunot 0 un-+1 6 cemesom 2pa-
dure u umerowul HaubOALULYIO OAUHY HA3VIBAEMCA KPUMUMECKUM NYMEM



(Oauna craadvieaemes u3 npodoAACUMENLHOCTIU 00CAYAHCUBAHUA MPEOO6A-
HUtl, 6TOOAUUT 6 IMOMm NYmy).

Hnaa kputudeckoro myTu oyger pasua Cf

max; KODJIa HET PecypCHBIX Orpa-

unuennii. To ecTb JJIMHA KPUTUYECKOI'O IIYTHU ABJIAETCA HU>KHENR OHGHKOﬁ JJIA
C*

 ax- DTy HIZKHIOIO OLICHKY IPUHSATO 00o3Ha4aTh L Bj.

Jlemma 5.1 Cywecmeyem npumep RCPSP, das xomopozo %;—ﬁj =n.

HoxkazareabcTBo. Paccmorpum npumep RCPSP, rae rpebosanust i, 1 =
1,...,n, UMEIT HPOAOJIKUTEIbHOCTH 00CTyKIuBaHus p; = p. OrpaHundeHuit
IIpeJIIIEeCTBOBAHIS MKy TpeboBaHusiMu HeT. T pedyercst Bcero ojuH pecypce,
npuiyeM ¢;; = @1, ¢ = 1,...,n. OgeBugno, aro LBy = p. Ho C} .. = pn,
T.K. HIKaK#e JIBa TpeOOBaHusi He MOT'YT OOC/IYKIBATHCS ITapaAJLIIe/IbHO B CUTY
orpanmienns Ha pecypcol. [TosTomy i—B‘z‘ =n. L]

Tak kax rpad npeiecTBoBaHUs alluKJINIHBI, TO oneHKa LBy MoxKeT ObITh
Haityiena 3a O(n?) oneparui.

Hpyras auknsst onienka LBy Moxker ObTh HaiieHa 3a O(n K ) oneparnuii ipu
PACCMOTPEHUN KazKJI0TO Pecypca OTJIe/TbHO.

n

Omnpenesienne 12 Hazosem seaunuuny Y qixDi CYMMapHOU 3a2py3koti pe-
i=1
cypca k.

n
OueButao, ut0 Y qixpi < Q- Cf ..k =1,...,n. Torna 3nauenune
i=1

n
K
LB = max E 1 qikpi/ Qk
1=

SBJIeTCsT HIZKHel onenkoit s CF .

Jlemma 5.2 Cywecmeyem npumep RCPSP, das xwomopoeo C*. — LBy =

n max
> opi—1.
izl



HoxkazareabcTtBo. Paccmorpum npumep RCPSP, rue TpeboBanusi ¢ =

1,...,n UMEOT HPOIOJKUTETBHOCTH O0CTYKIUBAHWS P;. 3a/IaHbl OTHOIIEHH
npejecTBoBannd ¢ — ¢+ 1, 1 =1,....n—1. g1 =¢, 1 =1,...,n. Ilycto
n n n
Q1 = Y _ pie. OueBunno, urto LBy = > q¢up;/@Q1 = 1. Ho Ck.. = > pi.
i=1 i=1 i=1
n
Torna Cpax(S*) — LBy = > p; — 1. O
i=1

PaccmoTpum erne ojiHy TpUBHAJILHYIO HUXKHIOIO OleHKY L Bg, KOTOpyIO Ha-
3LIBAIOT “JIOTIOJTHEHNEM KPUTUIECKOTO Ty TH .

Obo3HaYIM MHOYXKECTBO TPeOOBAHMIl, IPUHAIEIKAIINX KPUTUIECKOMY IIyTH
aepe3 C'P. g kaxoro tpebosanus ¢ ¢ C'P obo3HaunM uepes e; MaKCu-
MaJIbHYIO JIJTHHY UHTEPBaJa, BXOJAIIEro B [1;, d;|, B KOTOpoM TpeboBaHue i
MOKeT 00CJIYzKHBAThHCs IapaJIeIbHO ¢ TPEOOBAHUSIMU KPUTHYECKOTO IIyTH
0e3 HapylleHUsl orpaHUYeHnit Ha pecypchbl. Ecim BbinosiHgeTCA €; < p;, TO
He CyIIECTBYeT JIOIyCTHMOTO pacnucanus, pu koropom Cr. = LBj. Torna
3HaveHne

LBg = LBy + gggg{max{pi —e;,0}}

TaKyKe ABJIAeTCs HUKHell onenkoit aia C . .

L Bg moxert 0b1Th Haifigena 3a O(nK |C P|) onepanuit, rje |C P| — KOIIIecTBO
TpebOBaHUiT B KPUTHIECKOM Ty TH.

Jlemma 5.3 Cywecmeyem npumep RCPSP, das xomopozo iLB;‘ = 3.

HoxkazareabcTBo. Paccmorpum npumep RCPSP, rue TpeboBanusi ¢ =
1,...,n UMeT IPOJOKUTEILHOCT 00CayKuBaHus p; = p. OrpanmdeHuit
LIPEeJIIIeCTBOBAHMST MexK 1y TpeboBanusamu Her. Ilycers ¢ = Qq1, i =1,...,n,
torga LBy = p. Herpyauo Boranciaurs LBg = p + max{p — 0,0} = 2p.

Ho C*

¥ ax = PN, T.K. HIKaKHe JiBa TpeOoBaHUsI HEe MOI'YT OOCIIyKHBaTbhCA I1a-

paJIIeIbHO B CHJIy OTPAaHUYeHNs Ha pecypchl g1 = Q1,1 = 1,...,n. [Tostomy
C:;lax — ﬂ |:|

L.Bg 2



5.4.1 Hwmxnagas oneaka Mingozzi

OpnHoit n3 caMbIX 9P (HEKTUBHBIX HUXKHIX OIEHOK sIBJIsSIeTCsI olleHKa Mingozzi.
B pabote [86] npejcrasiena mozesb 3agaun RCPSP kak 3ajadun jiuHeitHOro
nporpaMmmupoBanust. Huxkass onenka Mingozzi rojiyyeHa qacTUIHON peJiak-
carueit naHHoit Mojen. CTOUT OTMETHUTh, UTO UJies TAKOM OIeHKN He HOBA.
B 6osiee panneii oreuectentoii pabore [44] yrke ObLIT paccMOTPeH 110 100HbIi
METO/I II0JIyIeHUs] HUXKHEl OIeHKHU.

[lepes onmcanmem aJjiropuTMa BbIYucaenns orenkn Mingozzi jajauM HeKo-
TOpbIe omnpejeennd. Kean cyecTByeT MyTh U3 BEPIINHBI ¢ B BEPIIUHY j B
rpade OTHOIIEHMIT IPeIIecTBOBaHNs, TO OYJIeM NOBOPUTH, UTO MEXKIY Tpe-
OOBaHUSMM ¢ W j CYIIECTBYIOT KOC6EHHbLE OTHOIIEHNS TTPEJIIECTBOBAHMSI.

Ecmu 2 — 7, To OyJ1eM TOBOPUTH, YTO MEXKTY JIaHHBLIMI TPeOOBAHUSIMI 3a/1a-
Hbl NPAMDBLE OTHOIIEHUS] TIPEIIECTBOBAHUSI.

MuozkectBo TpeboBanuit X C N OyaeM Has3bIBATH JONYCMUMBLM MHOHCE-
CMBOM, eCJT MeXKJly KayKJoil 1mapoii TpeboBanuit i, 7 € X HeT OTHOIIEHU
IPEJIIeCTBOBaHNsT (IIPSIMBIX WM KOCBEHHBIX) W TPeOOBAHUST MOTYT OOCITY-
JKUBATHCS TTApasIesIbHO 0e3 HapyIeHns PeCypCHbIX orpamndenuit (Y ¢ <

1€X
Quk=1,...,K).

Homycrumoe MHOXKeCTBO X HA30BEM JOMUHUPYIOULUM, €CJIA HE CYIIeCTBYeT
JIDYTOro JIONYCTHMOI'O MHOXKECTBa, Y TakKoro, 4To BbinojHsercss X C Y.

PaccMOTpIM CIECOK BCeX JOMUHUPYIOIINX MHOXKECTB X7, . .., X I COOTBET-
crytomue uM Bekropel af € {0,1}", j = 1,...,f:al = 1, eciiu i € X,
naade a] =0, i=1,...,n.

Onpejiesium 4epes x; JIMHY UHTEPBaJla, B KOTOPOM BCe TPeOOBaHUs MHOKE-
crBa X; obOcilyzKuBaloTcs IapaJiiejbno. Torja peiienue ciejyloneil 3a/ia-
YU JIMTHEHHOI'O IIPOTrPAMMUPOBAHUSI 1T03BOJISIET BLIYUCANTD HUXKHIOI OLIEHKY

LBy nist C L [86]:



min ) | z;,

j=1
fo 0.1
ZlangZpi,izl,...,n, (5.1)
j:
L ZL’J'ZO, ]:1,,f

B nanmnoit mocTaHOBKE JIOMYCKAETCs, YTO TPeOOBAHNE ¢ MOXKET 00C/TY KUBATH-
cs OOJIbIIIEe YeM 3a p; eJMHUI] BpeMeH!, HO He MeHbIe. B Moje n 9acTuano
HAPYIIAIOTCA OTHOIIEHUS MTPEJIINEeCTBOBAHUS 1 JIOIYCKAIOTCS IIpepPbIBaHNs 00-
CJIy?KUBaHUs TpeOOBAHMIT.

B ussecrHoii Monorpadun [43] ormedaercst, uTo f pacrer SKCIOHEHIUA/b-
HbIM oOpazoMm ¢ poctoMm n. Ilpu n = 60 umeem f = 300000, g1z n = 90
naxke f = 8000000. B Toii :xe moHOrpaduu npuBoguTcs 3hPeKTUBHASA TeX-
HUKa Bbluncjenns HikHeil onenku LBjy;. Ho pesysnbraTbl SKCIepUMEHTOB
II0Ka3aJIi, 4TO “KaveCTBO OLleHKU IIoxoe’. Tem He MeHee, OLlEHKA SABJISETCSI
OJIHOH M3 caMbIX “‘CHJIBHBIX Ha JIAHHBI MOMEHT.

Jlemma 5.4 Buvucaenue ouenku LBy asasemes NP-mpyonoti sadaved.

HokazaresbcTtBo. Paccmorpum NP-tpyanyio 3amaty YITAKOBKIU B
ITAJIJIETHI. ITatersr — 310 “KOpoOKK’, B KOTOpBIE 10 IIUPUHE U BBICOTE
MOMeIaeTcsd TOJBKO OJIMH TpejiMeT. /lanbl cranjapTHble MasieThl JIUHOIM
W u n upeameroB, KaxKblii ajauHoi w;, ¢ = 1,...,n. Heobxoaumo ymnako-
BaThb BCE MPEJIMETHI B MAJJIETHI TaK, YTOObI YUC/I0 MCIOTb30BAHHBIX MAJLIET
OBLIIO MUHUMAJIHLHBIM.

[Tpeobpazyem ucxojnyio zajgaay YIIAKOBKINM B ITAJIJIETHI B 3amauy
RCPSP. Kaxknoe tpeboBanue ¢ = 1,...,n, COOTBETCTBYeT LIPEIMETY i. 3a-
nmaguM p; = 1, g1 = w;, ¢t =1, ..., n, Q1 = W. OTHOIIEHUs IIpeIIecTBOBa-
HIST MexKy TpeboBarusMu He 3amaHbl. Torga Chax(S*) coorBeTcrByeT Mu-
HUMAaJIbHOMY HEeO0OXOIMMOMY KOJIMYECTBY IaJlIeT B MCXOIHOI 3ajade.

Ouesnjno, uro LBy, = C} .. 1 nocrpoennoro npumepa RCPSP. Cnenosa-
TeJIbHO, 3ajlada HaxoxKjeHus omeHku LB); SKBUBaJeHTHA PENIeHUIO
NP-tpynoit 3aa4m ynakoBKN B MAJIJIETHI. 0

Pemenne L B); jonyckaer npepbiBaHie 00C/Iy»KIUBaHIsI HEKOTOPLIX TpeboBa-
nnii. Torma BepHo ciejyioniee yTBep:KIeHNE.



Cmax(S*) ~ 2

Jlemma 5.5 Cywecmeyem npumep RCPSP, das komopozo T

HokazareabcTBo. Paccmorpum nmpuMep Ha puc. 5.3. /s ganroro mpume-
pa npu Bbrunciennu LBy umeem jpomunupytomne Maoxkecrsa: X1 = {1,n},
Xy =12}, X5 ={3,n}, Xy = {4},..., X,-1 = {n — 1,n} u onrumasbnoe
pellieHne COOTBETCTBYIONIEH 3ajadn JnHeiHOro nporpamvupoBanus (5.1):
Tl =23 = """ =Tp-1=P, T2 =Ty ="""=Tp-2=¢.

Cmax(S*) ~ 2 |:|

Mozkno Tak 1mogobparh 3HaUYEHUs 7, P, €, YTO IOIYIUM —F B

5.5 CooTHollleHe ONTUMAaJIbHBIX 3HAYCHU JIJI9 3312491
RCPSP c npepbiBanusMu n 6e3 mmpepbIBaHMTid

[Tycts CF

* ax(PMIN) — ONTUMAIBEHOE 3HAUEHNUE 1eJIeBOT (PYHKIINH, KOTJIA [Tpe-

pbIBaHIsI pasperienbl. MoKHO MPenooKnTh (AHAIU3UDYsT, HAIIPUMED, PUC.
* *

5.3), 9T0 Ha OJHOM 1 TOM ke npumepe Cf < 2-Cy . (pmin). D10 npemno-

JIOKEHNEe BEPHO JIJIsI HEKOTOPBIX YaCTHBIX ciydaeB 3a/a4u. O1HaKo B 00IIeM

cyrydae IpeJIrnoJIoyKeHIe OIMO0THO.

[Tpeamosiokenne He BBIIOJIHSIETCS I IPUMepa, M300paKeHHOro Ha puc. 5.4,
riae p > € (manpumep, € = 1/(np)”, p > 1). MoxKHO MOCTPOUTH AHAJIOI Y-
HBIIT IpUMeEp, B KOTOPOM 2h TpeboBaHmil UMEIOT ITPOOJIZKUTETLHOCTH 00CTY-
JKUBaHUA paBHbIe p, npyrue 2h + 1 TpeboBaHuii IMEIOT Kopomkue MPoI0J-
JKUTEJIbHOCTH 00CJIY>KIBAaHUSI PaBHbIE € U IMOTPEOHOCTH B pecypcax ¢ = (Q1,
JIJIST OJIHOTO OAUHH020 TPEOOBAHMS ITPOIOJIZKUTETLHOCTD 00CTY KIBAHISA PaB-
HO 2h - p, a elrie JiBa TpeOOBaHUsT UMEIOT ITPOJI0IXKUTEILHOCTH 00C/TyKIBAHIS
h-p, .e.n =4h+4. Eciun h gocraTodHo 00JIbIIOE YHCI0, & € — JJOCTATOYHO
MaJieHbKoe, TO BblnoJasierca CF  ~ 2.5 - C¥ . (pmtn).

Herpymro ybemurbest, aro jjist panuoro npumepa LBy = CF. (pmin). To

max
€CTb MbI MO2KEM J0Ka3aThb CJICAYIOIIYIO JIEMMY:

Jlemma 5.6 Cywecmeyem npumep RC PSP, daa xomopozo
C*

—=% ~ 2.5,

LBy

Kak moxkazaHo jaJiee, CyIIeCTBYeT IMOXOXKUil mpumep, Ajst koroporo CF >

max
2. Ck.  (pmin) u, kak ciescTsue, gTﬁ = O(logn).
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Puc. 5.4: Ilpumep Cf . > 2 - C: . (pmin)

Teopema 5.2 Cywecmseyem npumep zadavwu RC PSP, das xomopozo

C*
max — 1 .
(ot O(logn)

CI;&X
JokazaresbcTBO. PaccMoTpuM mpuMmep BHUa, TPeJICTaBJIeHHOTO Ha, PUC.
5.5 (a). B srom mpumepe 3amano m + 1 yposheii TpeGosanuii. Ha Bepx-
HEM YPOBHE HaXOIUTCsA TpeboBaHue ji ¢ HPOIOJAKHUTEIbHOCTBIO 06C/TyKH-
BaHust Mp, Ha BTOPOM CBepXy YpPOBHE HMeeM JiBa TPeOOBAHMUSI j12 41 j22 ¢
IPOJIOJKUTETHHOCTAME 0OC/TYKUBAHUS PABHBIMU %p, Ha ypoBHE h CBepXy,
h = 2,3,...,m, nmeeM 2"~1 TpeGoBanmii ¢ IPOIOJIKITEILHOCTAMI 0OCITY-

AKUBAHUA Pjn = %p, n T.1. Ha camom HImkHeM ypoBHe, 3ajiaHa IernovuKa

13 KOPOTKHUX 1 OYeHb KOPOTKHX Tpebosammit e — j71 — ey — it —
. 1 .
ey = T s e, e p, =€, ¢, =m+1,i=1,2..., M+1,u
pjmit =P, @it = 1,:=1,2,..., M. Ina kaxx10ro TpeboBaHMA jzh YPOBHS
h,h=1,2, ..., m, umeeM qjr = 1. Ha kaxkjom yposae h, h = 2,3,..., m, 3a-
JAHBI OTHOMIEHHs TIPEJITeCTBOBAHNS B BUJIe MEMOYKH e; — ji — e Mg =
S

gh - Co M g = jgh,l — €41, B KOTOPBIX TaKKe y4aCTBYIOT OU€Hb
S
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KOPOTKIE TpebOBaHUA N3 HIZKHEro ypoBHs. HekoTopbie 13 9Tux oTHONIEHNIT
IIpe/IIIeCTBOBAHs TIpejicTaByieHbl Ha puc. 5.5 (a). [Iycrs (M + 1)e < p (na-
npumep, € = 1/((M +1)p)?, p € Z). [lyHKTUPHBIMY JIMHUAMEI 0O03HAYEHDI
TpeboBanusA, 00CTYKIBACMBIE APAJIICBLHO IPU ONTHMATILHOM PACIICAHIN
B 3ajiaue 0e3 IIpepbIBaHMIl.

