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Óñòîé÷èâîñòü çà êîíå÷íîå âðåìÿ: ìîòèâàöèÿ è èëëþñòðàòèâíûå ïðèìåðû

Ìàòåìàòè÷åñêèé àïïàðàò

Ñòàáèëèçàöèÿ çà çàäàííîå âðåìÿ (prescribed-time stabilization) ëèíåéíûõ ñèñòåì â êàíî-
íè÷åñêîé ôîðìå

Ñèíòåç ðåãóëÿòîðà ïî ïîëíûì èçìåðåíèÿì ñîñòîÿíèÿ

Ñèíòåç íàáëþäàòåëÿ

Ñèíòåç ðåãóëÿòîðà ïî âûõîäó

×èñëåííîå èíòåãðèðîâàíèå çàìêíóòîé ñèñòåìû óïðàâëåíèÿ: íåÿâíîå èíòåãðèðîâàíèå ïî Ýéëåðó

(implicit Euler discretization)

Ðåçóëüòàòû ìîäåëèðîâàíèÿ

Îáçîð ëèòåðàòóðû

Çàêëþ÷åíèå



Ñòàáèëèçàöèÿ çà êîíå÷íîå âðåìÿ: ìîòèâèðóþùèå ïðèëîæåíèÿ

Ðèñ.: Êîîðäèíèðóåìàÿ êîíôèãóðàöèÿ
òðàíñïîðòíûõ ñèñòåì â óñòàíîâëåííîå âðåìÿ.

Ðèñ.: Îòñëåæèâàíèå ýòàëîííîé ïîõîäêè
øàãàþùåãî ðîáîòà ìåæäó ïîñëåäîâàòåëüíûìè
êàñàíèÿìè ïîâåðõíîñòè.
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Ðàçëè÷íûå òèïû óñòîé÷èâîñòè è èëëþñòðàòèâíûå ïðèìåðû
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Ñõîäèìîñòü çà êîíå÷íîå âðåìÿ (�nite time stability)
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Asymptotic

Finite-time

Fixed-time

Prescribed-time

Exponential

Âðåìÿ óñòàíîâëåíèÿ çàâèñèò îò íà-
÷àëüíûõ óñëîâèé.

Ðàññìîòðèì ñêàëÿðíîå óðàâíåíèå

ẋ =− 1
α
⌈x⌋1/2, x(0) = x0 ∈ R, α > 0. (1)

Åãî ðåøåíèå

x(t) = sign(x0)
(√

|x0|− t
2α

)2
(2)

îïðåäåëÿåò ôóíêöèþ âðåìåíè óñòàíîâëåíèÿ (settling
time function) â ÿâíîì âèäå:

T (x0) = 2α

√
|x0|. (3)



Ñõîäèìîñòü çà ôèêñèðîâàííîå âðåìÿ (�xed time stability)
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Asymptotic

Finite-time

Fixed-time

Prescribed-time

Exponential

Âðåìÿ óñòàíîâëåíèÿ ðàâíîìåðío îãðà-
íè÷åíî âíå çàâèñèìîñòè îò íà÷àëüíûõ
óñëîâèé.

Ðàññìîòðèì ñêàëÿðíîå óðàâíåíèå

ẋ =−⌈x⌋1/2 −⌈x⌋2, x(0) = x0, (4)

ãäå ⌈x⌋α = |x|α sign(x), α ≥ 0, x ∈ R.
Åãî ðåøåíèå

x(t) = tan2
(

arctan
(√

|x0|
)
− t

2

)
sign(x0), (5)

îïðåäåëÿåò ôóíêöèþ âðåìåíè óñòàíîâëåíèÿ â ÿâ-
íîì âèäå:

T (x0) = 2arctan
(√

|x0|
)
≤ π. (6)



Óñòîé÷èâîñòü çà çàäàííîå âðåìÿ (prescribed-time stability)
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Asymptotic

Finite-time

Fixed-time

Prescribed-time

Exponential

Ïîëüçîâàòåëü ìîæåò óñòàíàâëèâàòü æå-
ëàåìîå âðåìÿ ñõîäèìîñòè T > 0 ïó-
òåì íàñòðîéêè ïàðàìåòðîâ ðåãóëÿòî-
ðà âíå çàâèñèìîñòè îò íà÷àëüíûõ óñëî-
âèé.

Ðàññìîòðèì íåàâòîíîìíîå ñêàëÿðíîå óðàâíåíèå

ẋ =−α
T

T − t
x, x(0) = x0 ∈ R, α > 0. (7)

Åãî ðåøåíèå

x(t) =
(T − t

T

)αT
x0, (8)

îïðåäåëÿåò ôóíêöèþ âðåìåíè óñòàíîâëåíèÿ â ÿâ-
íîì âèäå:

T (x0) = T. (9)

Èìïóëüñíàÿ èíòåðïðåòàöèÿ ïðè T = 0: ẋ=−δ (t)x0.



Ìàòåìàòè÷åñêèé àïïàðàò

Áàçîâûå ìåòîäû àíàëèçà è ñèíòåçà óñòîé÷èâûõ ñèñòåì ñ çàäàííûì âðåìåíåì ñõîæäåíèÿ.
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Ñèíòåç îáðàòíîé ñâÿçè: îñíîâîïîëàãàþùàÿ èäåÿ â ñêàëÿðíîì ñëó÷àå

Ñëåäóÿ Song et al, 20171, ðàññìîòðèì ñêàëÿðíóþ ñèñòåìó
ẋ = u, x(0) = x0 ∈ R,

u =−kµ1(t;T)x, µ1(t;T) =
T

T − t
, T > 0, kT > 1.

(10)

Îáùåå ðåøåíèå (10) çàïèñûâàåòñÿ â âèäå

x(t) = e−k
∫ t

0 µ1(τ)dτ x0

=
(T − t

T

)kT
x0.

(11)

Îòñþäà ñëåäóåò, ÷òî äëÿ âñåõ kT > 1 íåçàâèñèìî îò íà÷àëüíûõ óñëîâèé äîñòèãàåòñÿ óñòîé÷è-
âîñòü çà çàäàííîå âðåìÿ T ñ ðàâíîìåðíî îãðàíè÷åííûì âõîäíûì âîçåéñòâèåì u:

lim
t→T

x(t) = 0, lim
t→T

ẋ(t) = 0, (12)

1
Y. Song, Y. Wang, J. Holloway, M. Krstic, Time-varying feedback for regulation of normal-form nonlinear systems in prescribed �nite time,

Automatica 83 (2017) 243�251.
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Ñèíòåç îáðàòíîé ñâÿçè: áàçîâàÿ èäåÿ â ñêàëÿðíîì ñëó÷àå

Äåôîðìàöèÿ Ïðîñòðàíñòâà Ñîñòîÿíèÿ è Âðåìåíè
Ïåðâîíà÷àëüíàÿ ñèñòåìà â çàìêíóòîé ôîðìå

dx(t)
dt

=−kµ1(t;T)x(t), x(0) = x0 ∈ R, µ1(t;T) =
T

T − t
, T > 0, kT > 1 (13)

Íîâàÿ ïåðåìåííàÿ âðåìåíè

τ(t;T) =−T ln
(

T − t
T

)
: [0,T)→ R+,

dτ(t;T)
dt

= µ1(t;T) (14)