B kauecrse mumoctpanun Ha puc. 5.5 (b) st mogobHOro mpuMepa ¢ KO-
JeCTBOM ypOBHeil m + 1 = 6 mpejcTaBjieHO ONTHMAIBHOE paciucanne 6e3
npepbiBaauit. s sroro npumepa soinosnsiercss Cr . (pmin) = 32p + 33¢ u
Cr. . = 112p + 33¢.

max

B obmem cayaae, jyist mpousBosibHOTO M > 2, umeem Cf . (pmitn) = Mp +

(M +1)euCy = Mp+FMp+ (M + 1)e. Torga spimonmsercsa

*
Cmax

om+2
(pmtn) ~ 2

C*

Bripazum 3nagenne M qepes m. meem 2™ = M. Torna
n=2M+1+14+2+ - 42" =2 41427 —1=2.2"42m =3.2™

13 4ero cJjaeayer
n
m = log —.
3
[TosToMy BepHO cOOTHOIIEHHE
Cr s _m+2 logn—log3+2
(pmtn) ~ 2 2 '

C*

max

U

C*
Kak caencrBue, Ui JaHHOTO IpUMeEPa, BBITTOJIHAETCS B = O(logn), u Mbr

MOKeM c(HOPMYTUPOBATH CJIEIYIONIYIO TEOPEMY:

Teopema 5.3 Cywecmsyem xaacc npumepos 3adavu, RC PSP, das xomo-
PO20 BHINOAHAECTNCA

Cha

—% = O(logn),

ip, ~ Closn)
u evivucaerue ouenxu LBy daa dannozo waacca ssasemces NP-mpyonot
3adayed.



Koncrpyknmsa Takoro nmpumepa Hecjoxkna. [Ipumep coaepkKuT aBa MOIMHO-
»kectBa TpedoBanuii N1 u No. TpedboBaHus U3 IEePBOrO MOIMHOYKECTBA, COOT-
BETCTBYIOT TIpUMepy, u3o0paykenHomy Ha puc. 5.5 (a), nie Q1 = m + 1. B
OIMOZKeCTBO N9 BXOISIT 1 HE3aBUCUMbBIX TPEOOBAHUI C IIPOJIOIZKUTEIHLHO-

craMu 00CiIyzKuBaHuA pj = 1 u Y, ¢; = 2m + 2. [lonosHuTe/IbHO 3a/1aHO0
JEN,

duKTHBHOE TpeboBaHUe 01 Takoe, 9To j — 01 — [ i Bcex § € Ny, [ € Ns.

OueBu/IHO, YTO K 9TOMY KJIaCCy NpUMepoB (TouHee, “K 10 MHOKecTBY No)

ceogurcss SAJIAYA PASBUEHNA. A cienoBaresibHo, BEIYUCIECHIE ONEHKH

LBy nig ganaoro xjaacca NpuMepoB spiserca NP-Tpyanoit 3agadeii.

5.6 AJropuTMbl BLIYHC/JIEHUS BEPXHUX OIEHOK
nisa 3agaan RCPSP

Anroputm gucrierdepusaiiun LS ¢TpoOUT JOMyCTUMOE paciiicaHue, a CJie10Ba-
TEJbHO C €r'0 IIOMOIIbIO MOYKHO BBIYUCJUTH BEPXHIOIO OIEHKY OITUMAJIbHOIO
3HAYEHUS 11e/IeBOH (DYHKITHH.

KimoueBoit cocrap/istionieit ajroputMa LS gBgeTCs MTPaBIIo MpeodaTeHus,
C TTIOMOIILIO KOTOPOT'O BhIOMpaeTcsd TpeboBanue j € KL i MOCTAHOBKH B
pacrnucanue Ha 1rare 3 ajaroputMa. MoKHO 1IPeJIJIOKUTDL HECKOJIBKO 3Jie-
MEHTAPHBIX IBPUCTUUECKUX MPABUJI MPEANOUTEHNA WM, KaK WX 0 JIPyTo-
MY HA3bIBAIOT, MIPABIJI JUCIeTdepu3aiui. TakuM o6pa3oM MOZKHO IOy IUTh
HECKOJIbKO BEPXHIX OIEHOK U BBIOPATH M3 HUX JIYUIIYIO.

HekoTopblie n3 3TUX mpaBm/l mpejicTapiensl B Tad. H.1.

asee MBI JOKazKeM, 9TO aJIrOpuTM LS ¢ JTI0ObIM 13 TIepednc/IeHHbIX TTPABIT
IPEJIIIOYTEHNsT IMeeT OTHOCHTEJIbHYIO IOrPENTHOCTh He MeHblie O(4/n) Jaxe
JIUIST 9acTHOTO cJiydasi 3aJladn ¢ oJHuM pecypcom (1. B srom maparpade
paccMaTpuBaeTCs YaCTHBIHN cirydail 3a/aql ¢ OJIHUM PEeCyPCOM, TTOITOMY MBI
OyJieM HCIoJib30BaTh 0bo3HadeHus ¢; = ¢ 1 (Q = Q1.

O6o3naunM depe3 Chax(LS,) 3HaUYeHNE TeaeBoil QYHKINN, COOTBETCTBYIO-
1ee paclucanmio, IOJYYeHHOMY [P OMOIIM aJaropuTMa LS ¢ ucronn3osa-
HIEM IIpaBIJIa IpernodTenus a. JJokazkem, 4To i HepedncIeHHbIX IIPaBIII



Tabsuna 5.1: TlpaBuia npeanourenus (JucrneTdepu3aiinm)

O6o3u-ne | Omucanue Orh.
11o-
I'PEIIIH.
IIpaBusa, ocHOBaHHbBIE HA ITapaMeTpax TpeGoBaHUIA
SPT BBIOpATH PabOTY ¢ HAMMEHBIIIE TPOIOKUTEIBHOCTHIO 00- | O(n)
CJTY KUBAHUSI
LPT BBIOpATh PAbOTy ¢ HAUOOJIBIIEH TPOIOIZKUTETHHOCTHIO 00-

CJIIy2KUBaHU A

HpaBI/I.Ha, OCHOBaHHbI€ Ha OTHOIIEHMNLAX IITpealneCTBOBaHMNA

max

MIS BBIOpATh PaboTy ¢ HaAMbOOJBIMM KoiamdecTBoM Herocpen- | O(y/n)
CTBEHHBIX TIOC/IeI0BaTE /el

LIS BBIOpATh pabOTy ¢ HAMMEHDBIITMM KOJMYIECTBOM HEIIOCPE]I-
CTBEHHBIX IIOCJEeJ0BaTEIEH

MTS BBIOpATH pabOTy ¢ HAUOOJIBLIITIM KOJIMYE€CTBOM BCEX TIOC/IE-
JoBaTesIein

LTS BBIOpPATh PabOTy ¢ HAUMEHBIITUM KOJUIECTBOM BCEX ITOCTIE-
JIoBaTesei

GRPW BBIOpATh pabOTy ¢ HAMOOJIBIIIUM BECOM, T.e. TpeboBaHue O(n)
¢ HarOOJIBIION CyMMAaPHOI ITPOJIOIKUTETLHOCTHIO BCEX T10-
cJiezoBaTeNIein

IIpaBusia, ocHoBanubie Ha WHPOPMAIUU O KPUTHUYECKOM IIyTH

EST BBIOpaTh paboTy ¢ HAMM. BO3MOXKHBIM MOMeHTOM Hadaja | O(n)
T

ECT BBIOpATH pabOTy ¢ HAMMEHBIIUM 3HAYCHUEM 7; + D;

LST BBIOpATH pabOTy ¢ HAMMEHBIIUM 3HaYeHUEM d; — P;

LCT BBIOpATH pabOTy ¢ HAMMEHBIIUM 3HaYeHUEM d;

MSLK BBIOpATh paboOTy ¢ HAMMEHBIIUM pecypcoMm d; — 1; — p;,

MW BBIOpaTh paboOTy ¢ HAUMEHBITUM OKHOM d; — T,

DEST BBIOpaTH pabOTy € HAMM. BO3MOXKHBIM MOMEHTOM HadaJsIa

(Juma- T

MUYCCKUN

EST)

DECT BBIOpATh PaboTy ¢ HAMMEHBINM 3HadYeHueM 7; + p;, e 1; | O(y/n)

(duna- BBIYHC/IACTCA JTUHAMITICCKHI

MUYCCKUN

ECT)

IIpaBusia, ocHoBaHHbIE HA MH(OpPMAIIUM O HEOOXOJIMMBIX pecypcax
GRR ‘ BBIOpATh paboTy ¢ HanOOJIbIIEll TOTPEOHOCTHIO B pecypcax ‘ O(n)
BbBIIIOJIHACTCHA O (LS )
max a
—c. =0 (wm O(v/n)).



[0}
E|

P

SPT, LPT MW, MSLK, GRR

h

EST, ECT, LST, LCT

Puc. 5.6: [IpaBuna npeanourenus. Yactob 1.

Jlemma 5.7 Cywecmeyem npumep 3adavu RC PSP, das xomopozo

M =0(n), a € {SPT,LPT}.
C;’;la,X
HokazarenbcTBo. Paccmorpum npumvep, n3obpazkennsiii #a puc. 5.6 (SPT,
LPT). Hdano h uenovek tpebosanuii a; — b; — ¢;, i@ = 1,2,... h. Qg
KazK10ro Tpebosanust b;, i = 1,2,..., h, umeem pp, = p —e(i — 1), @, = 1.
st kazkoro TpeboBanust a;, i = 1,2, ..., h, nano p,, = e(h—i+1), q,, = h.
Jtst kazktoro TpeboBanusd ¢;, @ = 1,2, ..., h, umeeMm p.. = e(h—i+1), q.. = h,

rie h%e < p (31ech u jajee nonaraem, uto € = 1/(n-p)", p € Z,)u Qy = h.

[tst 9TOTO IpHUMeEpa ONTUMAaJIbHOE PACICAHIEe COOTBETCTBYET I1ePEeCTAaHOBKE
7 = (a,a9,...,ap,b1,ba, ... by, c1,Co, ..., cp) (MOPsiZIKY BbIOOpa TpebOBa-
Huit Ha mare 3 ajropur™a LS). Anropurmom LS ¢ mpasuiom SPT 6yger
OJIy9eHa [IePecTaHOBKA

wspr = (aQp,ap_1,-..,a1,bp, Chybp_1,¢p-1,...,b1,c1), T.e. Bce TpeboBaHUS
b1, bo, ..., by He 0OCTYyKUBAIOTCA NapaJJIeIbHO HU B OJIUH U3 MOMEHTOB Bpe-
mern (He nepekpbiBaiores). [losromy Bomomnsercs CF . = 2(h+ (h — 1) +
o+ De+pu Cpax(LSspr) =2(h+(h—1)+---+1)e+p+(p—¢)+
(p—2e)+---+ (p— (h—1)e). Toraa

. Omax(LSSPT)
R

max

:h:

HE



AHAJIOTHYHO PaCCMATPUBACTCA NEePECTAHOBKA
wrpr = (a1,by, ¢, a9,bo,Co, ... ap, by, cp) ns npasuia LPT. O

Hazosem nepeseprymuvim npumepom TpuMep, B KOTOPOM BCE OPUEHTAITUN JIyT
B rpade OTHOLIEHMIl IPeJecTBOBAHUS M3MEHEHbI Ha IIPOTUBOIIOJIOXKHBIE.
HeTpymmo 3amMeTuTh, 9TO IpUMep U3 JIEMMBI 5.7 PaBeH CBOEMY ITepeBEePHYTO-
My npumepy. To ecTb OTHOCHTEIbHASI IOTPEITHOCTh ajropurmMa LS ¢ sTumu
Ke IIpaBUIaMU IIpeIIouTeHnd OyaeT TaKoil »Ke 1 JIJId IIePEBEPHYTOr0 IIpIMe-

pa.

Jlemma 5.8 Cywecmeyem npumep 3adavu RC PSP, das xomopozo
CmaX(LSa)
C*

max

=0(n), a € {EST,LST}.

Jloka3zaTeJbcTBO. PaccMmarpuBaeM CTATUUHYIO BEPCUIO ITUX IIPABUI, T.€.
3HAYEHUS T'j, d; BBIUUCIAIOTCS TOJBKO OJUH pa3 Iepej 3allyCKOM aJrOpuT-
ma LS. Pacemorpum npumep, nzobpazkennsiit va puc. 5.6 (EST, ECT, LST,

LCT). [ano h nenouexk tpeboBanuii a; — b; — ¢; — e; — fi,i=1,2,... h.
s kazxkyporo Tpebosanus b;, e;, ¢ = 1,2,..., h, umeeM py, = pe, = €,
@, = qe;, = h. Hna xkaxkporo tpeboBanus a;, fi, ¢ = 1,2,..., h, nano

Pa;, = Df, = 2e(h — 1+ 1), qo, = q5, = 1. dna xkaxgoro tpebosBanus c;,
i=1,2,... h, umeeM p,, = p, q,, = 1, tyie h’e < pu Q1 = h.

JL71s1 9TOrO NIpUMEpa, ONTUMAJILHOE PACIIMCAHIE COOTBETCTBYET II€PECTAHOBKE
™ = (al,ag,...,ah,bl,bg,...,bh,cl,CQ,...,ch,el,eg,...,eh,fl,fg,...,fh).
Anropurmom LS ¢ mpasumiom EST 6yner nosydena mepectaHOBKa

TEST — (ala az, ..., ap, bh7 Ch; €h, fh7 bh—17 Ch—1, €h—1, fh—17 sy b17 C1, €1, f1)7
T.€. Bce TpebOBaHMUSI €1, Ca, . . . , C, He 0OCJIY2KIBAIOTCS IIapaJLIeJIbHO HIA B OJIMH
13 MOMEHTOB BpeMeHN (He TepeKpbiBaloTcst ). [loaToMy BbITTO/IHSIETCST

CmaX(LSEST) = E
5 .

lim
e—0 C*

max

AH&HOFI/I“IHO paccMaTpuBaeTCA IIepeCTaHOBKa
TLST = (ab b17 1, €1, f17 ceey Qp, bh7 Ch, €Eh, fh) AJ1d IIPpaBRJIa LST ]

Jlemma 5.9 Cywecmeyem npumep 3adavu RC PSP, das xomopozo
Cmax(LSa)
C*

max

=0(n), a € {ECT,LCT}.



Joka3zarebcTBO. PaccmaTpuBaeM CTaTUYHYIO BEPCUIO STUX MPABUJI, T.€.
3HAYEHUsI T;, d; BBIYUCJISIOTCS TOJIBKO OJMH Pa3 Iepej 3allyCKOM aJropuT-
ma LS. Pacemorpum npumep, nzobpaxkennsiii #a puc. 5.6 (EST, ECT, LST,

LCT). [lano h nenouex tpebosanuii a; — b; — ¢; — €; — fi, i =1,2,... h.
Hns kaxmoro Tpebosanusa b;, €;, 1 = 1,2,... h, numeeM py, = pe, = €,
@, = Qe, = h. Ilna xaxpgoro tpebosanus a;, fi, ¢ = 1,2,... h, nano

Do, = pf, = 2e(h — 1+ 1), qo, = q5, = 1. dna xkaxgoro tpeboBanus c;,
i=1,2,...,h, umeem p,, = p —4(i — 1)g, q,, = 1, e h’e < pu Q1 = h.

[t 9TOrO IpUMeEpa, ONITUMAJIBLHOE PACITICAHIE COOTBETCTBYET ITePECTaHOBKE

m = (al,ag,...,ah,bl,bg,...,bh,cl,CQ,...,ch,ck,el,eg,...,eh,fl,fg,...,fh).
Asropurmom LS ¢ npasuiom ECT Oyner mnosydueHa rnepecTaHOBKa

TECT = (ah7 bh7 ap—1, bh—17 ceeyag, b17 Chy €h, fh7 Ch—1, €h—1, fh—17 ..., C1, €71, fl);
T.e. Bce TpeboBaHusl C1, C, . . . , Cp, HE OOC/IY>KUBAIOTCSI IIapaJIIe/IbHO HU B OJIMH

N3 MOMEHTOB BpEMEHU (He HeperbIBaIOTCS{). HOSTOMy BBIITOJIHAETCHA

lim Cmax(LSECT) —h = E
e—0 C'* 5

max

AHaJIOrn4HO paccMaTpuBaeTCd IIepeCTaHOBKa
TLCT = (&1, b17 C1, €1, f17 c.oy, Qp, bh7 Ch, €h, fh) JJId IIpaBUJIa LCT D

Jlemma 5.10 Cywecmesyem npumep sadavu RC PSP, dis xomopozo

CmaX(LSa)
C*

max

=0(n), a e {MW,MSLK, GRR}.

HokazarenbcTBo. Paccmorpum npumep, nzobpazkenusiii Ha puc. 5.6 (MW,
MSLK, GRR). [Jano h nenouexk tpeboanuit a; — b; — ¢;, i = 1,2,...,h.
st kazkoro tpeboanus b;, 1 = 1,2,..., h, umeem py,, = p+ (h—1)e, qp, =
1 4 2e. g xazxoro Tpebosanus a;, ¢, ¢ = 1,2,..., h, 1ano p,, = p., = ic,
Go, =G, =h+1,mee <1/h*>u @, =h+1.

[l1st 9TOrO IpUMepa ONTUMAJILHOE PACICaHle COOTBETCTBYET ITepecTaHOBKE
m = (ay,ag,...,ap,b1,be, ... by,c1,Co, ..., cp). Asropurmom LS ¢ mpaBuiom
MW 0Oyier moydena mepecTaHOBKa,

T™MW = (ah, ap—1,-..,01, bh, Ch, bh—l, Ch—1,-- -, bl, Cl), T.K. da;,, — T, = 0 =
da1 —Te = UB — (p + h&), dbh, — Ty, = UB — 2he < dbh,—l — Thy, =
UB—-2h—1)e<---<dp —rp, ide, —7e, =UB—p—he <dy, ,—1p, , <



-+ < dp, — 1p,, 1 T.70. [ToaTOMY BCe TpeboBaHU:A by, ba, . . ., by He 0OCITyKuBa-
IOTCST TIApAJIIe/IbHO HU B OJINH U3 MOMEHTOB BPeMeHHU (He ITePEeKPbIBAIOTCS ).
[TosTOMY BBILIOJIHSIETCSI

. Cmax(LSMW) n

lim =h=—.

2T G 3
AHaJIornIHO paccMaTpuBaeTCs IePeCTAHOBKA
Taspik = (an, ba, ny an—1,bp-1,¢n-1, ..., a1, b1, c1), vae do, — T, — Pa, =
dy, — b, — Db, = de;, — Te, — Do, 1 & = 1,2,... h. Takum ke obpazom
paceMaTpuBaeTcst Tgrr = (a1, g, . ., @, by, Chy bp—1, Cho1, ..., b1, C1). [l

Jlemma 5.11 Cywecmesyem npumep sadavwu RCPSP, das xomopozo

Cmax(LSa)
C*

max

= O(vn), a € {MIS, LIS}.

HokazarenabcTBo. Paccmorpum mpumep, nzobpakennbiit na puc.5.7 (MIS,
LIS). /laHo h HE3aBHCHCHIX MHOYKECTB TPeOOBAHMUIT, KAXK/I0€ N3 KOTOPBIX CO-
JIEPYKUT 1IeNoUKy TpedboBaHuii b; — ¢;, U MOJAMHOXKeCcTBO TpeboBanuit D B;,
DC;,v=1,2,...,h, tne b - DB; u ¢; — DC;. Banuch j — X; o3Ha4daer,
qTO JIJIsI BeexX Tpebopanuii [ € X; BoiosHsiercd j — [. JlomojiHuTEILHO O1pe-
nemmm |DB;| = (i —1), |DCy| =i qna i = 1,2, ..., h. s Bcex TpeboBammii
[ 13 9TUX MOJMHOXKECTB IIyCTh P; = €, = €.

st kazkoro Tpebosanus b;, i = 1,2, ..., h, umeem py, = p+(h—i)e, g, = 1.
st kazkyoro Tpebosanus ¢;, ¢ = 1,2,...,h, umeeMm p., = €, q,, = h, rue
h’c <pu Qi =h.

Kak u npexkjie, MOXKHO yOeIuThCs, YTO IPU ONTUMAILHOM PACIUCAHUU BCe
TpeboBanust b; 00CIYKIBAIOTCs apaJsie/ibHO, B TO BpeMsl KakK IIpH paciiuca-
HUU Tp/7s, 9TU TPeOOBAaHMSI HE O00OC/IYKUBAIOTCs IapaJlielbHO HU B OJUH W3
MOMEHTOB BpemMeHu. [109ToMy BBIIIOJIHSIETCST

lim Cmax(LSMIS)
e—0 C*

max

= h.

Nmeemn = h+(24+4+6+...4+2h) = h+2(1+243+...+h) = h+h(h+1).
Torga h = O(y/n).



S

<1

A

MIS, LIS

IDC =h

|DB,| = h-1

. N\

[DC{ = 2(h-1)

MTS, LTS, GRPW

=2(h1)

[0,

=h+1
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DECT

DEST

Puc. 5.7: [IpaBuna npeanourenus. JacTb 2



AHAJIOTIYHO paccMaTpUBACTCs TIPUMED, B KOTOPOM Py, = p — (h —i)e, i =
1,2,..., h, n cOOTBETCTBYIOIIAs ITEPECTAHOBKA T [g-

OdeBuHO, YTO I TOrO IIPUMepa JIETKO IOCTPOUTh CUMMETPHYHBIN Ipad
OTHOIIEHHUH [PEeJIINECTBOBAHUS (CM. HJIEI0 TeopeMbl 5.4). Ul

Jlemma 5.12 Cywecmesyem npumep sadavwu RCPSP, dis xomopozo

Cmax(LSa)
C*

max

— O(Vn), a € {MTS, LTS, GRPW.

HokazaresbcTBO. [loKa3areibcTBO 9TOM JIEMMbI AHAJIOTHYHO JI0KA3ATE h-
crBy jiemMbl 5.11 . Cwm. pumep na puc. 5.7 (MTS, LTS, GRPW), tie | DC;| =
Dl =2(i—1),i=1,2,....h O

Jlemma 5.13 Cywecmesyem npumep sadavwu RCPSP, das xomopozo

Cmax(LSDEST)
C*

max

= O(n).

Jloka3aTeJIbCTBO. 3/eCh Mbl PACCMATPUBAEM JUHAMUYUHYIO BEPCHUIO IIPABU-
na EST, T.e. 3HaueHus r; BEIYUCISIIOTCS IIepe]] KayK10il nTepalieil aaropurMa
LS. 3aeck r; — caMblil paHHUII BOBMOXKHBIII MOMEHT HadaJjia 00C/IyKHUBaHUS
TpeOOBAHUSI ¢ €CJIN YINTBIBAETCsI BpeMs 00CIyKUBaHIS IPYIUX TPeOOBAHMIT
y7Ke IIOCTaBJIEeHHDbIX B PacIcaHue.

Pacemorpum npumep, nzobpazkennsiii va puc. 5.7 (DEST). Jano jgepeso Tpe-
OoBaHUil, KOTOpPOE  COJNEPKUT  HOJMHOXKecTBa  pabor  {a;, by, ¢, e},
1 =1,2,..., h. Ina kaxknoro tpeboBanusd b;, ¢ = 1,2, ..., h, umeeM py, = p,
qp, = 1. Ina xaxxjioro Tpebosanus a;, ¢ = 1,2, ..., h, 1aHO p,, = €, qq, = h.
st kazxioro TpebosBanud ¢;, ¢ = 1,2,..., h, umeem p., = 2¢, q,, = €. Hna
KaxKJIoro TpeboBaHud €;, ¢ = 1,2,..., h, TaHO P, = €, ¢e, = €. OTHOIIEHNS
IIpeIIIecTBOBaHMS N300paskeHbl Ha puc. 5.7. [lomaraem he < p u Q = h.

[1st aTOrO0 1IpUMEpa ONTUMAJILHOE PACIICAHNAE COOTBETCTBYET II€PECTAHOBKE
T = (a1, c1,€1,a9,Ca,€2,...,a1, Ch,€h,b1,b9, ... by). Anropurmonm LS ¢ mpa-
BiioM DEST Oyzer nosydena mepectaHOBKa

mpesT = (a1, c1,e1,b1, ..., ap, cp, en, by), T.e. Bce TpeboBanus by, by, . .., by, He



O6Cﬂy}KI/IBaIOTCH ITapaJiieJIbHO HM B OJAWH M3 MOMEHTOB BPEMEHM. HOSTOMY

BbBIIIOJIHAETCA C (LS )
. max DEST) . E
M =h=7

max

Ou4eBuIHO, YTO JIJIsi STOrO IIPUMEPA JIEI'KO IMOCTPOUTH CHUMMETPUUHBIN rpad
OTHOIIEHUT ITPeJIIIeCTBOBAHNS. [l

Jlemma 5.14 Cywecmesyem npumep sadavwu RCPSP, das xomopozo

Cmax(LSDECT) .
Z2PECT) (/)

max

Jloka3aTeJIbCTBO. 3/1eCb Mbl paccMaTpUBaeM INHAMUYHYIO BEPCHIO IIpa-
Bita ECT, T.e. 3HadeHust r; + p; BBIUHUCJIAIOTCS IIepel KaxKJoi nrepalei
asiroputMa LS. 3nech r; 4+ p; — caMblil paHHUIT BO3MOXKHBIII MOMEHT OKOHYa~
HUsl 0OC/IY2KUBaHISI TPeOOBaHUs ¢ €CJIM YUUTBIBACTCS BPpEeMsl 00C/Iy KIBaHUI
JIpyrux TpebOBaHUil yrKe IIOCTaBJIEHHBIX B paCIICAHIE.

Pacemorpum ipumep, nzobpazkenusiii Ha puc. 5.7 (DECT). lano h nesasu-

CUMBIX MHOXKECTB TpeOOBaHMil TaKMX, 4TO MHOYKECTBO C HOMEPOM ¢ COJEP-
_ _ fi :j

xuT noamuoxecrsa {a;, b} JCy, e |G| = h+ 1, C; = {j1,.. ..}t )

1 =1,2,..., h. Ina kaxporo tpeboBanus b;, ¢ = 1,2,..., h, umeeM py, = p,
q, = 1. dna kaxxaoro tpebosanus a;, @ = 1,2,...,h, nano p, = 2%,
Ga, = h+1. dna kazxaoro tpedosanus ¢ € Cy, i = 1,2,..., h, umeem p. = £,

Gc = % [Tycts Q1 = h + 1.

Jlj1st 9TOrO NpUMepa OITHMAaJIbHOE PACIICaHlie COOTBETCTBYET IIePeCTaHOBKE
_ S h S h

(s — (a17a27---yah7b17b27"'7bh7]17j17"'7]17"'7]h+17]h+17'"7]h+1)'

Anropurmom LS ¢ mpaBmiom DECT 6Oymer mosyueHa mepecTaHOBKA
_ 11 1

mpecr = (@1,71, 03, Jpp1s 0152, .., b2, a3,...), T.e. Bce TpeboBaHus

b1, ba, ..., by He 00CTYyKUBAIOTCA NapaJJIeIbHO HU B OJIUH U3 MOMEHTOB Bpe-

menn. [Toaromy BbITIOIHSIETCS

lim CYmaX(LSDEC'T) — B
n—00 C;;lax
[Iycrb n = 2h + (h + 1)h, T.e. Bomosngercs h = O(y/n). O

Terepb MbI MOXKEM IIPEJICTABUTH CJIEAYIONIIIl 0000IIEHHBI pe3yIbTaT



Teopema 5.4 Cywecmsyem npumep 3adavu RC PSP, daa komopozo

Cmax(LSa)
C*

max

> O(v/n)

ons ecex npasun npednoume%wz a NEPEYUCAEHHDLT 68bLULE.

JlokazareabcTBO. JIaHHBIN IPpUMEp COEPXKUT MOJIMHOXKECTBA TPeOOBaAHNIIT
N1, No, ..., N11. Kaxgoe nogmuoxkectso N;, ¢ = 1,2,...,11, cooTBeTCTBYET
npumepam u3 jieMM 5.7-5.14 (HeKOTOpbIe JIEeMMBI COJIEPZKAT T10 JIBa, IPIMEPA.).
B kaxkiom u3 nogmuoxkects Ny, ¢ = 1,2,...,11, nano h TpeboBanuii ¢ daun-
HoLMU TTPOJTOJIZKUTETHLHOCTAMI OOCTYKIUBAHIA TPUMEPHO PaBHBIMEI p. [o-
HOJIHUTEIHHO 3a/1aH0 10 PUKTUBHBIX TpeboBaHUil 01, 09, . .., 019 TAKUX, UTO
i Beex 7 € N; m g Beex | € Nijyq, ¢ =1,2,...,10, umeem 7 — 0; — 1.

Torma npu onTUMaJIbHOM PACIUCAHUH JAJIUHHBIE TPeOOBAHUS U3 OJHOIO I10-
MHOZKEeCTBa, 00C/TYKUBAIOTCS TTapaJsiiebHo. Keim ke Mbl UCIoIb3yeM Jiroboe
13 MepPeInCJIeHHbIX TPABIJI MPeAIoITennd, Hail1eTcd MOAMHOXKeCTBO [N;, Te
BCe JIJIMHHBIE TpeOOBaHUs He OOC/IYKHBAIOTCA IapaslIeIbHO HU B OJUH U3
MOMEHTOB BPEMEHH. [l

5.7 Anropmtm MypaBbutble Kojonun
g 3agaau RCPSP

st pemenns 3agaun RCPSP B paciinpeHHoil mocTaHOBKe Ha IIPAKTUKE IIPHU-
MEHAIOT 9BPUCTUYECKHE N MEeTa’dBPUCTUUECKHe aJrOpUTMbL. B 3TOM mapa-
rpade omnmcan MeTadBPUCTHYECKUN aJrOPUTM PeIleHns], OCHOBAHHBIN Ha, Me-
tojie Mypasbunble Kosionnn u ajnropurme jgucrnerdepusarun LS. Dtor ure-
PAIMOHHBIN aJI'OPUTM OCHOBaH Ha UJIee 10C/Ie0BATeIbHOIO NPUOJINKEeHNs K
ONITUMAJIbHOMY PEIIeHUIO.

14 7 e ((
Kaxkas nrepaiust — “3aIlycK NCKYCCTBEHHOI'O MYpPaBbsl’, KOTOPBIN “TbITaeT-
cst” 10 HEKOTOPOMY TIPaBUJIy BBIOpATH HAWJIyUIInii MapmpyT K “mnuime’ (K
ONTUMYMY (DYHKIINH), UCHOJIB3YsT METKH CBOUX ITPE/IINECTBEHHNKOB.

Kaxkiplit MypaBeil BbIIIOJIHSIET aJropuTM LS, BoiOupasi TpedoBanune j € EL
MCXOJI 13 3HAYEHWIT TapaMeTpOB:



a) 1;; — 9BpucTHYecKas NHGOPMAIIUA O TOM, HACKOJIBKO XOPOIINM KayKeTCsl
I0CTAHOBKA PabOThl j HA MECTO i B HepecTaHoBke (Ji,J2, ..., jn) (Ha-
IOMHIM, 9TO KayKJIOMYy aKTUBHOMY DPACIUCAHUIO COOTBETCTBYET HEKasi
nepecTaHoBKa). To ecTh HACKOJIBKO XOPOIINM KazKeTCsl BBIOOD pabOThI
j € EL ua i-oif uTepaiun MuKaa. JTOT IapaMeTp MOKHO BLIYHC/INTD
CJIEJIYIOIIM 0OPA3OM:

R B .
1. Ilo npasuiy d: n;; = 40 1= 1,...,m;
2. Ilo npasuiy Critical Patch (kxputudeckuit nyTs): 1;; = d; —1;, © =
1,...,n;

06) 7;; —“caen’ (B upupoge: cien depomona). [locse kaxK 1oit nTeparu ITOT
mapamMeTp KoppekTupyercs. IlapaMeTp IIOKasbIBaeT HACKOILKO ‘“XOpO-
muM’  Juid paboThl  j  OKasaJach IIO3UIMsl ¢ B IIePecTaHOBKE
(71,925« - -, Jjn)- To €cThb 9T0 HAKOILIEHHAST CTATUCTHYECKAsT HH(MDOPMATINST
0 KadecTBe BbIOOPa JJIs O3UIUH § pAOOTHI j, B TO BPEMs KaK 7);; XapaK-
TepPU3yeT HPEJIIIoJAraeMylo BLINOLY TAKOH IIOCTAHOBKY IIPU HEJOCTATKE

HAKOILJIEHHON MH(OpMAaIINN.

[TapameTpnl 7;; pacCYUTBIBAIOTCS OJIMH pa3 Iepe]] IepBoil nrepalueii.

Ha xaxxkgom mare seraucisercd Martpuiia BepodaTHOCTell nmepexo/a:

(731 [mi5)° -
, jJ€FL,
Pij = Z [Tih]a[nih]ﬁ
heEL
0, j¢ZFEL.

[IpaBuio, 110 KOTOPOMY Ha IO3UIINIO ¢ BLIOMpaETCss TpeOOBaHUEe § OIPeesi-
eTCsl CJIEJIYIONINM 00Pa30M:

j = arg max|7)*[nin)?, q < qo,
heFEL

J ompenenseTcs caydaiiHbIM 00pa3oM,
COTJIACHO PACIPEJIICHUIO BePOATHOCTe! p;j, ¢ 2> qo,

riae 0 < qp < 1 — mapamMerp ajropuTMma, a 3HAUYeHHe ¢ BbIYUCJISITCs CJIydaii-
HBIM 00PA30M Ha, KayKJIOM IIare.



[Tocsie Toro, Kak pabora j OBLIO ITOCTABIEHO Ha IO3UIUIO ¢ B IIE€PECTAHOBKE,
[IEPECUNTHIBACTCS ‘JIOKAJIbHBII CJIe]

7i; = (1 = p)7; + p70,

re T, p € [0, 1] — mapamerper ajroputma, KOTOpbIe 33/1a8T 0Jb30BATEb.

[Tocusie KazxJ10it uTepaliuy “ry100asbHbI cilell” T;; KOpPPeKTUPYeTcs 110 IIPaBU-
JIy:

Tij = (L= p)7ij + £/ Choax:
ecy B “Jtydiiem” HafiJileHHOM PaCIUCAHUN Ha MO3UIUN ¢ IIePECTaHOBKHU HAXO-
nuTcs pabora j. Muaue

7i; = (1 — p)7ij,

Suavenne C? ~ — BpeMsl BBIIOJHEHHS IIPOEKTa JJIsi “JIydiiero’ HaiiJIeHHOI'o

max
pacIucanms.

Anropurm ACO paet xoporine pe3ysibTaThl TP HHTEIPAIIN B HET'O JIOKAJIb-
HOI'O TIOMCKA, K IPUMEpY, MOMapHOii MepecTaHoBKU TpeboBaHuii (ecm mnpu
9TOM He HApYIIAITCs OTHOIIEHUsS IpPeJIecTBoBanus). JIOKaIbHbI MONCK
MOZKHO 3allyCKaTh II0CJIe KazKJIOIl NTepalyn.

[Tomo0HBII aJropuT™M peajn3oBaH B IporpaMMHOM Ipojaykre 1C: Vipapie-
HIE CTPOUTEJIbHOII opraHn3alieil 1 UCIoJb3yeTcsl B COTHAX OT€4eCTBEHHBIX
CTPOUTETbHBIX KOMITQHUAX.

5.8 Yactubie caydau 3agauu RCPSP
C OJTHUM PecypcoM

B naparpade paccmorpenbl dacThble ciaydan 3ajaun RCPSP ¢ opnuM Kywm-
MYJIATUBHBIM pecypcoMm Q1 = (). st 9TUX 4YaCTHBIX CJIy4YaeB IPUBEICHbI
HpaBuJIa IIPEeAIOITEHNUsI, C [IOMOIILI0 KOTOPBIX aJropuT™ LS cTpout nomycTu-
MO€ pellleHrne ¢ OTHOCUTEJIHLHON MOrPEITHOCTHI0 OTPAHNYCHHON KOHCTAHTOIA.
[IpuBeseHbl OTHOCUTEIBHBIE TOIPEITHOCTH HEKOTOPBIX HIKHUX OIEHOK.