Íîâàÿ ïåðåìåííàÿ â äåôîðìèðîâàííîì âðåìåíè

x(t) = ξ (τ(t;T)) (15)

Ïåðåìàñøòàáèðîâàííàÿ ñèñòåìà

dξ (τ)

dτ
=

(
dx(t)

dt

)
dt
dτ

= −kµ1(t;T)x(t)
1

µ1(t;T)

∣∣∣∣
x(t)=ξ (τ(t;T))

=−kξ (τ). (16)
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Ñèíòåç îáðàòíîé ñâÿçè: áàçîâàÿ èäåÿ â ñêàëÿðíîì ñëó÷àå
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dx(t)
dt

=−kµ1(t;T)x(t)
dξ (τ)

dτ
=−kξ (τ)

τ(t;T) =−T ln
(

T − t
T

)
x(t) = ξ (τ(t;T))

t(τ;T) = T
(

1− e−
τ
T

)
ξ (τ) = x(t(τ;T))

Óñòîé÷èâîñòü çà âðåìÿ T

Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü



Èíñòðóìåíòàëüíûå Ëåììû

Lemma

Ïóñòü ôóíêöèÿ µ(t) : [t0, t0 +T)→ R≥1, µ(t0) = 1 óäîâëåòâîðÿåò óñëîâèÿì:

1 µ(t) ìîíîòîííî âîçðàñòàåò è ïðèíèìàåò êîíå÷íûå çíà÷åíèÿ íà [t0, t0 +T);
2 limt→t0+T

∫ t
t0 µ(τ)dτ = ∞.

Òîãäà âñÿêîå íåîòðèöàòåëüíîå ðåøåíèå ñêàëÿðíîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà

dV(t)
dt

≤−2kµ(t)V(t), k > 0, t ∈ [t0, t0 +T) (17)

óáûâàåò ê íóëþ ïðè t → t0 +T.

Âûøåïðèâåäåííàÿ Ëåììà2 îáîáùàåò ñâîéñòâà ðàíåå èñïîëüçîâàííîãî íåàâòîíîìíîãî ãåíåðàòîðà
µ1(t) è ôîðìèðóåò îñíîâó ñèíòåçà çà çàäàííîå âðåìÿ Ò ñ ðàçëè÷íûìè ãåíåðàòîðàìè µ(t).

2Lemma 4.2 in Y. Orlov, Nonsmooth Lyapunov analysis in �nite and in�nite dimensions, Springer, 2020
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Èíñòðóìåíòàëüíûå Ëåììû

Lemma

Ïóñòü ôóíêöèÿ η(r) : R≥0 → R≥1 ìîíîòîííî âîçðàñòàåò îò η(0) = 1 äî áåñêîíå÷íîñòè ïðè
r → ∞ è áóäåò òàêîé, ÷òî

∫
∞

0
dr

η(r) ≤ 1 (íàïðèìåð, η(r) = p−1 exp(rp)r1−p ñ íåêîòîðûì p ∈ (0,1]).
Âäîëü íåïðåðûâíîãî âåêòîðíîãî ïîëÿ f (x,u) íàä Åâêëèäîâûì ïðîñòðàíñòâîì Rn ðàññìîòðèì
äèôôåðåíöèàëüíîå íåðàâåíñòâî

Df (ξ ,u(ξ ))V(ξ )≤−η(V(ξ ))

T
(18)

îòíîñèòåëüíî ñêàëÿðíîé ïîëîæèòåëüíî îïðåäåëåííîé ôóíêöèè V(x). Òîãäà ïðîèçâîëüíîå
ðåøåíèå V(x(t)) íåðàâåíñòâà (18) äîñòèãàåò íóëÿ ïî êðàéíåé ìåðå ê ìîìåíòó t = T íåçàâèñèìî
îò íà÷àëüíîãî çíà÷åíèÿ V0 = V(x(0)).

Äàííàÿ Ëåììà3 ôîðìèðóåò îñíîâó ñòàáèëèçèðóþùåãî ñèíòåçà ñ çàäàííîé âåðõíåé ãðàíèöåé
âðåìåíè ñõîæäåíèÿ ðåãóëèðóåìîé ñèñòåìû ê íà÷àëó êîîðäèíàò.

3Lemma 1 in Y. Orlov, Time space deformation approach to prescribed-time stabilization: Synergy of
time-varying and non-Lipschitz feedback designs, Automatica 144 (2022) 110485.
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Ñèíòåç ðåãóëÿòîðà ïî ïîëíûì èçìåðåíèÿì ñîñòîÿíèÿ
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Ïîñòàíîâêà çàäà÷è

Plant

where

η ∈ Rn � âåêòîð ñîñòîÿíèÿ

yηηη ∈ R � åäèíñòâåííîå äîñïóïíîå èçìåðåíèåt

u � âõîäíîå âîçäåéñòâèå

w � âîçìóùåíèå
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Ïîñòàíîâêà çàäà÷è

Plant

Ïðåäïîëîæåíèå

Âíåøíåå âîçìóùåíèå w(t), ðàâíîìåðíî îãðàíè÷åíî

|w(t)| ≤ L ∀ t ≥ t0

àïðèîðíî íåèçâåñòíîé êîíñòàíòîé L > 0.
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Öåëü óïðàâëåíèÿ

Ñèíòåçèðîâàòü ðàâíîìåðíî óñòîé÷èâóþ çàìêíóòóþ ñèñòåìó

η̇(t) = Aη(t)+b
(

u+w(t)
)
, η(0) = η

0,

yη = η1

ñ çàäàííûì âðåìåíåì ñõîæäåíèÿ T, ôàçîâûå òðàåêòîðèèè êîòîðîé ñõîäÿòñÿ ê íóëþ ïðè t → T

ñ ïðîèçâîëüíî ìàëûì çàðàíåå âûáðàííûì T > 0
íåçàâèñèìî îò íà÷àëüíîãî ñîñòîÿíèÿ η0

è íåçàâèñèìî îò äîïóñòèìîãî âîçìóùåíèÿ w(t).
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Ñèíòåç ðåãóëÿòîðà ïî ïîëíûì èçìåðåíèÿì ñîñòîÿíèÿ

Plant

η̇ηη(t) = Aηηη(t)+b
(

u+w(t)
)
, ηηη(0) = ηηη

0 (19)

(20)

A =

[
0n−1,1 In−1

0 01,n−1

]
, b =

[
0n−1,1

1

]
. (21)
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Øàã 1: Ïîèñê ëèíåéíîé íåàâòîíîìíîé îáðàòíîé ñâÿçè

Ìàñøòàáèðîâàííàÿ îáðàòíàÿ ñâÿçü

u(t) =−KDc(t)η(t) (22)

Ïïîñòîÿííûé êîýôôèöèåíò óñèëåíèÿ K = [K1 . . .Kn] ∈ R1×n: ïðåäñòîèò âûáðàòü

Ñïåöèàëüíî ìàñøòàáèðîâàííàÿ äèàãîíàëüíàÿ ìàòðèöà

Dc(t) = diag{[µn
Tc(t) µ

n−1
Tc

(t) . . . µTc(t)]
⊤} (23)

Ãåíåðàòîð ñõîäèìîñòè ñ çàäàííûì âðåìåíåì

µTc(t) =
Tc

Tc − t
, Tc > 0 (24)