5.8.1 Yactusri ciayuait LSPP

B janHOM YacTHOM ciiydae HeT OTHOIIEHUI MPEeJIIIeCTBOBAHUS, 1 OH OXOXK
Ha SAJTAYY YITAKOBKMN B ITOJIOCY, kotopyto MO:KHO ¢hOPMYIPOBAThH
CJIEJIYIOIIUM 00Pa30M.

Kak u B momysgpHoit HeKor1a, KOMITBIOTEPHOI UT'pe TeTPUC (COS,H&HHOﬁ OBIB-
M cOTpyaHnKoM Boraucaurensaoro Lentpa Poccuiickoit Axkagemun Ha-
VK), HAM HEeoOXOMMO yrakoBaTh ‘Kyouku’ B KOpoOKy. [Ipu srom 1mycThix
IPOCTPAHCTB MEXKJIy KYOUKAMHU JIOJIZKHO ObITh KAK MOXKHO MEHbIE (T.e. MBI
JIOJIZKHBI MIUHUMU3UPOBATH UCIOJIB30BAHHOE MPOCTPAHCTBO). Bee “KyOukn”
uMeroT (GopMy HPSIMOYTOJIbHIKA, HO Pa3/IMJaloTcsd 110 JJjinHe U BbicoTe /[la-
Jlee IpuBoAUTCs OoJiee hopMasibHA TOCTAHOBKA.

SATAYA VIIAKOBKMU B ITOJIOCY. Jlano muoxkectBo N U3 n 1psi-
MOYTOJILHUKOB. JIjIsT KaxK0ro npsiMoyrosibHuka ¢ € N 3ajlaHa BbICOTa ;1 U
nuHa p;. HeobxoanMo yrakoBaTh MPAMOYTOJLHUKI B OECKOHETHYIO MTOJIOCY
BBICOTHI ()1 TaK, 9TOOBI IPAMOYTOJILHUKHI He TIEPEKPBIBAJINCDH, U ICITOTH30BAH-
Hasl JJIMHA 110JIOCKI Obljla MUHUMAJIbHOI. [TepeBopaunBaTh MpsMOYTOJILHIKH
3allpereHo.

Sajaua siBisiercss NP-Tpy/iHoii B CHJIBHOM CMBICIIE.

Takasi 3ajia4a 9acTO BO3HUKAET Ha, NPOU3BOJICTBE, IJie U3 JINCTa MeTaJlia
HEOOXO/IMMO BBIPE3aTh IIPSIMOYTOJILHUKI PA3HOTO pa3Mepa, IIPU 9TOM OTXO/IbI
(HEMCIIOTB30BAHHBIN METAJLT MEKJTy MPSIMOYTOTBHIKAMI) JOJIZKHBI OBITH M-
HUMAJIBHBI. DTy 3aja41y B 3apybeKHoil murepaType HasbiBaloT Strip packing
problem, mosTomy yacTHbIil ciaydait 3agaun RCPSP 6e3 orHormenuit mpe/iie-
crBoBanust Mbl HasbiBaem LSPP (like the Strip packing problem).

MozkeT BOSHUKHY T OIILYIIEHIe, 9TO JIBe 3a/a4n IKBUBaIeHTHbI. O1HaKO 9TO
re Tak. Oboznaunm gepe3 S PP* — onTuMaibHy o (MIHUMAIBHYIO) JIJTUHY 110~
Jocel B 3aja4e SPP, a uepes LS P P* 3nadenue 1e/1eBoil GpyHKIMN B YACTHOM
ciaydae LSPP juist npumepa, rje TpeboBaHusi NUMEIOT TaKue Ke IapaMeTphl,
Kak TpsAMoyrosbHuKE B 3a1ade SPP. Mssectno [95], 1To cymecTByer mpnme-
pbl, HA KOTOpbIX LSPP* < SPP* (1.e. ne Bcerga LSPP* = SPP*). Takxe
U3BECTHO, UTO BBIIOJIHAETCSI CJIE/IYIONee HEPABEHCTBO:
SPP*

1< — < 2.
— LSPP* — ’



vy ¢ b

i)
A (4) q A

2

~.
~

Schedule LRL

Puc. 5.8: Yposennb 3arpysku pecypca p(t)

st qacTHOrO caydasa LSPP jgokarkem, 9To

CmaX(LSDEST)
O*

max

< 3.

PaccmarpuBaem asiroputm LS ¢ npasuiom npeanourenuss DEST, koropoe
3aK/II0YaeTCsI B TOM, TO Ha HIare 3 aJropuTMa Mbl BbIOMpaeM TpeboBaHUe 1
¢ HanboJIee paHHUM BO3MOXKHBIM MOMEHTOM HadaJjia 00C/IyKUBAHUS, IIPU KO-
TOPOM He HapPYIIalTCsl OTHOIIEHUS IIPEJIIIEeCTBOBAHNS NI PECYyPCHBIE OIr'pa-
HUYeHUsI (C yIeTOM yrKe MOCTABJIEHHbIX B PACIUCaHe TPeGOBAHMIA).

Teopema 5.5 /J[aa wacmrozo caywas LSPP evinosnsemcs

CmaX(L*SDEST) <3
Cmax
HokazarenbcrBo. Ilycrs p(t) (cm. puc. 5.8) — ypoBeHb 3arpy3ku pecypca
B MOMeHT Bpemenu t, T.e. p(t) = > q;, rime Ny — MHOXKeCTBO TpeboBaHMii,
1€EN,

O6Cﬂy}KI/IBaeMbIX B MOMEHT BPEMEHN t.

O6oznaunm UB = Cua(LSpest). Ilyers [ti,t2) € [0,UB) — unrepsas
MUHUMAJILHON JITMHHBL, IS KOTOPOro BbinosHgercs: p(t) > % IS Beex
t €[0,t1), m p(t) > % st Beex ¢ € (to, UB).



OueBuIHO, YTO JIJIsl PACIIUCAHUS, IOCTPOEHHOI0 aJropurmMoM LS ¢ npaBuiom
upeanourenns DEST, Mbr umeeM t9 — t1 < pax. MHaAUE, eciint to — t1 > Praxs
TOrJla cyllecTsyer Tpebopanne j € Ny, ¢ ¢j < % u S; > t1, T.e. 1OJydeHo
IIPOTHUBOpEYNe, T.K. B COOTBETCTBHUE ¢ IpaBuioM mpegmnodrenuss DEST, mbr
JTOJIZKHBI OBLIN MIOCTABUTDH TpeboBatne j Ha 00CTyKIBAaHIe C MOMEHTa BpeMe-

Zn: 4:Pi
HU 1. SHAYUT, BBIIOJHAECTCA to — 11 < Pmax. 1109TOMY U B — prjax < 2 Z:bl

BouJiee Toro, BbioJiHsIeTCSI

n
Z dipPi
* =1
Cmax Z Z?

C:;lax Z pmax-
Suauutr UB < 3C*

max*

U

n

Z q;P;
s manroro dacTHOro ciydas Boinoangercd LBy = Puax 1 LB = Z:bl

A snaunt HwkHsig onenka LB = max{LBy, LB} umeer oTHOCHTE/ILHYIO

<UB<3-LB.

IOTI'PENTHOCT OTPAHNYeHHYIo YucjaoM 3, T.K. LB < CF .

5.8.2 Yactusbriit cayuait UPT

JJist TaHHOTO YacTHOTO CJIyUasi BCe MPOJIOJIZKUTETLHOCTH 00C/ Ty KUBAHWS TPe-
6osanuit paBubl 1. IosToMy 3TOT HacTHBIN cydail obo3HavdaeTcsa adOpeBu-
atypoit UPT (unit processing times). 91o NP-Tpy/sbIii B CHIBHOM CMBICTIE

JaCTHBIN ciaydait, K kotopomy cogurcss 3ATAYA YIIAKOBKU B ITAJI-
JIETHI (cm. maparpad 3.1. gamnoit riasbi).

Bes norepu obmuocTu, nyctb Q1 € Zuq; € Z, 1 =1,2,...,n. g nanHoii
3aJ1a91 MOYKHO IIPEJICTABUTHL CJIEAYIONNI aJrOPUTM BBIYHCIEHUS BepXHEi
orleHKH. MbI pazdmBaeMm Kaykjoe TpeboBanue j = 1,2,...,n, JJisi KOTOPO-
ro ¢; > 1, Ha HeckosbKO TpebopaHuii j L 42, ..., % ¢ IponOIZKNTEIbHOCTAMN
obcayxkupanna 1 uw q = 1, [ = j1,42,...,j%. Eciu cymecTBoBaJjo OTHOIIIE-
HUe [IPeJIIeCTBOBaHNs j — 4, TO Hojaraem j. — i¢,1 = 1,2,. ., qj, €=
1,2,...,q. Obosnauum m = ().

MbI 1HOCTPOMJIN HOBBII IIPUMEpP, COOTBETCTBYIONIMI yacTHOMY ciaydato PMS
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Puc. 5.9: Hacrawrit cayuaait UPT, tae Chax(LSgst)/Ch < 4

(em. maparpad, mocsseHHbIi dacTHOMY caydaio PMS). Torma mist namroro
Cmax(LSa)
C*

max

[IPUMEpPA BBITOJTHAETCS < 2 7151 Jir000T0 IIpaBujia IpPeIIouTeHHs a.

Jlj1s1 JTaHHOTO IIPUMeEpa Mbl CTPOUM JIOIIYCTHMOE PACIIICAHNE C ITOMOIIBIO aJl-
roputMa LS, B KOTOpoM Ha 1are 3 BbioOnpaem TpeboBaHne ¢ HanboJjiee paHHIM
BO3MOZKHBIM MOMEHTOM HadaJsia obciyzKupanud r;. Ecan Takux rpeboanuii
HECKOJIBKO, TO IIPHOPUTET HMeeT TpeGoBatime j', ecm Ha IpeiblIylieil nre-
panuu Mbl BbIOpasin Tpebosane jiL.

B mosydeHHOM pacimucanni MOXKET OKa3aThbCs CUTYyalllsi, IIPU KOTOPOil JBa
tpeboBanus i jl, 2 <[ < qj, 0OCIy?KIBaIOTCA B MOMEHTBLI BpeMeHu ¢
ut+ 1 (em. puc. 5.9). Mbl KOHCTpYUPYEM U3 9TOTO PACIUCAHMUSI JOMYCTHMOE
pacnucanue js ucxojHoro npumepa UPT corsiacuo Tpancdopmalinm, moka-
sanHoit na puc. 5.9. Bonee Toro, semosmsterca 2 - CEMS(1,8) > CUPT e
Crﬁé‘}{s (LS) — 3navenue nesesoii yukiwmu jyist ipumepa PMS (Broporo npu-
Mepa), Hosrydennoe ¢ moMompio aaroputma LS, a CUPT — spadenue nesnesoit
gyHKINN 17151 NCXOHOTO MpUMepa, TMOJydIeHHoe COrIaCHO TpaHchopMalnm,
n3o0pakenHoit Ha puc. 5.9. IlocienHnee 3HadeHHe Tak»Ke MOXKeT ObIThH I10-

JaydeHo ajaropurmom LS ¢ npasmiom npeanourenns EST, npumeHeHHBIM K
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PMSx . ~UPT*
CoanCL ™ — onTuMasbHble 3Ha-

YeHusI 1eIeBbIX (DYHKIUI 1151 MOAN(MUIMTPOBAHHOIO M UCXOIHOTO IIPIMEPOB.
Torna Boimosmsiercss CEMS* < QUPT+

max max

nucxopHoMy npumepy. ObosHaduMm yepes

u

9. (2 . CPMS*) > QCPMS(LS) > CUPT Z CUPT*'

max max max max

Nnmeer mecTo cjlenyrliiasl TeopemMa.

Teopema 5.6 /lrsa wacmmrozo cayuas UPT evinoansemcs

Omax(LSEST)
C*

max

< 4.

Boee TOI'O, BBIIIOJIHACTCA HEPABEHCTBO

n

Z%’
CPMS(1,8) < :é + LBy, [78],

max
1

HOSTOMY nMeeT MeCTO HepaBEHCTBO

Zn: q;
CUPT < 9. cPMS(1,8) < 2 ‘é + LB,

max max
1

To ecTb HJIA JaHHOT'O 9aCTHOI'O CJIyYdag

_Z qi
cr <2 ZE—4+LB |,

@1
Z i
rne LB, = Z:él n LBy sIBIg10TCS HUZKHUMU OIIEHKaMI.

5.8.3 Yacrablii cayuait PMS

g nannoro gactHoro ciyyad ¢j = 1 u Q1 = m € Z,. DToT JacTHbIl CJI1y-
Jail paccMaTpUBaeTCs Kak OT/e/IbHast 3a1a1a u obosnadaercss Pm|prec|Ciax.



OTa 3a/iada oTHOCUTCA K pazjeny TP “mapaJiiesbabie MalluHbl, 0 KOTOPhIX
MbI TOBOPIJIN B IIePBOil IiiaBe.

OueBuIHO, YTO JIJIsl PEIIEeHUsI 9TOM 3aJa4l MOYKHO HCIIOJIB30BaTh aJrOPUTM
LS. Ilpuuem 11 HEKOTOPBIX IIPABI IPEIIOYTEHNsST €r0 OTHOCUTE/IbHAS 110~
I'PEITHOCTh CPABHUTEIHLHO HEOOIbIIAS.

Teopema 5.7 /laa wacmuozo cayuas PMS evwnosnsemcs

OmaX(LSDEST)
C*

max

< 2.

HokazareabcTBo. JlokazaTej bCTBO JaHHOI TeOpPEeMbl aHAJIOIMYIHO JI0KA3a-
TeJbLCTBY TeopeMbl 5.5. JlocTaTouno moxkasaTb, YTO cymMMapHas JJINHa IPOo-
Me>KYTKOB BpEMEHH, IJIe He Bce NPUOOPHI 3aHSATHI, MEHbIIIE I paBHA, JIJIITHE
KpUTUIecKoro myru (r.e. HuxKHeil onenke LBy). Torma MoxkuO Oyaer jJoKa-

3aTh, 9T0 Chax(LSpEpsT) < LBy + % < 20*

max*

[IycTs ¢ momomnisio anropurma LS ¢ npasuiom DEST ObLio mosydueHo j1oiy-
ctumoe pacmucanne. [lyers j1 — rpeboBanne ¢ HanOOJIBIINM MOMEHTOM OKOH-
qanus oociyzKuBaHug 1pu sToM pactucanui, T.e. Cj, = Chax. Haidiem mpo-
MEKyTOK BpeMeHn [t1, t2), Taxoit, uro ty < S; = Cj, —p;,, 1P KOTOPOM XOTs1
ObI OJIH IIPUOOP MIPOCTANBALT, 1 HE CYIIECTBYET APYTOro IIPOMEXKYTKa BpeMe-
HI [t3,14) Takoro, 4to ty < t4 < Sj, T.€. [t1, o) — Omkaitnmii K TpebOBAHMIO
J1 IPOMEXKYTOK BPEMEHHU, [P KOTOPOM HEKOTOPBIi IIpubop mpocranBaet. To-
rJla CyIIecTByeT TpebOBaHUe Ja, KOTOPOE SIBJISIETCS MPSIMbIM HJIH KOCBEHHBIM
MPEJIIIeCTBeHHIKOM TpeOOBaHus ji (T.e. jo — i1 —> dg —> -++ — i — J1).
[Ipuvem Boimosngerca Cj, > to. Illpeanosoxum nporusnoe, uro Cj, < to,
HO Torjia corsacHo npasuiy DEST Tpeboanue j; JOJIZKHO OBLIO OBITH I10-

CTaBJICHO Ha O6Cﬂy}KI/IBaHI/I€ C MOME€HTa BpEMEHHU 0]2 BHa‘{I/IT BDBIIIOJIHACTCSA
Cj, > to.

AnajornaHo paccMaTpuBaeM TpebOBaHUE jo, OIPEIE/IsieM i Hero OJTimzKaii-
I TPOMEXKYTOK ITPOCTOS U JIOKA3BIBAEM, ITO B 9TOM IIPOMEKYTKE BPEMEHN
Ha KAKOM TO IIpudbope 00CIyKNBaeTcsd TpeOOBAHME j3, KOTOPOE SIBJIAETCS MPsi-
MBIM HJI KOCBEHHBIM I1PEJIIIECTBEHHUKOM TPeOOBaHUs Jo U T.I.

B urore mosryanm 1ernodky tpeboBaHuit j; — j;_1 — --- — Jji, IpuUeM
BCE MPOCTOW MMEIOT MECTO TOJHLKO B WHTEPBAJIbI OOCTYyKUBAHUS ITHX Tpe-



OoBaHmii (T.e. BCe IPOCTON TTapa/IIeTbHbI 00CTYKHBAHIIO 9THX TpebOOoBaHil).
!
Ouesuano, 4ro | p;, < LB.
i=1
JlmHa Bcex oCcTa/IbHBIX MHTEPBAJIOB, I'Jle Bce IPUOOPhI 3aHSATHI, OrPpaHUYIEHA
n
> Dj

BEeJIMUMHOI j:;n = LB;.

Taxum 06pazom, Chax(LSprst) < LBy + LBy < 2C% .., a 3HAYUT Teopema

BepHA. [l

st JaHHOR 3aJa4ul MOXKHO IIPEJICTaBUTh HECKOJIBKO MOIUMUIINPOBAHHBIII
aJIPOPUTM JucieTdepusanui LS1, ¢MbIC KOTOPOro 3aK/II0UaeTCsI B TOM, UTO
1P OCBODOXKJIEHNN OYEPEHOIO IMPHOOPa COIJIACHO HEKOTOPOMY IIPaBILIY
IpeJIIOUYTEeHN BhIOUpaeTcs “nomycruMoe’ TpeboBaHne, 1 HAUMHAETCS ero 00-
6 Crllax(L31a)
CJTy’KUBaHue Ha npudope. [l qannoro ajropurma n3BeCcTHO, IT0 =5 = <
2 Jutg JII000ro IpaBuja IMPeIouTeHnsl ¢, PacCMOTPEHHBbIX Bbile. Jlokasza-

max

TEJILCTBO 9TOro paKkTa aHAJOTMIHO JOKA3aTeIbCTBY IPEbIIYINeil TeOPEMbI.

3BecTHO, UTO /IS TAHHOTO YACTHOTO C/Iydasl He CYHIEeCTBYET MOJTMHOMUA b
HOT'O aJITOPUTMAa PEIIeHNs, OTHOCUTEIbHAs MOTPENTHOCTE KOTOPOIO MeHbIIIe %
(ecim P # N P). D10 ciepyer u3 jokazareabersa NP-TpyHocTn B cljibHOM
CMBICJIE YACTHOT'O MOJICIyYast, TJIe BCE MPOJIOJIKUTEIHLHOCTH 00C/TYKUBAHMSA
pasusbl 1, T.e. 3agaun Pm|p; = 1, prec|Chax. JokasaTeaberBo 910 1poBeeHo
ceejiennem uspectHoit SAJIAYN O KJIMKE k pannomy nojciaydaio. Ipn-
yeM 1okasano, 4to Jjodomy rnpumepy 3AJTAYN O KJIMKE ¢ orserom “JIA”,
COOTBETCTBYET onTuMasibHoe pacnucanue ¢ C) . = 3. g orsera “HET” —

4

Chax = 4. IlosToMy mMeeT MecTo OTHOCHTEIbHAST HOTPENIHOCTD HE MEHBIIIE 3.

SBAOAYA O KJIUMKE. 3aman weopuentuposanubiii rpad G = (V, E).
Bormpoc, cymecrByer s B 9roM rpade KJIMKA momtaocTn k, T.e. mojarpad,
B KOTOPOM MEXKJTy KazKJIOi 11apoii BepInH ecTh pedpo, U KOJNIECTBO BEPIITITH
KOTOPOI'O PABHO k.



Tabaumna 5.2: Cenenune NP-rpyanbix 3a1a4q
Sama4ua CBenenue
RCPSP ¢ YIIAKOBKA B TIAJIETHI (NP-
TPYJ/IHAsI B CUJI. CMBICJIE)
onunm pecypcom | BATAYA O KJIMKE (NP-rpynnas B
CHJI. CMBICJIE)
SAJIAHA PABBUEHUN A (NP-
TPYy/HAS B OOBIY. CMBICJIE)
BEPIIMHHOE ITIOKPBITUE (NP-

TPY/IHASI B CUJI. CMBICJIE)

PMS BAJIAYA O K/VIKE (Ecan p, = 1)
SAJAYA PABBUEHNA (ECJII/I m =
2)

LSPP VIIAKOBKA B ITAJIJIETHI (ECJII/I
pi=1)

BATAYA PABBUEHNS (Ecim g =
1)

UPT YIIAKOBKA B ITAJIJIETHI
BATAYA O KJIUKE (Ecim q; = 1)

5.9 CuaoxkHocTu NpuOJIMKEHHOTO pelleHns
zagaaun RCPSP

BosnukaeT Bompoc, 1moyeMy Mbl UMeeM TOopowsue HIXKHIE W BEPXHUE ONEHKN
J1st dacTHBIX caydaes 3ajaun RCPSP! (UPT, LSPP, PMS), Ho ne moxkem
HaWTH TakKue OIEeHKM /i1 obtiero ciaydas. Moxkno mompoboBaTh J10Ka3aTh,
gyro 3aa9a RCPSP ¢ onnnM KyMMyJISTHBHBIM pecypcoM He TPUHAJJIEZKUT
kiaaccy APX, HO 9TO lpeJcTaB/sieTcss HeTpuBUaabHbIM. VI3BeCTHO, UTO B
obmem ciydae 3ajmada RCPSP ¢ 6oavwum KoMmdaecTBOM THIIOB PECYpPCOB
[104] we npunasyexut kiaaccy APX | HO Takas cuTyallysi He BCTpeIaeTcs Ha
IpaKTHUKE.

MozkHO TpeIoo:KuTh, 4To 4dacTHblil caydait RCPSP ¢ ognum pecypcom
HACTOJILKO CJIOXKEH, T.K. OH “COJep:KUT B cebe yeTbipe pasublie NP-Tpytabie
3aJ1a9 B TO BpeMsi, KaK JacTHbIE TOJCTyYal COJepyKaT TOJbKO 10 JIBe U3
rnx (cM. Tab. 5.2).

B nponuibix naparpadax Mbl TOKa3aJ, 9TO JIJIs CJIeIYIOINEero YacTHOTO CJIy-

'B srom maparpade paccMarpusaercs cayuail 3agaun RCPSP ¢ oqHIM KyMMy/IATHBHBIM PECYPCOM
MOITHOCTH (1



gas 3ajaun RCPSP u3BecTHble HUKHHE U BepXHUE OIEHKH HMEIT OTHO-
CUTEJIbHYIO IOIPEIIHOCTh, HEOTPAHMYEHHYIO KOHCTaHTOM. B sToM vacTHOM
caydae JaHO JIBa MHOXKECTBa TPeDOBAHUII — MHOXKECTBO Gul.cokuxr TpeboBa-
Huit Npign, I KOTOPLIX p; = €, ¢j = M, 1 MHOXKECTBO 0AUNHbIL TpeOOBa-
HUit Njopg € IPOU3BOJILHOI IIPOJOIZKUTEILHOCTBIO OOC/Iy KUBaHud 1 ¢; = 1.
[Ipymyem OOBIYHO He 3aJlaHbl IIPAMbIE OTHOIIEHUs IIPEJIIIEeCTBOBAHMIS MEXK-
1y TpeboBaHuAME U3 Njgpg, a 3aJlalbl OTHOIIEHUs IIPe/IIIeCTBOBAHNU BUJIa
1 — k — 7, TIe1,J € Nlong nke th’gh~

HazoseM sToT wacTublit ciaydait batch-caywati sadavwu RCPSP. Janee MbI o
KayKeM, UTO 9TOT YacTHBIN ciaydait coorBeTcTByeT NP-TpynHOoit B cuibHOM
cMmbicie 3ajade 1|p — batch, chains, b = 00|Clax, KOTOpPasi olpe/jie/ieHa Cjie-
JyIOIIIM 00pas3oM

Bagada 1|p — batch, prec,b = 0o|Cpax:

Jano muoxkectso Tpebosanuit N = {1,2, ..., n}. nst kaxjoro rpebosanust
J € N 3azana npojoJKUTeJbHOCTh obcayzkupanug p; > 0. IIpepbiBanus
obc/y>KuBaHUsl TpeOOBaHUil 3alpeleHbl. 3aJaHbl OTHOIIEHUSI IIPeIIIecTBO-
BaHUs 7 — J ME¥XKJly TPeOOBAHUAMMU.

TpeboBaHust 00CTYKIBAIOTCS TAPTUSIMU, Tl TIAPTUsT — IIOJIMHOYKECTBO TPebo-
BaHUil, 00beINHEHHBIX 110 HEKOTOPOMY Ipu3HaKy. [Ipono/KuTesbHOCTL 00-
CIY?KUBaHUsl MTApTUH PABHO MaKCHUMAJILHON IPOIOIZKATEIBHOCTH O0CTY 2KI-
BaHUs cpejin TpeboBaHuil nmaprTuu. Bpemsi 3aBepiiieHnsi 00CIyKUBaHUsT BCEX
TpebOBaHUIl U3 MAPTUU PABHO BPEMEHHU 3aBepIIeHNs] 00C/IY KIBAHUSI TaAPTHIH.
Ecin 3a1aHbl OTHOIIEHNE TIPE/IIITEeCTBOBAHIST MEYK1y TPEOOBAHUSIMU ¢ U §, TO-
rj1a 9T TpebOBaHUsI HE MOI'YT OOC/IY>KHBAThCA B OJHONW W TOH »Ke HMapTHH.
BoJiee Toro, ecim ¢ — 7, Torja oOCIy»KHUBaHUEe MAPTUN, cojepzKalieil Tpedbo-
BaHUe j, IPeIIIecTByeT 00CIyKUBAHIIO [TAPTHUH, COJleprKaliieil TpebOBaHIe 7.
[Ipubop MoxKeT 00C/IyKIUBATH TOJILKO OJIHY HAPTUIO B KarK/Iblii MOMEHT Bpe-
MEHI.

sBectHo, uto 3aa4a 1|p—batch, chains, b = 00|Ciyax ¢ OTHOIIEHUSMIE TPE/I-
IIECTBOBAHUS B BUJIE 1elI04eK siBjsgercs NP-TpyiHoii B CHILHOM CMBIC/IE, UTO

nokazano csegenneM K Heil 3agaun BEPIIINHHOE ITOKPBITHUE.

Teopema 5.8 Batch-cayuati 3adavu RCPSP asasemes NP-mpyduvim 6 cunb-
HOM CMBICAE.



HokazarenbctBo. [lan mpumep s3agaqau 1|p — batch, prec,b = 00|Chax.
[Toctpoum npumep batch-ciyqast sagaan RCPSP. Tpebosanusi 1,2, ..., n uc-
XOJIHOT'O IIpUMepa COOTBETCTBYIOT TpeboBaHusiM 1,2, ..., n npumMepa 3aja4dn
RCPSP. Ilpogoszkurenbnocrtu odcitykusanng Texke. [Ipunnmaem ¢; = 1 114
Jj = 1,2,... n. JlonojHuTegabuo 3ajaeM MOJAMHOKECTBO TpeboBanuit Nigr.
Ecmu B mcxopnom npumepe ¢ — §, ©,7 € N, TOIJIa MBI CO3JIa€M 6bICOKOE
TpeboBanue k;j ¢ IPOJOJIZKUTEIBHOCTBIO OOCTyKUBAHUA Py, = 1 1 gy, = n,
1 OTHOIIEHUAMHU IIpejiiecTBoBanusd ¢ — kij — j, 1,7 € Njopg. lomaraem

Q =n.

Ecim CP* ~ — onTnMasnbHOe 3HaUYeHNe (DYHKINH JJIs ICXOTHOT'O IPUMepa, TO-
ria Cf .. = CP* + |E| — ontumasibHoe 3HAUEHHE 1eJIeBOH (DYHKIUN It

npumMepa batch-ciaydasi, rie |E| — Kom9ecTBo OTHOINIEHUH TTPE/IIIECTBOBA~
HIS B UCXOJHOM IIpHMeEpeE. L]

5.10 IlramapHOCTh ceTeBOro rpadpuka
g 3agad RCPSP u PMS

HBa npumepa 3ajaun RCPSP Oynem HasbiBarh “aHaJOrMIHBIME ', €CJIH TIep-
BBIIl TIPIMEpP CBOJMUTCSA KO BTOPOMY BBeJieHHeM “TycThix” TpeboBaHU (¢ Hy-
JIEBOIT TIPOJIOJIZKUTETHLHOCTRIO) 1 yIajleHneM “JINITHUX  CBsI3efi, TaK 9TO ec/Ii
MEK/Ty BepIINHAMU ¢ 1 j B ceTeBOM rpaduke ObLI XOTsI Obl OJIUH IIYTh, TO IIyTh
Me>KJIy HUMU ocTaHeTcsd. Ecim myTu He ObL10, TO OH He nosiBuTcst. OUeBuIHO,
YTO 3HAUYEHUsI 1e1eBOil (DYHKINK JIJI aHAJIOIMYIHBIX IIPUMEPOB PaBHBI.

Teopema 5.9 Jhoboti npumep 3adavwu RCPSP mootcro npeobpasosamsv 6 ana-
A02UMHBIT npumep, epadh ommnoweruts npeduecmeosamus Komopoz2o byoem
NAGHAPHBIM.

HoxkazareabcTtBo. CorytacHo TeopeMe llorTpsirnna—Kyparockoro, rpad

sIBJIsIeTCsT HEeIJIaHAPHBIM TOIJIA U TOJIBKO TOTJIA, KOrJia rpad COJEep:KUT I10/I-

rpadobl, romeomopduble K3 3 unn K. B ciegyromux JByxX jieMMax 0Ka3aHo,
14 7 .

KaK MOKHO “U30aBUTbCA’ OT cuTyaluit K33 u K5 B ncxojuoM rpade Bsejie-

nuem nopsjika O(n?) “nyctbix” TpeGoBaHMil 1 yaaieHneM “JIUIHuX CBsi3eil.

Jlemma 5.15 Ecau 6 epage ommowenuti npeduecmeo8atui 6Cmpeuaemcs



I II I I II III

Puc. 5.10: IIpeobpazosanue rpada ¢ dparmenTom Ky g

nodepad K33z, mo mooicno ezo npeobpazosams ydansa auwmue oyeu U do-
basaan “nycmoie” 6epULUMDL.

HokaszarenbcTBo. Ilycrs nmeerca noarpad suga K3 3. To ecth cymecTsyer
JIBYJIOJIBHBIN I'pad cocrosimuii u3 2k BepiiuH. Boeigennm B rpade mpeiie-
CTBOBaHUA ‘depHbIe’ 1 ‘cepble’” BepIINHBI. BepImmHbl 0JIHOTO I[BeTa He CBs3a-

HbI JIDYT C JAPYTOM JIyTaMHu.

[TpejcraBum J1By/10/IbHBIN I'pad B Buje cereBoro rpaduka. Boiaeaum B ce-
teBoM rpadure yposuu | = [, 11, ... (cm. puc. 5.10). Tpeboanus mpu-
HaJlIezKaT OJIHOMY YDPOBHIO, €CJIM COOTBETCTBYIOLINE 3HaUeHusd 7 paBHbl. B
JIBYX COCEJIHUX YPOBHSIX HE MOI'YT ObITH TPeOOBaHUsI OJINHAKOBOTO I[BETA, T.K.
“yepuble’ TpebOBaHNsA He CBA3aHbI MEYKLy COOO0I OTHONMIEHUSAME ITPEIIIECTBO-
BaHUsA (AHAJIOIMIHO “cepbie’).

Eciu ypoBHeii 6oJibIiie Tpex, TO HEKOTOpbIe CBA3M usJjuiiau (cM. puc. 5.12).

JlobaBieHneM mycThbix TpeboBaHuil 1 y1aIeHneM JIUIHIX cBs3eil (M. puc. 5.10),
44 7

5.11, 5.12) “uzbasumcs” or noarpada K. L]

Jlemma 5.16 Ecau 6 epage ommowenuti npedwecmeosanis 6Cmpestaemcs
nodepag Ks, mo moocrno e2o npeobpadosamsv yoaris suwmue 0yeu.

HoxkazareabcTBo. I[lycTh mmeercs noarpad suga K. OdeBrgHO, 9TO JaH-
HBIIT rpad MOYKHO IIPEJICTaBUThL B BHJI€ CETEBOIO I'paduka eIMHCTBEHHBIM
criocoboM (eM. puc. 5.13). B Hem Jierko BISIBUTH U YAATUTD “Jiuiiane” CBSI3M.

U

OcHOBBIBasICh Ha ITUX JABYX JIEMMaX MOYKHO yTBEPXKIATh, YTO Teopema 5.9
BepHa. L]
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Teopema 5.10 /Jlra ar06020 npumepa 3adawu RCPSP ¢ n mpebosanusamu u
U CBA3AMU CYWLCMBYEM, GHAAOLUNHDIT NPUMED C NAGHAPHOLM 2PAPOM OMHO-
wenudl npedwecmeosanus, n' mpebosaruamu u v C6AZAMU, NPUMEM N+V >
n' +v'.

JokazareabcTBO. B mporecce mpeodbpa3oBaHnst HCXOLHOTO IIPIMEPA K IIPH-
Mepy ¢ IUIaHapHbIM I'padoM g Kazkjioro nojrpada Kss Mbl 100aBId/IM
0JIHO ‘“‘mycToe”’ TpeboBaHHe M YMEHbLIIAJIN KOJUYECTBO CBsI3eil MUHUMYM Ha
equnnity (em. puc. 5.10). st kaxxgoro nojrpada K5 Mbl TOJBKO yjIas1si-
mu “murane”’ ayru (em. puc. 5.13). Takum obpasom i1t mpeodpasoBaHHOTO
npuMepa BulnosHserea n + v > n' + v’ O

AJroputM yKJIaIKM ceTeBOro rpadpuka Ha IIJIOCKOCTH

Ha npakTuke cyiiecrByeT HOoTpeOHOCTH IIPEJACTAaBUTh CeTeBoii rpaduk 110 pa-
Hee BBEJIEHHOMY IIPOEKTY B HamboJiee ‘yao0HOM’ JJjIsI IIOJIb30BATE/Isl BUJIE.
B wmautosee momymsipueix mporpammax (MS Project, Spyder) ceresbie rpa-
bUKN IpescTaBIAI0TCA HEYI00HO — JyTH HePeceKaloTcsa Wl CAnBaioTcs. B
JIAHHOM ITaparpade IpecTaBjieH aaropuTM yKJIaJIKK ‘TIJIaHAPHOIO  CeTeBOI0
rpacduka Ha IJIOCKOCTU O€3 IepecevdeHust JIyT.

B pabore [7| npejicraB/ien u3BeCTHBIN aJllrOPUTM YKJIAJIKI HA TJIOCKOCTH T11a-
HapHoro rpada. Baxknoe oryimiane ceTeBoro rpadguka OT OpHeHTHPOBAHHOTO
rpada 3aKII09aeTCsd B TOM, UTO BEPIIHMHBI CETEBOIO I'PadiKa, PACIOI0KEHDI
BJI0JIb HEKOTOPOIl BUPTYa/IbHO#l BpeMeHHOi ocu (0OBIYHO MOPU30HTAJIBHOI).
[Ipraem TpeboBanme-IpeIIIECTBEHHUK N300parkaeTcsd Beerja ‘JieBee’ CBOMX
[IOCJIeJIOBATEJICH.

KpaTko omuiiiem ajropuTM yKJIJIKK IJIaHaApPHOro rpada Ha IJI0CKOCTH U 110~
KaryKeM KakK ero MOyKHO Ipeobpa3oBaTh JJjisl YKJIQJIKN ‘TIJIaHAPHOTO  CETEeBOrO
rpacduka.

Asropur™ 7y [7] yrnagkn rpada G npescTtaBiiseT coboil POIece Moc/ie10Ba-
TeJILHOIO IIPUCOEIMHEHNs K HEKOTOpOMY yJiozkennomy noiarpady G’ rpacda G
HOBOI1 1emu, 0b6a Konia Koropoit npunajiexkar G'. Tem caMbiM 9Ta Helb pas-
ouBaer oany u3 rpaueii rpada G’ na npe. B kauecTse HAYAILHOIO ILJIOCKOI'O
rpada G’ Boibupaercs J060ii npocroit nuka rpada G. Ilponece 1posos-
JKaeTcd JI0 TeX 1op, MoKa He OyJeT MOCTPOeH IIOCKUil rpad m30MOpQHBIT



rpacdy G, nin npucoeHeHne HEKOTOPOIl 1el OKayKeTCsi HeBO3MOXKHbBIM. B
nociejiHeM ciydae rpad G He siBjisieTcsl ILIaHAPHDBIM.