Çàìêíóòàÿ ñèñòåìà
η̇(t) = [A−bKDc(t)]η(t)+bw(t). (25)
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Øàã 1: Ïîèñê ëèíåéíîé íåàâòîíîìíîé îáðàòíîé ñâÿçè

Ìàñøòàáèðîâàííàÿ îáðàòíàÿ ñâÿçü

u(t) =−KDc(t)η(t) (22)

Ïïîñòîÿííûé êîýôôèöèåíò óñèëåíèÿ K = [K1 . . .Kn] ∈ R1×n: ïðåäñòîèò âûáðàòü

Ñïåöèàëüíî ìàñøòàáèðîâàííàÿ äèàãîíàëüíàÿ ìàòðèöà

Dc(t) = diag{[µn
Tc(t) µ

n−1
Tc

(t) . . . µTc(t)]
⊤} (23)

Ãåíåðàòîð ñõîäèìîñòè ñ çàäàííûì âðåìåíåì

µTc(t) =
Tc

Tc − t
, Tc > 0 (24)
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Øàã 2: Ðåøåíèå LMIs

Ëèíåéíûå Ìàòðè÷íûå Íåðàâåíñòâà

P−1
c ≻ 0,

[
Q11 b
b⊤ −γc

]
⪯ 0 (26)

ãäå

Q11 = P−1
c (A−∆)⊤+(A−∆)P−1

c −bUc −U⊤
c b⊤+P−1

c , (27)

∆ = T−1
c diag{[0 1 . . .n−1]⊤}. (28)

Èçâåñòíî4, ÷òî äëÿ ëèíåéíîé ñèñòåìû â êàíîíè÷åñêîé ôîðìå âûøåïðèâåäåííûå LMIs
âñåãäà îáëàäàþò ïîäõîäÿùèìè ðåøåíèÿìè Pc = P⊤

c ∈ Rn×n, Uc ∈ Rn è γc ∈ R+.

4Lemma 1 in L. Praly and Z. Jiang, �Linear output feedback with dynamic high gain for nonlinear systems,�
Systems and Control Letters, vol. 53, no. 2, pp. 107�116, 2004
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Øàã3: Ïðîâåðêà ðàâíîìåðíîé óñòîé÷èâîñòè çàìêíóòîé ñèñòåìû çà
çàäàííîå âðåìÿ Tc

Lemma

Ïóñòü K = UcPc. Òîãäà äëÿ ïðîèçâîëüíûõ íà÷àëüíûõ çíà÷åíèé η(0) ∈ Rn è äîïóñòèìûõ
âîçìóùåíèé w ∈ L∞ ðåøåíèÿ çàìêíóòîé ñèñòåìû óäîâëåòâîðÿþò íåðàâåíñòâàì

√
λmin(Pc)


|η1(t)|
|η2(t)|

...
|ηn(t)|

≤


1

µTc(t)
...

µ
n−1
Tc

(t)


×
[
µ
−Tc/2
Tc

(t)
√

η(0)⊤Pcη(0)+
√

γcω(t)∥w∥∞

]
(29)

äëÿ âñåõ t ∈ [0,Tc), ãäå

ω(t) = T

{
µ
−2n
Tc (t)−µ

−Tc
Tc (t)

Tc−2n if Tc ̸= 2n,
µ
−Tc
Tc

(t) ln µTc(t) if Tc = 2n
. (30)
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Èäåÿ äîêàçàòåëüñòâà: äåôîðìàöèÿ ïðîñòðàíñòâà ñîñòîÿíèé è âðåìåíè
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Ñèñòåìà â êàíîíè÷åñêîé ôîðìå

η̇ηη(t) = Aηηη(t)+b
(

u+w(t)
)

u(ηηη) =−KDc(t)ηηη(t)

Dc(t) = diag{[µn
T(t) µ

n−1
T (t) . . . µT(t)]⊤}

Ïðåîáðàçîâàííàÿ ñèñòåìà

dξ (τ)

dτ
= (AK −Θ)ξ (τ)+ e−nT−1τ bd(τ),

AK = A−bK

Θ = T−1 diag{[0 1 . . .n−1]⊤}

τ(t) = T ln
T

T − t
: [0,T)→ [0,∞), ξ (t) = Γ(t)ηηη(t)

Γ(t) = diag{[1 µ
−1(t) . . .µ1−n(t)]⊤}, µT(t) =

T
T − t
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Ïðåîáðàçîâàííàÿ ñèñòåìà

dξ (τ)

dτ
= (AK −Θ)ξ (τ)+ e−nT−1τ bd(τ),

Êâàäðàòè÷íàÿ ôóíêöèÿ Ëÿïóíîâà äàåò

K òàêóþ ÷òî AK −Θ Ãóðâèöåâà

Ñèñòåìà â êàíîíè÷åñêîé ôîðìå

dη(t)
dt

= Aη(t)−KDc(t)η(t)+bw(t)

Êàê òîëüêî òàêàÿ K âûáðàíà,

æåëàåìàÿ óñòîèé÷èâîñòü ãàðàíòèðîâàíà

t(τ) = T
(

1− e−
τ
T

)
ξ (τ) = Γ(t(τ))η(t(τ))

τ(t) = T ln
(

T
T − t

)
η = Γ

−1(ξ (τ(t))

τ

t(τ) = T(1− e−τ/T)

0 1 2 3 4 5 6 7 8 9
0
1
2
3

T = 1
T = 2



Ñëåäñòâèå

Theorem

Äëÿ Tc > 2n−2 ñèíòåçèðîâàííàÿ ïðèâåäåííûì ñïîñîáîì çàìêíóòàÿ ñèñòåìà

η̇ηη(t) = Aηηη(t)+b
(

u+w(t)
)
, ηηη(0) = ηηη

0, (31)

u(t) = −KDc(t)η(t), (32)

Dc(t) = diag{[µn
Tc(t) µ

n−1
Tc

(t) . . . µTc(t)]
⊤}, (33)

K = UcPc, and µTc(t) =
Tc

Tc − t
, Tc > 0, (34)

ÿâëÿåòñÿ ðàâíîìåðíî óñòîé÷èâîé ñ çàäàííûì âðåìåíåì ñõîæäåíèÿ Tc.