Beenewm psim onpenenennii. [IycTs mocrpoena HekoTopast yK/agKa moarpada
G’ rpada G. Cermentom S orHOCuTebHO G’ (M1 TIPOCTO CerMeHTOM ) Oy 1eM
Ha3bIBaTh nojarpad rpada G 0IHOro U3 Caeayionux JIByX BUJIOB:

1. Pebpo e = uv € EG rakoe, uto e ¢ EG' u,v € VG', rie EG — MHoXKe-
cTBO pebep rpacda G, VG — mHO)KecTBO BepiinH rpada G, aHaJOrnIHO
EG" — muoxkectBO pebep nogrpada G, VG' — MHOXKECTBO BEPIIIH MO/I-

rpada G';

2. Cesasuyio kommnonenry rpacda G — G, jgonojaHennyio sceMu pebpamu
rpacda G, UHIUIEHTHBIMI BEPIIMHAM B39TOH KOMIIOHEHTBI U KOHIIAM
9TUX pedep.

Bepmuna v cermenrta S OyjeM HasblBaTh konmaxmmnot, ecom v € VG,

Honycmumoti epanvio 1y cerMenTa S HaspiBaercs rpanb I rpada G, co-
JeprKaliasi Bce KOHTAKTHBIE BePIIMHBI CeIMeHTa, S.

['(S) — mHOXKecTBO JomycTumbix rpaneit mas S. Ilpocryio menb cermenta
S, COeINHAONIYIO JIBe pa3/nIHble KOHTaKTHbIE BEPIIMHBI U HE COJIEePKAIIYIO
JIPYTAX KOHTAKTHBIX BEPIIUH, HA30BEM ((-UENbIO.

[Ba cermenta S7 u Sy ornocurensno G HA30BEM KOHPAUKMYIOULUMU, CCIIA:

1. D(S1)ND(Ss) % 0

2. CymectBytoT jBe a-tienin Ly € S u Lo € Sy, KoTopble 0e3 nepecedeHunit
HeJIb3s YJIOXKUTh OJJHOBPEMEHHO HU B KaKyIO I'DaHb.

B pabore [7| mokazaHo, 9TO jJist MPOJIOJIZKEHNST AJITOPIUTMA 7y MOYKHO BBIOH-
paTh JTII00YIO Q-TIeMb B JIIOOOM CEerMeHTe U MTOMEIIATH €€ B JTI00YIO JTOMYCTIMYTO
I'Patb.

Ha puc. 5.14.1 npejcrasien cereBoii rpad c nepeceyenueM ayr. Ha puc. 5.14.2
n300pazkeHa HadasibHas 1enb (rpad G'), ero rpann u cermentor Sy, So. Cer-
MEHTBHI KOH(PJIUKTYIOTIIHE.

B asropurme yKJaJKn ceTeBoro rpaduka BLIOOD T'paHu Jjisi OUepeIHON a-
LENN KeJIATEJIbHO NIPOU3BOJANTH COTJIACHO MPABUJY — HPEJIIECCTBEHHUK J0JI-



rpaduka Ha ILJIOCKOCTU

Puc. 5.14: Yknaaka cereBoro



JKeH HaXOJ/INTC JieBee rmocyeopaTesisd. Takium odpa3oM, Ipn YKIaJIKe Q-TeT,
COOTBETCTBYIONIEl cermeHTy Sy Mbl BbiOpaJin rpanb 'y, a jis yKiaajgkn S, —
OCTaBIIYIOCS TPaHb ['g.

YKJIaJIKa COOTBETCTBYIOINIEro rpada mpejacTapieta na puc. H.14.3.

3aMeTuM, 9To IIPK TaKol YKJIaJKe BepIInHa-110Cae0BaTe/ b 1 HaXOUTCsI Jie-
Bee BepINNHbI-IPeIIecTBeHHIKa 11, 9T0 HelpaBuILHO JIJIsi CeTeBOro rpadu-
ka. [lomydenmyro yKIaIKy MOXKHO “pacTIHYTh KakK IpPeJCTaBICHO Ha,
puc. 5.14.4. [Tpuaem pebpo (1,2) crarer 1yroodpasHbIM.

3agacTyio, IoJydeHHOe IIpejicTaB/ieHne 0e3 mepecedeHuil’” mpearnodTuTe /b
Heit mpeoOpa3oBaTh, JOIMYCTUB Ilepecevuennsd. Takue mpeodpaszoBaHus JIydIlle
POM3BOJINTD HAJI MOJYYEHHON “TIJIOCKOW YKJIaJIKOM, 4TOOBI MUHUMU3UPO-
BaTh KOJINYECTBO TepeceueHnii.

Mrak, mpu onucanny MpOEKTOB Ha MPAKTUKE MOYKHO JIaTh CJIEJIYIONLYIO Pe-
koMenganno: CeTeBoil rpaduK IIPOEKTa T0JI2KEH ObITH IIJIAHAPHBIM.
JleficTBUTE/ILHO, B 9TOM CJIydae PasMepHOCTb 3a3/Jla9l N + v He yBeJInInBa-
ercst. CorylacHO TeopeMe Ditjiepa KoJm4uecTBo pedbep B IJIaHApHOM Tpade He
npesbIaeT 3n — 6, YTO MOXKHO yUUTBIBATH IIPU OllEHKE TPYI0EMKOCTH aJIro-
PUTMOB.

BoJiee Toro, mianapHblii ceTeBoil rpaduK MOXKHO “y100HO” IpeJICTaBUTH HA
ILJIOCKOCTHU, UTO I0JIE3HO Ha IPAKTUKE.

Bubanorpaduieckas cirpaBka

Perysisipao BbITycKatoTcs MHTErPUPOBAHHDBIE 0030PhI HanboJiee 3BHAYMMBIX PE3YJILTATOB TI0 3a/1a4e
RCPSP, k mpuwmepy, [72]. st TecTupoBanusi 1 cpaBHEHHsI MHOTOYUCJICHHBIX AJTOPUTMOB perrie-
uust 3a1a9n RCPSP coszmana 6ubiamoreka recrosbix npumepos PSPLIB [73]. HaunGosee “Guict-
pbIM” Ha JIAHHBII MOMEHT TOYHBIM aJ'OPUTMOM IIPU3HAH AJITOPUTM BETBel U I'paHul] bpykepa
u ap. [43]|. Cpeau MeTasBpUCTHYECKUX AJITOPUTMOB CTOMT BBIJAEIUTH AJTOPUTM, OIUCAHHBIA B

pabore [85].

OKCIEPUMEHTAJIBHBIN aHAJIN3 HEKOTOPBIX 9BPUCTHYECKUX aJlOPUTMOB IpuBeieH B [66] u [73].

Tounsbtii asropur™ pemenus 3agadun RCPSP ¢ npepsiBanusvu npejyioxen B padore [50].



I'taBa 6

I1pnaoxkenns

HokazarenscrBo NP-tpygnoctu 3amaun 1|| ) 7T

SAIJAYA YETHO-HEYETHOI'O PASBMEHUNS].

3aJIaH0 YIOPSII0UeHHOEe MHOXKECTBO U3 2N IOJIOYKUTEJIbHBIX IeJIbIX UNCeI
B = {b1,bo, ..., ba}, by > biy1, 1 < i < 2n — 1. Tpebyercst onpejie/iurh,
CylllecTBYeT Jin paszOueHune MHOXKecTBa B Ha jBa MoJAMHOXKecTBa By n B,
Takoe, 4To ZbieBl by = ZbiGBQ b; 1 g Kaxkjaoro ¢ = 1,2,...,n HOJIMHO-
KecTBO By (cieoBaresibHo, 1 By) COMEPKUT B TOYHOCTU OJUH JEMEHT U3
ITaphbIl {b%_l, bgz}

O6o3naunM 0; = by — by, i =1,...,n,0 =" 0.

[TocTponm Momuunmposannbiii mpumep YHP.

A2p = M + b7

a2i:a21+2+b7 i:n_]-a"'ala

a9;—1 :(Lgi—Féi, i:n,...,l,
rae b > nd, M > n’b.
OueBHIHO, BBIIOJHIETCS ; > ir1, Vi =1,2,....2n —1, 6; = by;_1 — by; =
a9;—1 — A9, 1= 1,...,n.

Jlemma 6.1 Hcxoowwiii npumep YHP umeem pewenue "J[A " moada u moan-
Ko mozda, xozda moduduvuposarnoiti npumep YHP umeem pewenue "/[A".
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JokazaTeabcTBo. [IycTh g NCXOIHOro IpUMepa CyIeCTBYeT JIBa MOAMHO-
wectsa By u By, takux uto ), p by =3, p b;. Bospmum Ap = {a;|b; €
B1}, Ay ={a;|b; € Bs}. Toraa einostsiercst ZaieAl a; = ZaieAg a;.

JTommycTum, 4To JJis MOAUQUIMPOBAHHOIO IPUMepa UMeeTcd J[Ba OIMHOKe-
ctBa Ay m Ay, TaKuX UTO Y, o4 G = Y, oy a;. Bosbmam By = {bila; €
Al}, By = {bZ’CLZ € AQ} O‘{eBI/I,ZLHO, ZbiéBl b; = ZbiéBg b;. U

Pacemorpnm gactaslit ciygait B-1 sagaun 1 || > 1)

pP1L = P2 = 2 Py,

dy <dy < -+ < dy, (2.1)
dn - dl S Pn-

BBegeM HeobxXoMble OIpee/IeHus].

Pactiimcanune m = (j1, J2, - - ., jn) Oyzmem nasoBarh SPT-pacnucanuem (short

processing time), ecimn pj, < pj,.,, Wi pj, = Pj,,, BbllosHsgeTca dj, < d;
k=1,2,...,n—1.

k417

Pactncanue m = (j1, Jo, - - -, jn) Oysiem HasbiBaTh EDD-pacnucanuem (early
due date), ecin dj, < dj, ., aua dj, = d;
1,2,...,n—1.

wy1 BBIIOTHACTCA pj, < pj,.,, k=

st enyaas (2.1) pactnmcanune m = (1,2,...,n) asagerca EDD- pacrucanu-
eMm. Pactimcanne m = (n,n — 1,...,1) — SPT- pactuucanuem.

Pacnucanne 7' OyneM HasbIBATh “4ACTMUYHBIM PACNUCGHUEM, €CJIA TPU HYM
00CIyZKINBAETCs HEKOTOpOe HoAMHOKecTBo Tpebopanuii N/ C N. O6o3znadnm

P(N') =2 ienDis A} = N P(T) = 3 ity i

Jlemma 6.2 [17] Jas cayuas (2.1) cywecmesyem onmumasvhoe pacnucanue
euda ™™ = (Tgpp,l, Tspr), 2de | — nepsoe 3anazdvisarouiee mpebosarue npu
pacnucaruy T, TEpp U TSpT — YACMUYHbIE PACTUCIHUA, NOCTNPOEHHDLE MO
npasusam EDD uw SPT coomeemcmaeerino.

CaencrBue. s ciayuas (2.1) 3anasapiBatoriyue TpebOBAHUS B ONTHMAJb-
HOM DPaCIICaHNN PacHosoKeHbl B nopsaake SPT, kpome, ObITb MOXKeT, Tep-
BOT'O 3al1a3/[bIBAIOIIETO TPEOOBAHMS.



[IpuBe1uM MOTMHOMUAIBHYIO CXEMy CBejleHHsT MOINUIIPOBAHHOIO [IPUMe-
pa YHP x ugacrnomy ciayqaio (2.1) sagaaun 1 || > T;. Kosudecrso Tpe6o-
Banuii (2n + 1). TpeboBanns 0603HaATNM CJIeIYIONIM 00pa30M

Vi, Vo, Vi, Vi ooy Vi1, Vo ooy Va1, Vo, Vo, N = {1,2,...,2n,2n+1}.
st yuporenus samucy OyjieM HCIOJIb30BaTh BEJIUYHHBL Dy, = p;, dy, =
di, Ty, =T, Cy, = C;, 1 = 1,...,2n + 1. IIpumep, yI0BIeTBOPSIONIIIT
CJIEJIYIONIIM OIDaHUYEHNSIM, Ha30BeM KaHonuveckum LG-npumepom.

p1 > P2 > - > Do,

di <dg < -+ < dopy1,

dons1 — d1 < papi1,

Pons1 = M = n?0,

Pon = P2n+1 + b= Aoy,

{ P =poivo+b=ay, i=n—1,...,1, (2.2)
P2ic1 =P2i +0i = agi—1, t =n,...,1,

dopi1 = D 5y P2i + Poni1 + %5,

dQn - d2n+1 - 57

d2¢:d2i+2—(n—z’)b—|—5, 1=n—1,...,1,
doi—1 =doi — (n—1)0; —€d;, i =m,...,1,

\

rie b =n2d, 0 < & < 2%

max; 0;
JlupexTuBHBIE CPOKHU IpuMepa (2.2) mpejcraBienbl Ha puc. 6.1.

1 2n o 1 2n o
O6osnaunm L = 5> 57 p;, Toraa doy1 = L + poyq1, TaK Kax 5 5 p; =

n 1
Zi::l DP2i + 55
Heobxomumo ormernts, 9to KanoHudeckue npumepbl DL u3 [53] He yiosie-

TBOpsitoT ciydato (2.2). Ilepsble Tpu HepaBeHCTBa MOKa3bIBAIOT, 4TO (2.2)
SIBJIACTCA HocaydaeM (2.1).

CaoiicTBa npuMeposB ciydad (2.2) sagaun 1|| > 7).

ChopmyupyeM CJIeIyIonLyio JeMMY.

Jlemma 6.3 Jlas (2.2) npu 41060M pacnucaruy, KOAUHECME0 3ana30ueai0-
wux mpebosarull pasHo uAu N, uau n + 1.
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Puc. 6.1: TupexktuBnblie cpokn Kanonndeckoro LG mpumepa.
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Puc. 6.2: Tlepecranoska tpeboBanuii Vs, n Vo, 1.

“‘cnea’ “cnpasa”

1 1
" Ml g ]

Puc. 6.3: IlepecTtanoBka B HEKAHOHUYIECKOM PACIUCAHUU.

HokazareabcTBO. /loKa3aTe/IbcTBO IIPOBEJEM B JBa STAIIA.

1. Pacemorpum mopmuokectBO Tpebosanmit N’ cocrostiiee u3 (n + 2) ca-
MBIX KOPOTKUX T10 HPOJIOIZKUTEIbHOCTH 00CTy KIBaHIsT TpeOOBAHUI 1
YIOPSIJI0YNM UX BHadasle pacuucanus. OdeBuiHo, 410 Y . v pi > (n+
2)pmm - (n + 2)n3b7 '€ Pmin = minjEN{pj} = P2n+1-

U3 yenosuit 4-8 B (2.2) Haiimaam

1
dimaz = mé}\}f({dj} = d2n—|—1 = (n + 1)n3b + (b +2b+ -+ nb) + 55,
je

HJIZl KOTOPOI'O 6y,ZLeT BbBIITIOJIHATBHCA

n(n+1)

gz = d2n+1 = (n + l)ngb + 9

1
b+§5< (n +2)n’b < ;pi,

T.e. IIpu JIFoOOM pacircaHun TpeboBaHme, 00C/IyKUBaeMoe n + 2 110 110-
PSAAKY U BCe IoC/Ieaytone OyayT 3ala3/biBaTh, TaK KaK COIJIACHO Tpe-
TheMy HepaBeHCTBY B (2.2), pasHOCTb MeKJly JUPEKTUBHBIMU CPOKAMMU



JIIOOBIX JABYX TPeOOBAHUT MEHBIIE MPOIOIKUTETHHOCTH 00C/TyKNBaHUS
KayKJIoro TpeboBanusd. Takum oOpaszoM, Ipu JIIOOOM paCIUCAHUH 7T KO-
JINIECTBO He3ala3/bIBaIoIINX TpeboBaHuil He mpesbimaer n + 1.

2. Pacemorpum nogmuozkectso N cocrosiiiee U3 n caMbIX JJIMHHBIX 110
HPOJIOJIZKUTEIbHOCTH 00C/IyKIBaHIA TPEOOBAHMIL, 1 YIIOPSIIOYNM X BHA-
yaJjie paciucanusi. Bo3aMoxKHBI 1Ba cydasd:

a) myctb n = 2k, rorma N = {V,Va, ... Vor_1, Vor }, Oyiem nmers

k
P(N") = nn®b+2(nb+ (n — Db+ + (n— k+ 1)b) + > 8,

P(N") = nn3b + 2(”(”2+ D_[n= k)(g_ B Dy, Y 4.

I3 yenoswuit 8-11 B (2.2) Oyaem nmernb
din = minjen{d;} = di = dops1 — (X021 ((n — )b —8) + 5+ (n—
1)6; —edy) = (n+1)n?b+ (b+2b+ - +nb) + 15 — (h_1((n —
i)b—0)+d+ (n—1)0 +ed1) > P(N");

b) HyCTb n = 2k + 17 TOoraa N” — {‘/17 ‘/27 IR ‘/Qk—la ‘/Qka ‘/Z(k-l—l)—l}'

k+1
P(N") = nn’b+2(nbt(n—1)b++ -+ (n—k+1)b)+(n—k)b+ _ i,
1:=1

k+1

dmin = dl = d2n+1 — (Z?:((n — Z)b - 5) + 0 + (n — 1)51 — 8(51) =
(n4+1)n3b+ (b+2b 4+ +nb) + 36 — (X0 ((n—i)b—3) + 3 +
(n—1)61 +€d1) > P(N"),

T.e. TP JIIOOOM pacIUCAHUU TePBbie N TpeboBaHmil He Oy/IyT 3alas3/bl-
BaTh. TakuM oOpa3oM, Ipu JIIOOOM paCIUCAHUN T KOJUYEeCTBO He3alas-
JIBIBAIOIINX TPeOOBaHUil OOJIbIIE MM PABHO N.