Ïðîèçâîëüíî ìàëîå âðåìÿ ñõîæäåíèÿ Tc ìîæåò áûòü äîñòèãíóòî ïóòåì ïîäõîäÿùåãî èçìåíåíèÿ
ìàñøòàáà âðåìåíè. Áîëåå òîãî, êàê áóäåò ïîêàçàíî äàëåå, òåõíè÷åñêîå îãðàíè÷åíèå Tc > 2n−2
íà âðåìÿ ñõîæäåíèÿ ñòàíîâèòñÿ íåñóùåñòâåííûì ïðè ÷èñëåííîì èíòåãðèðîâàíèè çàìêíóòîé
ñèñòåìû, èñïîëüçóÿ íåÿâíóþ ñõåìó Ýéëåðà.
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Îáîáùåíèå íà áåñêîíå÷íûé ãîðèçîíò âðåìåíè

Remark

Òàê êàê µTc(t) =
Tc

Tc−t → ∞ ïðè t ↑ Tc, òî ïðåäëîæåííûé ñèíòåç

u(t) = −KDc(t)η(t), Dc(t) = diag{[µn
Tc(t) µ

n−1
Tc

(t) . . . µTc(t)]
⊤} (35)

ïðèìåíèì íà êîíå÷íîì èíòåðâàëå âðåìåíè, [0,Tc) íà êîòîðîì îí ðàâíîìåðíî îãðàíè÷åí.
Ïîýòîìó çàâèñÿùèé îò âðåìåíè êîýôèöèåíò óñèëåíèÿ µTc(t) äîïóñêàåò ïåðèîäè÷åñêîå
ïðîäîëæåíèå ïî ìîäóëþ mod(t,Tc) ∈ [0,Tc) äëÿ âñåõ t ≥ 0. Ïðîäîëæåííûé òàêèì îáðàçîì
êîýôôèöèåíò óñèëåíèÿ

µTc (mod(t,Tc)) , t ≥ 0

ïåðèîäè÷åñêè âîçðàñòàåò ñî ñâîåãî íà÷àëüíîãî çíà÷åíèÿ ρTc(0) = 1 äî áåñêîíå÷íîñòè,
ìîíîòîííî íà êàæäîì èíòåðâàëå t ∈ [iTc,(i+1)Tc), i = 1,2, . . . , ÷òî ïðèâîäèò ê ðàâíîìåðíîé
ðîáàñòíîñòè çàìêíóòîé ñèñòåìû íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè. [0,∞).

Äëÿ ðåàëèçàöèè ïðèâåäåííîãî çàêîíà óïðàâëåíèÿ ïðåäëàãàåòñÿ èçïîëüçîâàòü íåÿâíóþ äèñêðå-
òèçàöèþ Ýéëåðà, êîòîðàÿ ñîõðàíÿåò â äèñêðåòíîì âðåìåíè æåëàåìûå ñâîéñòâà ðàâíîìåðíîé
ðîáàñòíîé óñòîé÷èâîñòè çà çàäàííîå âðåìÿ. Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
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Íåÿâíàÿ äèñêðåòèçàöèÿ, ñîõðàíÿþùàÿ óñòîé÷èâîñòü çà çàäàííîå
âðåìÿ

Êîýôèöèåíò óñèëåíèÿ Dc(t)→ ∞ ïðè t ↑ Tc ⇒ ÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà íåïðèìåíèìà!

h > 0 øàã äèñêðåòèçàöèè, tk = hk äëÿ k ∈ N: ẋ = f (x)⇒ ξk+1 = ξk +hf (ξk+1)

Ñèñòåìà ñ îáðàòíîé ñâÿçüþ ïðè íàëè÷èè øóìà5 v(t) èçìåðåíèÿõ:

η̇(t) = Aη(t)−bKDc(t)z(t)+bw(t), z(t) = η(t)+ v(t), (36)

Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà ⇒ Òðåáóåòñÿ àíàëèòè÷åñêè ðåøèòü ëèíåéíûå
óðàâíåíèÿ îòíîñèòåëüíî ξk+1:

ξk+1 −ξk

h
= Aξk+1 +bwk+1 −bKDc(tk+1)[ξk+1 + vk+1]

ãäå ξk ∈ Rn � àïïðîêöèìàöèÿ ηk = η(tk) ( ξk → xk ïðè h → 0) è vk = v(tk), wk = w(tk).

5Òîãî æå êëàññà L∞, ÷òî è âîçìóùåíèÿ w(t)
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Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà

Èòîãîâîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå

ξk+1 = F−1
c (tk+1) [ξk +hbwk+1 +Rc(tk+1)vk+1] , (37)

Fc(t) = In −h [A−bKDc(t)] , Rc(t) =−hbKDc(t), k = 0,1, . . . .

×òîáû ðåàëèçîâàòü èòîãîâóþ äèñêðåòèçàöèþ (37), îñòàåòñÿ îáðàòèòü ìàòðèöó Fc(t) ïðè
óñëîâèè åå íåñèíãóëÿðíîñòè äëÿ âñåõ t ≥ 0.
Äëÿ ëèíåéíîé ìàòðèöû â êàíîíè÷åñêîé ôîðìå îáðàòèìîñòü ìàòðèöû Fc(t) óñòàíîâëåíà
äëÿ âñåõ t ≥ 0 è ïîêàçàíà ðàâíîìåðíàÿ óñòîé÷èâîñòü äèñêðåòíîé ñèñòåìû (37) çà çàäàííîå
âðåìÿ6.

6D. E�mov and Y. Orlov On implicit discretization of prescribed-time stabilizers 2024 IEEE 63rd Conference on
Decision and Control, CDC'2024, p. 7350-7355 (submitted to IEEE TAC)
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Èëëþñòðàòèâíûé ïðèìåð: çàòóõàíèå íîðìû âåêòîðà ñîñòîÿíèÿ

Ïóñòü n = 3, T = 5 > 2n−2 è h = 0.001

v(t) =

 0.001(sin(πt)+ rnd(1))
0.01(cos7(t)− rnd(1))
0.1(sin(10t)− rnd(1))

 , d(t) = sin(0.5t)+ rnd(1),

K = [0.125 0.75 1.5], x(0) = [50 50 50]⊤

1) v ≡ 0 è d ≡ 0; 2) v ≡ 0 è d ̸= 0; 3) v ̸= 0 è d ̸= 0
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Ïîñòðîåíèå íàáëþäàòåëÿ

Plant

η̇ηη(t) = Ληηη(t)+B
(

u+w(t)
)
, ηηη(0) = ηηη

0, (38)

yηηη(t) = Cηηη(t) (39)

Λ =

[
0n−1,1 In−1

0 01,n−1

]
, B =

[
0n−1,1

1

]
, C =

[
1 01,n−1

]
. (40)
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Øàã 1: Ïîèñê çàâèñÿùåãî îò âðåìåíè êîððåêòèðóþùåãî âõîäà
íàáëþäàòåëÿ

Äèíàìè÷åñêèé íàáëþäàòåëü

˙̂η(t) = Aη̂(t)+bu(t)+Do(t)L[yη(t)− cη̂(t)] (41)

Ìàñøòàáèðîâàííîå êîððåêòèðóþùåå âõîäíîå âîçäåéñòâèå

Do(t)L[yη(t)− cη̂(t)] (42)

Ïîñòîÿííûé êîýôèöèåíò óñèëåíèÿ L = [L1 . . .Ln]
⊤ ∈ Rn : ïðåäñòîèò âûáðàòü

Ñïåöèàëüíî ìàñøòàáèðîâàííàÿ äèàãîíàëüíàÿ ìàòðèöà

Do(t) == diag{[µTo(t) µ
2
To(t) . . .µ

n
To(t)]

⊤} (43)

Ãåíåðàòîð ñõîäèìîñòè ñ çàäàííûì âðåìåíåì

µTo(t) =
To

To − t
, To > 0 (44)
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Øàã 2: Ðåøåíèå LMIs

Ëèíåéíûå Ìàòðè÷íûå Íåðàâåíñòâà

Po ≻ 0,
[

Q̃11 Pob
b⊤Po −γo

]
⪯ 0, (45)

ãäå

Q̃11 = (A−∆)⊤ Po +Po (A−∆)−Uoc− c⊤U⊤
o +Po, (46)

∆ = T−1
o diag{[0 1 . . .n−1]⊤}. (47)

Èçâåñòíî7, ÷òî äëÿ ëèíåéíîé ñèñòåìû â êàíîíè÷åñêîé ôîðìå âûøåïðèâåäåííûå LMIs
âñåãäà îáëàäàþò ïîäõîäÿùèìè ðåøåíèÿìè Po = P⊤

o ∈ Rn×n, Uo ∈ Rn, and γo ∈ R+.