CrenoBatebHO, Jist ciydast (2.2) mpu JII0OOM PACIHCAHUN KOJTUIECTBO 3a-
Na3/ILIBAIOIINX TpeboBaHUil paBHO M n, uan n + 1.

U

Jlemma 6.4 Jlaa cayuan (2.2) dan xaoscdozo pacnucarus m = (1, m2) cyue-
cmeyem pacnucarue suda ™ = (Tppp, Tspr), 20e {m} = {mepp}, {m} =
{mspr}, {mil=n+1, [{m}|=n. Hpuwym, F(r)=> F(x').

JokazaTejabCcTBO.

PaccmoTpum dactudHoe paciucanne mp. Tak Kak n epBbIX TpeOOBaHUi 1pu
71 He 3ala3/IbIBAIOT, & MOXKET 3alla3/IbIBaTh JIMIIL rocje/anee, To EDD mops-
JIOK OOCJTy’KUBaHUsT TpeOOBaHUT MHOYKeCTBA {71} Oy/IeT ONTUMAJIBHBIM JIJIst
Hero. B stom ciaydae na n + 1 Mecte OyjeT oOCTy:KHBATHCA TpebOBaHUE
j =argmax{d; : i € {m}}.

PaccmorpnM yactuynoe paciucanue . Tak Kak Bce n TpeOoBaHUil IpH o
3arnas/biBatoT, To nopsa ok SPT obcyrkuBanus rpeboBanuii Muoxkectsa {ms }
OyJIeT ONTHMAaJIbHBIM. 0l

Pacnmcanne (‘/1,17 ‘/2,17 cey ‘/Z',la cey Vn,17 ‘/271-1-17 Vn,27 SR ‘/i,27 ceey ‘/2,27 ‘/1,2) 6y_
JeM Ha3bIBaTh kanoruveckum LG-pacnucanuem, tne {Vi1, Vio} = {Vai_1, Vai}, i =
1,2,...,n.

Jlemma 6.5 Ecau pacnucanue m = (m,me), {m} = (n+ 1), {m}| =
n, Hexanonuveckoe LG uau ne moorcem Ovimv npeobpaszosaHo ¥ maro6o-
My npumernenuem npasus EDD uw SPT ® wacmuunvim pacnucaHuim m U
Ty COOMBEMCMBEHHO, MO NPU PACNUCAHUY T HEKOMOPAA Napa mpebosanud
{Voi_1, Voi}, i < n, ne sanazdvisaem uau pacnucanue T umeem 6ud

(‘/1,17 ‘/2,17 R ‘/i,ly R Vn—l,la ‘/271—17 ‘/QTH ‘/2n+17 Vn—1,2 tt ‘/i,27 Tt ‘/2,27 ‘/1,2)7
(3.1)

m.e. napa mpebosanuti {Van_1, Van} 0bcayorcusaemes do mpebosarius Vap i1,
0dro mpebosarue uz xaxcdot napwv, {Va;_1, Vai}, i =1,...,n—1, obcayorcu-
saemcsa do mpebosarus Vo,i1, dpyeoe mpebosarue u3 napv. nocie Vo, i1, a
mpebosarus Vo, 0bcayotcusaemea n + 2 no nopadxy.



HokazaresbcTBO. PaccMorpum HeKoTOpoe pactmcanne m = (7, o), rje
{mi}| =n+1, |{m}| = n. lIpoananusupyem BO3SMOXKHbBIE CJIyJal.

1. Ecim {mo} = {Via,..., Vh2}, Te. B my ynopsiiodensl n TpeboBaHuii 1o
onHoMy TpeboBanuio u3 Beex n nap {Va 1, Voi}, @ = 1,...,n. Yio-
psiounM TpeboBanust u3 o 1o npasuwiay SPT, a Tpebopanus us mp 10
upasuay EDD. Torza noayunM KaHOHIMYECKOE PACIHCAHUE 7, IPUIYM
F(n'") < F(r), cormacno emme 6.4.

2. Ecin {m} # {Vig, ..., Vaa}. To Bosmoknb! cuTyanmm:

a) Von1 € {ma},
b) cymecrsyer napa tpebosamnuit {Va;_1, Va;} C {ma}.

Torma, yunrsiBas, uro [{me}| = n, mma nexoroporo ¢ Oymem uMeTDH

{Vai_1, Vai} C {m}. 0

Jasiee B Teopeme 1 Oyjier mokasaHo, 4To Jyist ciaydas (2.2) Bce onTuMaIbHbIe
paciucanus siBjstiorcst kKaHonndeckumu LG. JlokazaHo, 9TO IIPOM3BOJIBLHOE
HekaHOHH4Yeckoe LG-pacincanne m MoxKeT ObIThb IIpeo0pa30BaHO K KaHOHU-
geckomy LG 7', npuuem F(m) > F(7'). [lpu nokazarenbcrBe TeopeMbl HC-
110JIb3YIOTCS BBIBOJBI JieMM 6.6- 6.9.

Jlemma 6.6 [lycmv pacnucanue m umeem eud (3.1), npu xomopom mpe-
bosanue Von.1 obcayosrcusaemea nwa n + 2 no nopadky mecme. Tozda dis
Karnonuveckozo LG pacnucanus

=W Vor, Vit Ve Va1, Vang 1, Vans V2.0, Vig, oo Voo, Vi)
svnoanaemesn F(m) > F(n').

HoxkazareabcTBo. llpu pacnucanun 7w TpedboBanue Vo, 1 00CIyKUBaETCsI
Ha nosuruu n "ciaesa'". CoryiacHo jemMe TpeboBanme Vo, 1 He 3ala3/IbiBaerT,
TaK KaK OHO OOC/TY2KHBAETCs N-bIM I10 TOPAIKY. 1 pedoBanue Vs, 1 00CTyX)Ku-
BaeTcda Ha mosunun 1 + 2 "caeBa mosTomy 3amasibiBaet.

st rpeboBanmii muozkecta {Va, Vi, ..., Vai, oo Voo, Vo, 1} umeenm

- 1
P({Va, Vi, ..., Vair oo Voo, Va1 }) = nbt Y kb+6, = d%n+1—n3b—§5—|—5n,
k:=1



coryiacto ycsosuio 8 u3 (2.2). dasee, ogeBunHo,

PE{Vii,Var, ., Vie, ooy Vo1, Van1}) + pan >
P({‘/% ‘/47 ceey ‘/22'7 <oy ‘/271—27 ‘/Zn—l}) +p2n7

[IO3TOMY

1
an(ﬂ') Z d2n+1 + b— 55 + 571 > d2n-

CaenoBatesbHo, TpeboBanue Vs, KoTopoe 00CIyKuBaeTcs Ha n + 1 10 10-
PSLAKY MecTe, IIPU PACIUCAHUN 7 3alla3/IbIBAeT.

Pacriimcanme m mMoxHO 3ammcarb Kak m = (w1, Van, Vopy1, mo1). Pacemor-
puMm kanounveckoe LG-pacrucanue ©' = (w11, Vapi1, Vaop, m21). [lokazkem, aro
F(m) > F(r'). Bergennwm nBa corydast.

1. Ilycrs npu pacuucanuu 7' rpebosanue Vs, 1 He 3amnasjabiBaeT. Toraa
u3 yeiaoBust 8 B (2.2) ciepyer, uto dopiq — Copyr () < %5, TaK Kak
paciucanue 7 KaHOHUYeCKOe.

13 puc. 6.2 BugHo, 9TO

F(m) = F(n') = Ton(m) + Tops1(m) = (Ton(7") + Tons1(7")) = (Top41(7) —
Tonsa (7)) = (Ton(n') = Ton(m)) = (p2n — 30) — Pant1 = Pont1 +b— 50 —
Pan+1 > 0.

2. Ilycrn npu pacnucanuu 7' rpebosanue Vs, (1 3al1a3/bIBACT, TOIIA

F(m)=F (') = Top () + Ton1 (7) = (Ton(7) + Ton11(7")) = pon—p2ns1 =
b > 0. ]

Jlemma 6.7 [lycmo npu Hekomopom pacnucaHuu

T = (11, Vai—1, Vai, T2, ma1, X, ma2) napa mpebosaruti {Vai—1, Vai}, i < n,
He 3anasdvieaem, a Ha nozuuyuu 1 "cnpasa” obcayoscusaemces mpebosanue
X € {Vaj_1,Vo;}, 7 > i+ 1. Tozda dan pacnucarus

7w = (7’(’11, ‘/Qi_l, X, m12, 21, ‘/Qi,ﬂ'gg) BBINOAHAEMCA F(’]T) > F(ﬂ'/).

JlokazaTejabCTBO.



[lycrh mpu pacmucaHun 7 3ala3abIBalOT TPeOOBAHUS TOJIBKO U3 MHOYKECTBA,
{ma1, X, maa}, e |[{maa}| =i — 1. TpeboBanne X 3aHuMaeT MO3UIUIO C HO-
mepom ¢ "crpasa (cum. puc. 6.3), B KOTOPOil IPU KAHOHUIECKOM PaCIICAHIN
Oyaer obcyxuBarbcst TpeboBanue Vg € { Va1, Vo, }.

[Toctpoum pacrtmcanne ' = (my1, Va1, X, T12, To1, Vai, Ta2). Ilpu oboux pac-
IIICAHUSIX 3alla3/IbiBaeT He MeHble n TpeboBanuil. [IosToMy 1pu paciucanun
7' nepes rpedboBanneM Va; OyaeT 3amas3ibiBaTh He MEHbIIe, YeM 1 — i Tpeho-
BaHmit (1 He 6osibine, YeM n — i + 1), cormacuo jemme 6. [TosTomy

F(m) = F(7') = (p2i — px)(n — i) — (dx — da).

Bo3MOXKHBI cJieyIonue CUTyalnmn.

1. Ecrm X = Vjyj, 10 poi — px = (5 —4)b,

dx —dyi = Y3 (n—k)b— (j = )6 = n(j —i)b— 24 kb— (j — )0 =
n(j — )b —i(j —i)b— 342 kb — (j = 1)6.

Cye1oBaTe/ILHO,

F(r) = F(r') > (j = i)b(n — i) = (n(j = )b —i(j = )b — 4Ly " kb —
(j—i)0) = S kb+ (j —i)d > 0.

2. Ecim X = Va4, 10O
P2i —Px = ((J - i)b— 5')7

I — do = S n— k)b — (G — )0 — (0 — §)5; — 6 = nlj — )b
>t kb= (=)0 — (n—j)d;—ed; = n(j —i)b—i(j —i)b— D 4._y  kb—
(J —1)0 = (n—j)d; — €d;.

CiiejoBaTesIbHO,

F(m) = F(n') 2 ((j=1)b—0;)(n—i) — (n(j—i)b—i(j—i)b—>1 25 " kb~
(7 =1)8 = (n—5)d; = €8;) = 3242y Kb+ (j =)0 — (j —i)d; +€d; > 0.

U



Jlemma 6.8 Ilycmo npu nexomopom pacnucamui

T = (mi1, Vai—1, Vai, 12, o1, X, ma2) napa mpebosaruti {Vai—1, Vai}, i < n,
He sanasdvisaem, a Ha nozuuyuu 1 "cnpasa” obcayoscusaemces mpebosanue
X € {Vaj_1,Va;}, 7 < i—1. Toeda dan pacnucarus

= (7’(’11, ‘/22'_1, X, m12, 21, ‘/Qi,ﬂ'gg) B8BHINOANHAEINCA F(’]T) > F(ﬂ'/).

,Z[OKaBaTe.TIbCTBO .

Horycrum, 9T0 pu pacucaHiy T 3al1a31bIBal0T TPeOOBAHNST TOJIBKO U3 MHO-
kectBa {moy, X, ma}, tie [{mae}| =i — 1. Tpebosanme X 3annmaer mo3u-
nuto ¢ "crpasa" (puc. 6.3), B KOTOPOIi IpH KAHOHUYECKOM PaCIiCaHun Oy IeT
obesykuBaThes Tpebosanue Vo € {Va;_1, Vo }.

[Toctpoum pacrtucanne ' = (my1, Va1, X, 12, To1, Vai, ma2). Ilpu oboux pac-
IICAHNSIX 3alla3/IbIBaeT He MeHbIe n TpeboBanmii. [losTomy npu pacnmcanum
7' nepen Tpebosanuem Vap; Oyaer 3amasiblBaTh He MEHbIIe, 4eM 1 — i Tpebo-
BaHuit (1 He Gosibine, YeM n — i + 1), cormacuo jemme 4. [TosTomy

F(T{') — F(?T/) Z (dgz — d)() — (pX —pgi)(n — 1+ 1)

ITo anaJsiorun c J0Ka3aTCJILCTBOM JIEMMBbI 7 BbIICJIMM ABa CJIy4dasl.

1. Ecrm X = Vyj, 10 px — p2i = (i — J)b,

—do; =Yt (n—k)b —(i—j)0 =n(i—j)b— St kb—(i— )5 =
(z — )b — (i — 1)(z — b+ S kb — (i — 5)0.

Cae1oBaTE/ILHO,

Fr) = F(x') = n(i — j)b— (i — 1)(i — )b+ Yiy? kb — (i — )5 -
(i = )bln — i+ 1) = X357 kb — (i — )5 > 0.

2. BEcin X = ‘/Qj_b TO Px — P2; — (Z —j)b—|— 5j7
do; — da;j— 1—Zk j(n— kK)o —(i—j)0+ (n—j)0; +e0; =n(i—j)b—
k_]kb—(z—])5+(n—])5 +edj=n(i—b— (1 —1)(@—7)b+
22:103 kb— (i —j)d+ (n—j)d; + €d;.

Torna nmeem



F(m)=F(r') >n(i—j)b—(i—1)(i—5)b+ >ty kb—(i—5)6 + (n—
j)5j+€5j—((i—j)b—i-éﬂ(n—i—i-l) = 22_215‘7 kb—(i—j)5—5j+€5j > O
O

Jlemma 6.9 Ilycmo npu Hexomopom pacnucaHui

™ = (m1, Vaic1, Vai, T2, To1, X, ma2) napa mpebosanuti {Vai—1, Vai}, i <
n, ne 3anaszdvieaem, a Ha nosuyuu i "cnpasa’ obcayosrcusaemes mpebosa-
nue X € {Vai—1)-1, Vai—1)}- Ipednonoocum, wmo das pacnucarnus m =
(711, Vai_1, X, T2, ma1, Vay, Taa) mpebosarue Y sanumaem nosuyuto (n + 1)
u Ty (") < 26. Toeda swnoansemes F () > F(n').

JokazaTejabCcTBO.

[IycTh Ipu pacHucaHui T 3ala3IbIBaloT TpeOOBAHNs TOJLKO U3 MHOZKECTBA
{ma1, X, mao}, tue |{me}| = i — 1. TpeboBanne X 3aHuMaer MO3UIHUIO i
"cripasa" (puc. 6.3), B KOTOPOil 1pU KAHOHIMYECKOM DACIICAHUN OyIeT 00-
ciyzkuBaThbest Tpebosamue Vo € {Va;_1, Vi }.

[Toctpoum pacrucanue ' = (w1, Va;—1, X, M2, a1, Vai, T9).

[Tpu pacrmcanun m nepes TpeboBanmeM Vo; Oy/IeT 3ala3/biBaTh HE MEHbIIIe
n — 1 TpeboBanuii. [losTomy

F(r) = F(r') > (dy — dx) — (px — pai)(n — 1) — (Ty(7') — Ty (7)) >
(doi — dx) — (px — p2i)(n — i) — 26.

BosMOXKHBI cuTyamm:

L. X = Vo), me. px — p2i = b,
dgi — dgi_g = (n —1 + 1)b— J.

[TosTomy
Fr)—F(#)>n—-i+1)b—6—(n—9)b—2=0b—3) > 0.

2. X =Vai_1)-1, 7€ px — p2i = b+ 0,1,



dgi — dgi_g = (n —1+ 1)b — 0+ (n — 14+ 1)51'—1 + 851'_1.

CiiejoBaTesIbHO,
F(7T) —F(W’) > (n—i+1)b—5+(n—i+1)5i_1+55@-_1 — (n—z)(b—l—
0;i_1) —20 =b— 30+ 0;_1 +ed;_1 > 0, Tax Kak b = n2J. O

PesynbraTst iemmbl 6.9 ncnonb3yoTes A1 JoKa3aTeabeTBa TeopeMbl 1. [Tpn
stoM nmeer Mecto Ty (7') < 26. Curyamus Ty (n') > 20 namm me paccmar-
puBaeTcCsd, TaK KakK OHa He BCTPEYaeTCs.

Ha ocHOBe MoOJTy4deHHBIX JIEMM JIOKAZKeM CJIETYIONTYI0 TeOPeMY.

Teopema 6.1 Jlaa cayuan (2.2) 6ce onmumasvHbie PaCNUCAHUA AGAAIOM-
CA KOHOHUMECKUMU UAU MO2YM, Oblmb NPeodbpadosarv, X marosviM NPUMe-
neruem npasusa EDD x n + 1 mpebosanuam, 00CAYHCUBAEMBIM 6 HAUANE
PACUCAHUSA.

JlokazaTeabCcTBO.

I[Iycrs 7 - npoussosbHoe pacimcanne. CoracHo jemme 6.4 MOXKHO paceMar-
pUBAThH TOJILKO pactucanue suja m = (Tppp, Tspr), tae {mepp}| =n + 1.
[Ipu srom pacrmcanuu tpeboBanne Vo, 1 3aHnMaer win nosunuio (n + 1),
i nosunuio n + 2. Jomyerum, 9To pacnucanue T He KAaHOHIYECKOe.

Torma B cuty jtleMMbl 6 MMeeM IPH PACINCAHUN 7T Hapy He3alla3IbIBAIOIINX
tpebosanuit {Vo; 1, Va;}, i < m, win pacnucanue 7 umeer Buj (3.1), upu
KOTOpOM TpeboBaHue Va, 11 0bCIyKUBaeTca Ha N + 2 MecTe.

Ecmm pacrmcanne nmeer suj (3.1), To 110 semme 6.6 1151 KAHOHHYECKOTO PAc-
TTICAHTS

r_
T = (‘/1,17 ‘/2,17 oty ‘/i,la trty Vn—l,ly ‘/QTL—l) ‘/271—1—17 ‘/2717 Vn—1,2 cc ‘/Z',Qy R ‘/2,27 ‘/1,2)'
Bomosmgerces F(m) > F(n'). lepeobosnaunm m = 7'

Hasee ommiieM aJaropuTM, COCTOAIINI U3 ABYX IUKJIOB ITPe0Opa30BaHus HC-
XOJTHOT'O paclUcaHus M K KAaHOHUYECKOMY BU/LY.