7Lemma 1 in L. Praly and Z. Jiang, �Linear output feedback with dynamic high gain for nonlinear systems,�
Systems and Control Letters, vol. 53, no. 2, pp. 107�116, 2004
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Øàã 3: Ïðîâåðêà ðàâíîìåðíîé óñòîé÷èâîñòè îøèáêè îöåíèâàíèÿ çà
çàäàííîå âðåìÿ

Îøèáêà îöåíèâàíèÿ e(t) = η(t)− η̂(t)
Óðàâíåíèå â îøèáêàõ

ė(t) = [A−Do(t)Lc]e(t)+bd(t). (48)

Lemma

Ïóñòü L = P−1
o Uo. K = UcPc. Òîãäà äëÿ ïðîèçâîëüíûõ íà÷àëüíûõ çíà÷åíèé e(0) ∈ Rn è

äîïóñòèìûõ âîçìóùåíèé w ∈ L∞ îøèáêè îöåíèâàíèÿ óäîâëåòâîðÿþò íåðàâåíñòâàì

√
λmin(Po)


|e1(t)|
|e2(t)|
...

|en(t)|

≤


1

µTo(t)
...

µ
n−1
To

(t)

[
µ
−To/2
To

(t)
√

e(0)⊤Poe(0)+
√

γoω(t)∥w∥∞

]
(49)

äëÿ âñåõ t ∈ [0,To).
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Èäåÿ äîêàçàòåëüñòâà: äåôîðìàöèÿ ïðîñòðàíñòâà ñîñòîÿíèé è âðåìåíè

Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
33 / 62

Ñèñòåìà â îøèáêàõ

ė(t) = [A−Do(t)Lc]e(t)+bw(t)

Do(t) = diag{[µT(t) µ
2
T(t) . . . µ

2
T(t)]

⊤}

Ïðåîáðàçîâàííàÿ ñèñòåìà

dε(τ)

dτ
= (AL −Θ)ε(τ)+ e−nT−1τ bd(τ),

AL = A−Lc,

Θ = T−1 diag{[0 1 . . .n−1]⊤}

τ(t) = T ln
T

T − t
: [0,T)→ [0,∞), ε(t) = Γ(t)e(t)

Γ(t) = diag{[1 µ
−1(t) . . .µ1−n(t)]⊤}, µT(t) =

T
T − t
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Ïðåîáðàçîâàííàÿ ñèñòåìà

dε(τ)

dτ
= (AL −Θ)ε(τ)+ e−nT−1τ bd(τ),

Êâàäðàòè÷íàÿ ôóíêöèÿ Ëÿïóíîâà äàåò

L òàêóþ ÷òî AL −Θ Ãóðâèöåâà

Ñèñòåìà â îøèáêàõ

ė(t) = [A−Do(t)Lc]e(t)+bw(t)

Êàê òîëüêî òàêàÿ L âûáðàíà,

æåëàåìàÿ óñòîèé÷èâîñòü ãàðàíòèðîâàíà

t(τ) = T
(

1− e−
τ
T

)
ε(τ) = Γ(t(τ))e(t(τ))

τ(t) = T ln
(

T
T − t

)
e = Γ

−1(ε(τ(t))

τ

t(τ) = T(1− e−τ/T)

0 1 2 3 4 5 6 7 8 9
0
1
2
3

T = 1
T = 2



Ñëåäñòâèå

Theorem

Äëÿ To > 2n−2 ñèíòåçèðîâàííàÿ ïðèâåäåííûì ñïîñîáîì îøèáêà îöåíèâàíèÿ

ė(t) = [A−Do(t)Lc]e(t)+bw(t) (50)

Do(t) = diag{[µTo(t) µ2
To
(t) . . . µn

Tc
(t)]⊤}, (51)

L = P−1
o Uo, and µTo(t) =

To
To−t , T > 0 (52)

ÿâëÿåòñÿ ðàâíîìåðíî óñòîé÷èâîé ñ çàäàííûì âðåìåíåì ñõîæäåíèÿ To.

Ïðîèçâîëüíî ìàëîå âðåìÿ ñõîæäåíèÿ Tc ìîæåò áûòü äîñòèãíóòî ïóòåì ïîäõîäÿùåãî èçìåíåíèÿ
ìàñøòàáà âðåìåíè. Áîëåå òîãî, êàê áóäåò ïîêàçàíî äàëåå, òåõíè÷åñêîå îãðàíè÷åíèå Tc > 2n−2
íà âðåìÿ ñõîæäåíèÿ ñòàíîâèòñÿ íåñóùåñòâåííûì ïðè ÷èñëåííîì èíòåãðèðîâàíèè çàìêíóòîé
ñèñòåìû, èñïîëüçóÿ íåÿâíóþ ñõåìó Ýéëåðà.
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Îáîáùåíèå íà áåñêîíå÷íûé ãîðèçîíò âðåìåíè

Remark

Êàê è â ñëó÷àå ñèíòåçà ïî ïîëíûì èçìåðåíèÿì ñîñòîÿíèÿ, êîððåêòèðóþùèé êîýôèöèåíò
óñèëåíèÿ µTo(t) =

To
To−t → ∞ ïðè t ↑ To äîïóñêàåò ïåðèîäè÷åñêîå ïðîäîëæåíèå ïî ìîäóëþ

mod(t,To) ∈ [0,To) äëÿ âñåõ t ≥ 0.
Ïðîäîëæåííûé òàêèì îáðàçîì êîððåêòèðóþùèé êîýôôèöèåíò óñèëåíèÿ

µTo (mod(t,To)) , t ≥ 0

ïåðèîäè÷åñêè âîçðàñòàåò ñî ñâîåãî íà÷àëüíîãî çíà÷åíèÿ ρTo(0) = 1 äî áåñêîíå÷íîñòè,
ìîíîòîííî íà êàæäîì èíòåðâàëå t ∈ [iTo,(i+1)To), i = 1,2, . . . , ÷òî ïðèâîäèò ê ðàâíîìåðíîé
ðîáàñòíîñòè çàìêíóòîé ñèñòåìû íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè. [0,∞).

Äëÿ ðåàëèçàöèè ïðèâåäåííîãî çàêîíà óïðàâëåíèÿ ïðåäëàãàåòñÿ èçïîëüçîâàòü íåÿâíóþ äèñêðå-
òèçàöèþ Ýéëåðà, êîòîðàÿ ñîõðàíÿåò â äèñêðåòíîì âðåìåíè æåëàåìûå ñâîéñòâà ðàâíîìåðíîé
ðîáàñòíîé óñòîé÷èâîñòè çà çàäàííîå âðåìÿ.
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Íåÿâíàÿ äèñêðåòèçàöèÿ, ñîõðàíÿþùàÿ óñòîé÷èâîñòü çà çàäàííîå
âðåìÿ

Êîýôèöèåíò óñèëåíèÿ Do(t)→ ∞ ïðè t ↑ To ⇒ ÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà íåïðèìåíèìà!

h > 0 øàã äèñêðåòèçàöèè, tk = hk äëÿ k ∈ N: ˙̂η = f (η̂)⇒ ξ̂k+1 = ξ̂k +hf (ξ̂k+1)

Íàáëþäàòåëü ïðè íàëè÷èè øóìà8 v(t) â èçìåðåíèÿõ:

˙̂η(t) = Aη̂(t)+bu(t)+Do(t)L[y(t)− cη̂(t)], y(t) = cη(t)+ v(t). (53)

Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà ⇒ Òðåáóåòñÿ àíàëèòè÷åñêè ðåøèòü ëèíåéíûå
óðàâíåíèÿ îòíîñèòåëüíî ξk+1:

ξ̂k+1 − ξ̂k

h
= Aξ̂k+1 +bu(tk+1)+Do(tk+1)L[yk+1 − cξ̂k+1]

ãäå ξ̂k ∈ Rn � àïðîõèìàöèÿ η̂k = η̂(tk); yk = y(tk), vk = v(tk) è wk = w(tk).

8Òîãî æå êëàññà L∞, ÷òî è âîçìóùåíèÿ w(t)
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Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà

Èòîãîâîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå

x̂k+1 = Z−1
o (tk+1) [x̂k +bu(tk+1)+h0Do(tk+1)Loyk+1]

Zo(t) = [In −h(A−Do(t)Lc)] .

×òîáû ðåàëèçîâàòü èòîãîâóþ äèñêðåòèçàöèþ (37), îñòàåòñÿ îáðàòèòü ìàòðèöó Fc(t) ïðè
óñëîâèè åå íåñèíãóëÿðíîñòè äëÿ âñåõ t ≥ 0.
Äëÿ ëèíåéíîé ìàòðèöû â êàíîíè÷åñêîé ôîðìå îáðàòèìîñòü ìàòðèöû Fc(t) óñòàíîâëåíà
äëÿ âñåõ t ≥ 0 è ïîêàçàíà ðàâíîìåðíàÿ óñòîé÷èâîñòü ïîêàçàíà äèñêðåòíîé ñèñòåìû (37) çà
çàäàííîå âðåìÿ9.
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Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà
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Ñèíòåç îáðàòíîé ñâÿçè ïî íåïîëíûì èçìåðåíèÿì ïðè Tc = To = T

Plant

η̇ηη(t) = Ληηη(t)+B
(

u+w(t)
)
, ηηη(0) = ηηη

0, (54)

yηηη(t) = Cηηη(t) (55)

Λ =

[
0n−1,1 In−1

0 01,n−1

]
, B =

[
0n−1,1

1

]
, C =

[
1 01,n−1

]
. (56)
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Øàã 1: Ïîèñê ëèíåéíîé íåàâòîíîìíîé îáðàòíîé ñâÿçè: Tc = To = T

Ìàñøòàáèðîâàííàÿ îáðàòíàÿ ñâÿçü u(t) =−KDc(t)η̂(t) ïî âûõîäó íàáëþäàòåëÿ

˙̂η(t) = Aη̂(t)+bu(t)+Do(t)L[yη(t)− cη̂(t)]. (57)

Çàìêíóòàÿ ñèñòåìà
η̇(t) = Aη(t)−bKDc(t)η̂(t)+bwt), (58)

Ïïîñòîÿííûå êîýôôèöèåíòû óñèëåíèÿ K = [K1 . . .Kn], L = [L1 . . .Ln]
⊤ ïðåäñòîèò âûáðàòü

Ñïåöèàëüíî ïîäîáðàííûå äèàãîíàëüíûå ìàòðèöû Dc(t) è Do(t) òàêèå æå, êàê è ðàíåå.

Òîò æå ñàìûé ãåíåðàòîð ñõîäèìîñòè ñ çàäàííûì âðåìåíåì µT(t)

Îøèáêà îöåíèâàíèÿ e(t) = η(t)− η̂(t) è óðàâíåíèå íà íåå

ė(t) = [A−Do(t)Lc]e(t)+bw(t). (59)
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Øàã 2: Ðåøåíèå LMIs

Ëèíåéíûå Ìàòðè÷íûå Íåðàâåíñòâà Ac +M 0 b
0 Ao + In Pob

b⊤ b⊤Po −γ

⪯ 0, In ⪯ Pc (60)

[
M −bUc

−U⊤
c b⊤ Pc

]
⪰ 0, Po ≻ 0, M ⪰ 0 (61)

ãäå Θ = T−1 diag{[0 1 . . .n−1]⊤} è

Ac = Pc (A−Θ)⊤+(A−Θ)Pc −bUc −U⊤
c b⊤+Pc,

Ao = (A−Θ)⊤ Po +Po (A−Θ)−Uoc− c⊤U⊤
o +Po, (62)

Äàííûå íåðàâåíñòâà áîëåå îãðàíè÷èòåëüíû ÷åì òå, êîòîðûå èñïîëüçîâàëèñü äëÿ îáðàòíîé
ñâÿçè ïî ïîëíûì èçìåðåíèÿì è äëÿ ïîñòðîåíèÿ íàáëþäÿòåëÿ: îäíîâðåìåííî òðåáóåòñÿ
íàéòè ðåøåíèÿ Uc ∈ R1×n, Uo ∈ Rn, γ ∈ R+, è M,Pc,Po ∈ Rn×n ñîâìåñòíîé ñèñòåìû
íåðàâåíñòâ (60), (61).

Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
41 / 62



Øàã 3: Ïðîâåðêà ðàâíîìåðíîé óñòîé÷èâîñòè çàìêíóòîé ñèñòåìû çà
çàäàííîå âðåìÿ

Lemma

Ïóñòü K = UcP−1
c , L = P−1

o Uo, è ω(t) . Òîãäà äëÿ ïðîèçâîëüíûõ íà÷àëüíûõ çíà÷åíèé
η(0), e(0) ∈ Rn è äîïóñòèìûõ âîçìóùåíèé w ∈ L∞ âåêòîð ñîñòîÿíèÿ çàìêíóòîé ñèñòåìû è
êîìïîíåíòû îøèáêè îöåíèâàíèÿ óäîâëåòâîðÿþò íåðàâåíñòâàì√

λmin(P−1
c )η2

i (t)+λmin(Po)e2
i (t)≤ ρ

i−1
T (t)

[
ρ
−T/2
T (t)

(√
η(0)⊤P−1

c η(0)+ e(0)⊤Poe(0)
)

+
√

γω(t)∥w∥∞

]
, i = 1, . . . ,n (63)

äëÿ âñåõ t ∈ [0,T), ãäå ω(t) � òà æå ôóíêöèÿ, ÷òî è ðàíåå.
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Èäåÿ äîêàçàòåëüñòâà: äåôîðìàöèÿ ïðîñòðàíñòâà ñîñòîÿíèé è âðåìåíè

Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
43 / 62

Çàìêíóòàÿ ñèñòåìà â êàíîíè÷å-
ñêîé ôîðìå

η̇(t) =
[
A−bKDc(t)

]
η(t)+bKDc(t)e(t)+bw(t)