IMukor 1. JJanublil UK TPOI0JIZKAETCH, IIOKa CPeIU He3alas3 IbIBAIOIIIX TPe-
OOBaHMIT IIPU OYEPEIHOM pacIUCaHUN 7 IPUCYTCTBYeT mapa Vo;_1, Va;, pu-
yeM Ha nos3urun ¢ "crupasa' obcimyKuBaeTcs TpeboBaHIe



X & {Vau—1-1, Va—1)}, X # Vauqr. llpumensiem ana tpebopanmit Va; u X
IIepecTaHoBKY, olrcaHnyio B jiemMmax 6.7 u 6.8. B pesynbrare 3nadenue Ie-
JIEBOIT (DYHKIIMU YMEHBIITUTCH.

Kounen nmukia 1. [lepeobosnaunm 7 := 7.

KonunvecTBo maros B nukiae 1, 04eBUIHO, He TMPEBBINIAET 7.
[TepBbie n+1 TpeboBanwmii mpu pacuucanuy 7 yropsounm 1o mpasuay EDD.

Tpebosanue V5,1 3aHUMaeT MO3UNINUIO N + 1 WU MO3UIUIO N + 2 TIpU pac-
nucannn 7. Ecin Vs, 1 3anuMaer mosuruio n + 2 "ciaesa" | To mosuiun n u
n—+1 "ciesa" sannmaior TpedoBanust Va,_1 1 Vs, COOTBETCTBEHHO, COIVIACHO
IHukay 1 u copruposke 1o npasuay EDD.

PaccmoTpuM JiBe BO3MOXKHBIE CUTYAIUN.

Curyanusa . IIycts TpeboBanue Vs, 1 3aHUMaeT MO3UIUIO 1 + 2.

Pacemarpusaercs pactcanue m = (w1, Van_1, Van, Vana1, T2), pu KOTO-
pom TpedboBanue Vs, obciy:kuBaeTcs n -+ 1 110 HOPSIIKY.

[Ipr 9acTUIHBIX PACIUCAHUSIX T U Ty 0OCayKuBaercs 1o (n — 1) Tpe-
oosanuio, T.e. [{m}| =n—1=|[{m}|

YuutbiBagd, 4To 1ocse sbinosHenus Hukiaa 1 ocranyTces TOJIBKO cH-
Tyalun onucanubie B jiemme 6.9, nosromy P(my) 4+ 2gb+ § > P(my) >
P(m)+2gb—0, rjie ¢ — KOJM9ecTBO CUTYAIN TPEJICTABICHHBIE B JIEMMe
10 npu pacrmcanun .

ITpumepomM 110700HOI cUTyallul MOXKET CJIYXKUThL paclucatue, IIpu

kotopoM {71} = {Vai_1, Vai } U{Vi1,Vou,..., Vica1, Vig11, .-, V1),
{ma} = {(Vag-1)-1, Vau—1)} U {Vi2, Voo, . .., Vico o, Vigr o -, Vs 2}

Torma g =1u P(m) +2b+ 9 > P(me) > P(m) + 2b — J, Tak Kax

_(5 - 5i—1 - 51 - 571) < P({‘/l,b ‘/2,17 SR ‘/;'—2,17 ‘/;'-1—1,17 SR Vn—l,l}) -
P({‘/l,% ‘/2,27 ) %—2,27 ‘/2'4-1,27 cey Vn—l,?}) <0 — 5i—1 - 62 - 571 n

P({Vai-1)-1, Vai-1)}) — P({Vai-1, Vai}) = 2b+ i1 — 0.

Boigennm aBa caydad, korga ¢ = 1 u g > 1. Ilpu ¢ = 0 pacrimcanne m
mmveer Bu (3.1) (em. siemmy 6.6). DTOT cirydait Mbl pACCMOTPEJIH BBIITIE.



IIycts ¢ = 1.

sBectHO, 9TO Z?Eilpi = 2L + popy1 = 2L + n3b.

O6oznaunm A = P(my) — (P(m1) 4+ 2b), tie —60 < A < 0.
[Ipumem S = P(m), torma 25 + 2b + A + pop—1 + Pon + Pons1 =
25 + A+ 2b+ 3n3b + 2b + 6, = 2L + n?b.

[TosTomy
1 1
L= S+§A+2b+n3b—|—§5n,

a 3Ha4dYUT

1.1
Con(m) = P(m1)+P2n—1+pan = S+2n°0+2b+65, = L+n3b+§5n_§ A

Wssecrno, uto L + n3b = dyy, 11, Torna —6 < Cop(m) — dapy1 < 6.
Heobxommmo paccMoOTpers JiBa HMOACTYYasd.
1. Cop(m) > dop1.
Pacemorpum pacrincanue m = (my, Va1, Vant1, Van, m2).
F(r) = F(n') = Top(m) + Tonga(m) — (Ton(7) + Topia (7)) =
(Tons1(m) = Tops1 (7)) = (Ton(7") = Ton(m)) = (P2ns1+ (Con(m) —
dont1)) — Pans1 = Cop(m) — dopy1 > 0.
2. an(ﬂ') < d2n+1.

HpI/I 9TOM an(ﬂ') > dgn, TaK KaK d2n+1 — dy, = 0 n d2n+1 —

CQn(W) < 9.

Pacrmcanne 7 IMeeT CIIeLyIONLyio CTPYKTYPY:
7w = (m11, Vai_1, Vai, m2, Von—1, Von, Voni1, mo1, X, m2),

riae [{ma}| =1 —1, X € {Vai—1)-1, Vau-1)}-

Ecin X = Vy;_1)—1, TO Tpancnosunus cocelHnx TpedoBamuii
Vagi—1y—1 m V(1) cormacno npasuiy SPT me ysenmaur 3nate-
HUe 1e1eBOil (DYHKIINH.

[Iycre X = Vy(;_1). Ilpn pactmcanun 7 sanasapisaer n + 1
TpeboBaHUE.

[TocTpoum pacnucanme

/
™ = (7T11, VQz'—l, X7 12, V2n—17 V2n, V2n+1, 21, sz', 7T22)-



Brmonnsercsa

F(m) — F(r') = (dyi — dai-1) — (n — i+ 1)(p2(i-1) — p2i) =
m—i+1)b—90—(n—1i+1)b = -0, 1.e. 3HaUeHUE 1ILJIEBOI
bYHKIMN yBEIMYNIOCH Ha, §.

Torna Co,(7') — daps1 > b — 0. Chopmupyem pacrucamue

/!
™ = (7T11, VQz'—l, X7 12, Vzn—b V2n+1, V2n, 21, VQZ', 7T22)-

Omnernnm pasnocts F/(1')—F(7") > (pant1+b—0)—pan+1 > b—46.
Torpa F(m) — F(n")=b—§ —§ > 0.
[Iycts ¢ > 1. Torma dy, — Cop(m) > b — 20.
Ecin ¢ = 2 upu pacuucanuu 7', paccMOTpeHHOM B Jiemme 6.9, 1ia
tpeboBanust Y = Vb, Beimonnsercs Ty (n') < 2. Hpyrumu cio-
BaMU, [IEPECTAHOBKA, OIUCAHHAA B JeMMe 6.9, yMeHbIINT 3HaUCHNe
1eJ1eBoil (PyHKITNH.

Korna ¢ > 2 npu pacuucanun 7' Oyier 3ana3abiBaTh 1 TpeboBaHmii,
IO9TOMY, COTJIacHO JiemMme 6.9, umeer mecto HepasercTBo F'(m) >

F(n')

Curyarnus II. IIpenmonoxkum, uro TpedboBanne Vs, 11 3aHUMAET HO3UIUIO 1 +
1. Torza B cutyanuu, onncannoit B semue 10, Ty (') = T, (') < 36.
[IpeobpaszoBanne pacmucanus corjacto jemme 10 yMEeHBITUT 3HAUEHUE
1eIeBoit (PyHKITNN.

Inka 2. BreinosHsiercs, OoKa Cpejy He3ala3 bIBaloNINX TpeOoBaHM Ipn
odepeIHOM paCIUCAHUK 7 IPUCYTCTBYeT mapa Vo;_1, Vo;, IpuieM Ha IO3UIUN
i "cupapa" obcmyzkusaercs tpebosanue X € {Vai_1)-1, Va-1)}. lpumensem
1uist Tpedoannit X u Vo, nepecranoBky, onucanuyoo s curyamuit I n 11
[Ipu sTOoM 3HAUeHUE 11e1€BOI (DYHKIMHU YMEHbIIAETCS.

Konen llukaa 2 n ajgroputMa npeodbpa3oBaHUs MCXOJTHOTO HEKAHO-
HUYECKOI'0 PaCHNCAHUS.

Takum 00Opa3oM, IPOU3BOJIbHOE HEKAHOHUYIECKOE PACIIMCAHUE 7 38 BPEMs

O(n) Moxk10 mpeobpa3oBaTh K Kanonmdeckomy 7 . [Ipudem F/(m) > F(71*).
U



Teopema 6.2 Pewenue npumepa YHP 6ydem "IA" mozda u moarvko mo-
2da, xo2da NPU ONMUMAALHOM Karoruweckom pacnucaruth Copy1(T) = dapiq.
JlokazaTejabCTBO.

PaccMOTpUM KaHOHUYeCKOe Paclucanue BUa

=W, Vot Vit o Vi, Vanar, Voo, oo, Vig, oo, Voo, Vi)
sBectho, uro Tpebosanud V, o, ..., Via, ..., Voo, Vi o 3anasapisaior. Tpebdo-
Banue Va,1 MOXKeT 3amasiapisarh, Torga F(m) = >0 Ty, (1) + Ty, (7).
O6o3Haunm Z?:El pi = C.

Torna

n n—1
Z CVi,Q (7T) =nC — Z(n - Z')p‘/i,Q'

1:=1 1:=1
Brejem pyHKIIIO
N 17 ‘/;',2 = ‘/22'—17
i) = { 0, Via = Vi,

nMeeM
n—1
dy,, = dope1 — (Y (n—k)b+ (n—i+1)8 + ¢(i)((n — i)5; + £6;)),
k:=i
IIORTOMY

n n—1
Z TVz‘,z (W) =nC — Z(n - i)p‘/;,z_
=1 :=1

n n—1

D (doni1— O _(n=k)b+ (n—i+1)5+ ¢(i)((n — i)6; + £6:))).

=1 k=1

Bajaua min, F(7) = min(}_;._, Tv,,(7) + Tv,,,, (7)) CBOANTCS K MAaKCHMHE-
sarun dynkipm &, vie ® = S0 (n—i)py,, — Son_y ¢(i)((n —i)d; +26;) —
T‘/QnJrl (Tr) ‘

P&CCMOTpI/IM ABa BOSMOXKHBIX CJIy4dagd.



1. ECIII/I ‘/;'72 = ‘/22', 1= 1, ...,Nn, TO TVgn+1(7T) = %5, (I)l = Z?;i(n—z)pgz—
1
L5,

2. Een Vg = Vaiq, @ = 1,...,n, 10 Ty, (1) = max{—34,0} = 0,

O =301 (n—i)pai1 — S ((n—0)8 +ed;) = i i(n — i)pay +
S =)0 — S0 ((n—0)d; +ed;) = By + 16 — 30 6.

lg 1y

Oyuxrms ,ZLOCTI/II‘?GT MaxcnMasbioe snadenne ® +50—5> 0 féi, KOT/Ia
n . n n . n
i1 D(0)(€05) = 52 jmy €03, O paBnOsHAHO D iy (1)0i = 3Dy Oi
CrietoBaTesibHO, JiJIsi MOJAMMDUINPOBAHHOTO TIPUMEPa CYIIECTBYIOT JBa MO/I-
. = . " n
mHozecTBa Ay m Ag, Takux 4To ). 4 a; = Y, .4 a; (otBer "JIA"). Ilpn
3roM Cop i1 () = dopi1.

Ecnn pemenne momudunnposarroro npumepa YHP "HET To #e BbImOHS-
ercst paBeHcTBO y oy (i) = £ > 7, §;. Yuurbisasi sHauenne da,1, Gysem
mmeTb Copi1(T) # dopiq

n n
Ecitn Copq1 (1) = daps1, TO U3 9TOTO CIEIYET, 9TO » "\ Py, = » iy Dvy +

%5 =>7 PV, T-€. pemienue Moaudumuposannoro npumepa THP Oyner
nmern orBer " JIA". O



Tabauia TepMUHOB 1 0003HAYUEHUIA

Tabmuma 6.1: Tepmunbl U 0003HATECHUS

O603-| HazBanue Amnrsi. HazBanmue A nprepHaTuUBHOE
ne obo3HaveHne
Dj IPOJIOJIKUTE/ILHOCTL 00~ | processing time t;
CITYKUBAHUsI
d; JTUPEKTUBHBIN CPOK due date D;
D; deadline
T BpeMs TIOCTYILJICHUS release date
w; BEC weight
C; BpeMs OKOHYaHudA o0cjy- | completion time
JKUBAHUST
S; BpeMs Hadasia OoOCTyKuBa- | start time
HUSL
T; 3al1a3/IbIBaHue tardiness Z;
L, BPEMEHHOE CMEIeHIe lateness
E; oTlepeKeHne earliness
Chax | OBICTpOIETICTBIE makespan
prec | OTHOINEHHUS TIpeIecTBoBa- | precedence relations
HUSL
pmtn | TpepbIBAHUA preemptions
tree JepeBo tree
chain | memodka chain
Pm UJIEHTHYIHbIE MAITTHBI parallel machines
Qm
Jm job-shop
Om open-shop
Fm flow-shop




Kto ecth KTO B Teopun Pacnucanmii

B andasurHoM nopsijike. PyccKosi3bluHbIE aBTOPHI BHaJAJIE.

Bypkos Bnagumup Hukonaesud, poxa. B 1939 r.
Axagemuk PAEH n Heio-Hopkekoit AH. Pa-
O60Tbl B 00JlacTH yIIpaB. CHCTEM, OOBEMHO-
KaJIeHJapHoro IIannpoBanusd. Jlaypear roc.
upemuun CCCP. Boszriapisier j1abopaTopuio B

UITY PAH, npocdeccop MOTH.

Topyion Basiepuit Cepreesuu (1945-2010) Pa6o-
Tel B obstactu TP, auckperHoil onTuMu3aium.
Jlaypeat roc. mpemun Pecrnybimkn Benapycs.
Paboran ru.c. B8 O6ben. Uncruryre [Ipodiem

Nudopmaruku (OUIN) HAH Benapycu.

Kopasieés Muxann Axosnesud, pox. B 1959 r.
Pa6orer B obniactu TP, quckpeTHoii onTuMu3a-
1uu, Teopun rpados. Jlaypear roc. npemun Pec-
nyosmku  benapyceb. Ilpodeccop Benapyccko-
ro rocyapcrBeHroro yansepceurera (. MuHck),
zaMm. jup. Oobea. Mucruryra [Tpodaem Nudop-
varnkn (OUIIN) HAH Benapycu.

CepactbsnoB Cepreit BacuibeBuu. PaboTbl B
oonactn TP, nuckpernoit onTuMu3alinm, Teo-
pun rpacdoB, KOMONHATOPHOI reoMeTpun. B.H.c.
Nucruryta Maremarukun CO PAH. Ilpodeccop
Hosocubupckoro I'Y

CorckoB FOpuit Hazaposu4, poj. B 1948 r. Pabo-
Tl B o0sactTu TP | nuckpeTHoil onTuMu3alinm,
Teopun rpados. Jlaypear roc. npemun Peciryo-
nukn Benapyck. Ilpodeccop Ben.I'V, zas.siab.
OUIIN HAH Benapycu.




Tamnaes Bawecnas Cepreesna (1940-2002). Jlay-
peat roc. npemun Pecrnyosmku Bemapych. Axa-
nemuk HAH Bemapycun ¢ 2000 . C 1987 .
mupektop Wucturyra Tex. wkumbepmernknm AH
BCCP. Ommn wu3 ocnoBonosio;kaukos TP B

CCCP.

[IIkypba Bukrop BacuiabeBuu, poa. B 1935 r.
Paborer B obsactu ACVII, maremarnueckoi
KHOEpHETUKM, 00bEeMHO-KaJIeHIaPHOIO ILJIaHN-
posanusi. Jlaypear roc. npemuit CCCP u YC-
CP. Ilpodeccop Tl'ocymapcrBeHHOrO YHUBEPCHU-
tera Yupasienust (Mocksa). Onnn n3 0cHOBO-

nojioxkuukos TP B CCCP.

Baptiste Philippe, pos. B 1955 r. PaboTn B 0018~
ctu TP, uccnenopanust onepanuii. Ipodeccop
Ecole Polytechnique.

Blazewicz Jacek, pox. B 1951 1. Paborsr B 00s1a-
ctu TP, uccnenopanus onepanuii. IIpodeccop,
3aM. jaup., the Institute of Computing Science,
Poznan University of Technology.

Burke Edmund. Pa6orsr B obmactu TP,
uccienosanust onepanuii. Ilpodeccop, jexaH,
University of Nottingham.



Peter Brucker. Paborsr B obsiactu TP, uccieo-
BaHus orepainuii. Paboras yausepcurere OcHa-
Oproka.

Kendall Graham. Paborer B obnactu TP, uc-
caenopanus oneparuit. [Ipodeccop, University
of Nottingham.

Lawler Eugene Leighton (Gene) (1933-1994).
Amepukancknuii yuensiit. Paboras B ynus. Ka-
mudopanu u bepkiu. PaboTsl B obacTu KoM-
ouHaTopHOil onTumusaiun u TP .

Leung Joseph Y.-T. Paborot B obnactu TP .
IIpocdbeccop wmnCTHTYTa  TexHosoruii  Hrio-

xepcn.

- ?’% ;Il-

Y

Werner Frank, poj. B 1955 r. Pabors! B obs1acTu
TP, nuckperHoii onTMMHU3aluy, TEOPUU I'pa-
dos. IIpodeccop yamsepcurera r. Marjaebypra
(Fepmanust)
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