ė(t) =
[
A−Do(t)Lc

]
e(t)+bw(t)

Ïðåîáðàçîâàííàÿ ñèñòåìà

dξ (τ)

dτ
= (AK −Θ)ξ (τ)

+bKε(τ)+ e−nT−1τ bw(τ),

dε(τ)

dτ
= (AL −Θ)ε(τ)+ e−nT−1τ bw(τ)

τ(t) = T ln
T

T − t
: [0,T)→ [0,∞),

(
ξ (t),ε(t)

)⊤
= Γ(t)

(
η(t),e(t)

)⊤
Γ(t) = diag{[1 µ

−1(t) . . .µ1−n(t)]⊤}, µT(t) =
T

T − t



Èäåÿ äîêàçàòåëüñòâà: äåôîðìàöèÿ ïðîñòðàíñòâà ñîñòîÿíèé è âðåìåíè

Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
44 / 62

Ïðåîáðàçîâàííàÿ ñèñòåìà

dξ (τ)

dτ
= (AK −Θ)ξ (τ)

+bKε(τ)+ e−nT−1τ bw(τ),

dε(τ)

dτ
= (AL −Θ)ε(τ)+ e−nT−1τ bw(τ)

Êâàäðàòè÷íàÿ ôóíêöèÿ Ëÿïóíîâà äàåò

K,L òàêèå ÷òî AK −Θ, AL −Θ Ãóðâèöåâà

Çàìêíóòàÿ ñèñòåìà â êàíîíè÷å-
ñêîé ôîðìå

η̇(t) =
[
A−bKDc(t)

]
η(t)

+bKDc(t)e(t)+bw(t)

ė(t) =
[
A−Do(t)Lc

]
e(t)+bw(t)

Êàê òîëüêî òàêèå K è L âûáðàíû,

æåëàåìàÿ óñòîèé÷èâîñòü ãàðàíòèðîâàíà

t(τ) = T
(

1− e−
τ
T

)
→ τ(t) = T ln

(
T

T − t

)
(
ξ (τ),ε(τ)

)⊤
= Γ(t(τ))

(
η(t(τ)),e(t(τ))

)⊤ →
(
η(t),e(t)

)⊤
= Γ

−1(t)
(
ξ (τ(t)),ε(τ(t))

)⊤



Ñëåäñòâèå

Theorem

Äëÿ T > 2n−2 ïîñòðîåííàÿ óêàçàííûì ñïîñîáîì çàìêíóòàÿ ñèñòåìà

η̇(t) =
[
A−bKDc(t)

]
η(t)+bKDc(t)e(t)+bw(t) (64)

ė(t) =
[
A−Do(t)Lc

]
e(t)+bw(t), (65)

K = UcP−1
c , L = P−1

o Uo, (66)

ÿâëÿåòñÿ ðàâíîìåðíî óñòîé÷èâîé ñ çàäàííûì âðåìåíåì ñõîæäåíèÿ T.

Ïðîèçâîëüíî ìàëîå âðåìÿ ñõîæäåíèÿ T ìîæåò áûòü äîñòèãíóòî ïóòåì ïîäõîäÿùåãî èçìåíåíèÿ
ìàñøòàáà âðåìåíè. Áîëåå òîãî áóäåò ïîêàçàíî äàëåå, ÷òî òåõíè÷åñêîå îãðàíè÷åíèå Tc > 2n− 2
íà âðåìÿ ñõîæäåíèÿ ñòàíîâèòñÿ íåñóùåñòâåííûì ïðè ÷èñëåííîì èíòåãðèðîâàíèè çàìêíóòîé
ñèñòåìû, èñïîëüçóÿ íåÿâíóþ ñõåìó Ýéëåðà.
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Îáîáùåíèå íà áåñêîíå÷íûé ãîðèçîíò âðåìåíè

Remark

Êàê è â ñëó÷àå ñèíòåçà ïî ïîëíûì èçìåðåíèÿì ñîñòîÿíèÿ, êîððåêòèðóþùèé êîýôèöèåíò
óñèëåíèÿ äîïóñêàåò ïåðèîäè÷åñêîå ïðîäîëæåíèå ïî ìîäóëþ mod(t,T) ∈ [0,T) äëÿ âñåõ t ≥ 0.
Ïðîäîëæåííûé òàêèì îáðàçîì êîððåêòèðóþùèé êîýôôèöèåíò óñèëåíèÿ

µT (mod(t,T)) , t ≥ 0

ïåðèîäè÷åñêè âîçðàñòàåò ñî ñâîåãî íà÷àëüíîãî çíà÷åíèÿ ρT(0) = 1 äî áåñêîíå÷íîñòè,
ìîíîòîííî íà êàæäîì èíòåðâàëå t ∈ [iT,(i+1)T), i = 1,2, . . . , ÷òî ïðèâîäèò ê ðàâíîìåðíîé
ðîáàñòíîñòè çàìêíóòîé ñèñòåìû íà áåñêîíå÷íîì èíòåðâàëå âðåìåíè. [0,∞).

Äëÿ ðåàëèçàöèè ïðèâåäåííîãî çàêîíà óïðàâëåíèÿ ïðåäëàãàåòñÿ èçïîëüçîâàòü íåÿâíóþ äèñêðå-
òèçàöèþ Ýéëåðà, êîòîðàÿ ñîõðàíÿåò â äèñêðåòíîì âðåìåíè æåëàåìûå ñâîéñòâà ðàâíîìåðíîé
ðîáàñòíîé óñòîé÷èâîñòè çà çàäàííîå âðåìÿ.
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Íåÿâíàÿ äèñêðåòèçàöèÿ, ñîõðàíÿþùàÿ óñòîé÷èâîñòü çà çàäàííîå
âðåìÿ

Êàê è ðàíåå, ÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà íåïðèìåíèìà!

h > 0 øàã äèñêðåòèçàöèè, tk = hk äëÿ k ∈ N: ẋ = f (x)⇒ xk+1 = xk +hf (xk+1)

Çàìêíóòàÿ ñèñòåìà
η̇(t) = Aη(t)−bKDc(t)η̂(t)+bd(t). (67)

Äèíàìèêà íàáëþäàòåëÿ

˙̂η(t) = [A−bKDc(t)] η̂(t)+Do(t)L[y(t)− cη̂(t)], y(t) = cη(t)+ v(t) (68)

ïðè íàëè÷èè øóìà v(t) ∈ L∞ â èçìåðåíèÿõ.
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Íåÿâíàÿ äèñêðåòèçàöèÿ Ýéëåðà

Òðåáóåòñÿ àíàëèòè÷åñêè ðåøèòü ëèíåéíûå óðàâíåíèÿ îòíîñèòåëüíî ξk+1, ξ̂k+1 :

ξk+1 −ξk

h
= Axk+1 +bwk+1 −bKDc(tk+1)ξ̂k+1,

ξ̂k+1 − ξ̂k

h
= Aξ̂k+1 −bKDc(tk+1)ξ̂k+1 +Do(tk+1)Lo[yk+1 − cξ̂k+1], k = 0,1, . . . ,

ãäå ξk ∈ Rn � àïðîõèìàöèÿ η̂k = η̂(tk); ξk = ξ (tk), ξ̂k, yk = y(tk) = cξk + vk, vk = v(tk), wk = w(tk)

Èòîãîâîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå

ξk+1 = M−1
[
ξk +hbwk+1 −hbKDc(tk+1)ξ̂k+1

]
,

ξ̂k+1 = Z−1(tk+1)
[
ξ̂k +hDo(tk+1)Lyk+1

]
, k = 0,1, . . . ,

ãäå

M = [In −hA] , Z(t) = [In −h(A−Do(t)Lc−bKDc(t))] .
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Èëëþñòðàòèâíûé ïðèìåð: çàòóõàíèå íîðìû âåêòîðà ñîñòîÿíèÿ (ïî
ëîãàðèôìè÷åñêîé øêàëå)

Äàííûå ìîäåëèðîâàíèÿ
n = 2, T = 3 > 2n−2, h = 0.001, x(0) = [50 50], K⊤ = L = [1 1]

v(t) = 0.01
[

sin(πt)+ rnd(1)
]
, d(t) = sin(0.5t)+ rnd(1)

Ðèñ.: The state norm versus time t, initialized with x(0) = [50 50]⊤
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Ñòàáèëèçàöèÿ çà êîíå÷íîå âðåìÿ: îáçîð ëèòåðàòóðû
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Óñòîé÷èâîñòü è ñòàáèëèçàöèÿ çà êîíå÷íîå âðåìÿ
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Óñòîé÷èâîñòü è ñòàáèëèçàöèÿ çà çàäàííîå âðåìÿ (prescribed time)
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Ñòàáèëèçàöèÿ íåëèíåéíûõ ñèñòåì çà çàäàííîå âðåìÿ

Èíñòèòóò Ïðîáëåì Óïðàâëåíèÿ 27 îêòÿáðÿ 2025 ã.
54 / 62

Àëãîðèòìè÷åñêèé íåäîñòàòîê, òèïè÷íûé ïðè ðåàëèçàöèè ëèíåéíîé îáðàòíîé ñâÿçè:
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Ñòàáèëèçàöèÿ ñ çàäàííîé ãðàíèöåé íà âðåìÿ ñõîæäåíèÿ îáåñïå÷èâàåòñÿ çà ñ÷åò
àâòîíîìíîé ñèëüíî íåëèíåéíîé (áûñòðîðàñòóùåé) îáðàòíîé ñâÿçè.
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Cybern. Syst. 53 (7) (2023) 4102�4116.

Ïðåäñòàâëåíû ñóùåñòâåííûå ïðîäâèæåíèÿ â îáëàñòè ñ àêöåíòîì íà àäàïòèâíîå óïðàâëå-
íèÿ è ìóëüòèàãåíòíûå ñèñòåìû.

Y. Orlov, R. I. Verd�es Kairuz, and L. T. Aguilar, Scaling technique for prescribed-time output feedback

stabilization: Autonomous and nonautonomous paradigms and their comparative study, Journal of the Franklin

Institute, vol. 361, no. 5, p. 106642, 2024.

Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ðàçëè÷íûõ àëãîðèòìîâ ñòàáèëèçàöèè çà êîíå÷íîå âðåìÿ
ñ öåëüþ âûÿâëåíèÿ èõ ïðåèìóùåñòâ è íåäîñòàòêîâ.

Y. Orlov, Essay on robust prescribed-time stabilization, Journal of Automation and Intelligence, 2025

Îáñóæäàþòñÿ îáùàÿ ñõåìà ëèíåéíîãî ðîáàñòíîãî ñèíòåçà ñ çàâèñÿùèìè îò âðåìåíè êî-
ýôèöèåíòàìè óñèëåíèÿ è åãî ïîñëåäóþùàÿ ÷èñëåííàÿ ðåàëèçàöèÿ ñ ñîõðàíåíèåì ñõîäè-
ìîñòè çà çàäàííîå âðåìÿ.
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Ìîòèâàöèÿ èç ïðèêëàäíûõ çàäà÷: êîíôèãóðàöèÿ òðàíñïîðòíûõ ñèñòåì, âñòðå÷à ìóëü-
òèàãåíòîâ, ïîñòðîåíèÿ áûñòðûõ íàáëþäàòåëåé...

Äåôîðìàöèîííûé ïîäõîä â íåïðåðûâíîì âðåìåíè:

Ïðåîáðàçóåò ïîëóáåñêîíå÷íóþ âðåìåííóþ îñü â çàäàííûé èíòåðâàë âðåìåíè è ñîïðî-
âîæäàåòñÿ äîïîëíèòåëüíûì ïðåîáðàçîâàíèåì ïðîñòðàíñòâ ñîñòîÿíèé.
Â ðåçóëüòàòå ïðåîáðàçîâàíèÿ ñòàíäàðòíàÿ ëèíåéíàÿ îáðàòíàÿ ñâÿçü ïðèâîäèò ê ðî-
áàñòíîé ëèíåéíîé îáðàòíîé ñâÿçè (êàê ïî ïîëíûì, òàê è íåïîëíûì èçìåðåíèÿì ñî-
ñòîÿíèÿ) ñ çàâèñÿùèìè îò âðåìåíè êîýôèöèåíòàìè óñèëåíèÿ, êîòîðàÿ ðåøàåò çàäà÷ó
ñòàáèëèçàöèè çà çàäàííîå âðåìÿ.
Ïðîñòûå ïðàâèëà íàñòðîéêè, ïîëó÷åííûå íà îñíîâå ðåøåíèé LMI, îáåñïå÷èâàþò ðî-
áàñòíîñòü çàìêíóòîé ñèñòåìû.

Ïðåäëîæåíà ýôåêòèâíàÿ äèñêðåòèçàöèÿ ñî ñëåäóþùèìè ñâîéñòâàìè:

Íåïîñðåäñòâåííîå ÷èñëåííîå èíòåãðèðîâàíèå íåÿâíûì ìåòîäîì Ýéëåðà.
Ïðè îòñóòñòâèè øóìîâ èçìåðåíèÿ ñîõðàíÿåòñÿ óñòîé÷èâîñòü çà çàäàííîå âðåìÿ.
Îïðåäåëííàÿ ðîáàñòíîñòü ê øóìàì è âíåøíèì âîçìóùåíèÿì.



Äàëüíåéøèå èññëåäîâàíèÿ

Îáîáùåíèÿ íà áîëåå øèðîêèé êëàññ ìíîãîñâÿçíûõ (MIMO) ñèñòåì

Óëó÷øåíèå ðîáàñòíîñòè ïðî øóìàõ èçìåðåíèÿ è âíåøíèõ âîçìóùåíèÿõ âíå ïðîñòðàíñòâà
óïðàâëåíèé.

Âîçìîæíîå äîñòèæåíèå ïðèíöèïà ðàçäåëåíèÿ â ñëó÷àå áîëåå áûñòðîé ñõîäèìîñòè íàáëþ-
äàòåëÿ ïî ñðàâíåíèþ ñ ðåãóëÿòîðîì (To < Tc).

Ñèíõðîíèçàöèÿ øàãîâ èíòåãðèðîâàíèÿ íàáëþäàòåëÿ è ðåãóëÿòîðà â ñëó÷àå To < Tc.

Îáîáùåíèå íà ñèíòåç ïî äèñêðåòíîé âûáîðêå è óäåðæàíèþ (sampled-and-hold implementation).
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