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YNPABJAOLWMUE ®AKTOPbI BbIYMUCITTUTESNIbHbIX
NMPOLIECCOB METOAA NPAHUYHBIX COCTOAHUA C
BO3MYLWEHUAMU ONA HEOOQHOPOAHbLIX CPEL]

Carankuna JI.B.}, Kyzbpmenko H.B. 2
(JIuneukuii 'ocynapcTBeHHBIN TEXHUYECKUH YHHUBEPCHUTET, JINTenK)

D¢} PexTHBHBIM CPEACTBOM pEIIeHUs 3aJad TEOPUH YIPYTOCTH IS
HCOOAHOPOAHLIX TEJI ABJIACTCA HCIIOJIB30BAHHUC MCTOJAa TI'PaHUYHBIX
cocrossanit (MI'C), Ha Kaxa0oM IIare pasoKeHUs pelleHus B
ACUMIITOTHUYECKUM psg  MeTtogoM Bo3myleHud. Ha kauectBo
pemieHua BJIUACT HCE TOJBKO YHCIO HTCpaHI/Iﬁ, HO TaKXe¢
pa3MepHOCTh  yIEPKUBAEMOIO OTpe3ka 0aszuca MPOCTPAHCTBA
COCTOSHMM M crmoco0 anmpoKCHMalMu YacTHOTO — PEIICHUs,
00YCIIOBIEHHOTO HaJM4YME€M MAacCOBBIX cuil. OnrcaH HOBBIH METO.
IIOCTPOEHUS  YaCTHOIO  PEILICHHS. IIpuBeneHsl  mpuMepbl
WCIONB30BaHMS Pa3IMYHBIX IPHUEMOB, CKa3bIBAIOIINXCS HAa KaueCTBE
pereHusl.

KiroueBsie cioBa: METOJl TPaHUYIHBIX cOocTOsiHUM, MeTon [lyankape,
HEOJTHOPOJIHAS CpeJia, YIpaBisAmomue (HhakTopbl, HEKOHCEPBATHBHBIC
CHUJIBL.

OCHOBHBIM TIPHEMOM PEIIeHUS 3a/1a4 ISl HEOTHOPOIHBIX Cpell
SBJISIETCA PA3JIOKEHUE M0 MajoMmy mapamerpy. Ha xaxmom 1mare
JEKOMIIO3HMIIMM B 3aJla4aX TEOPHH YIPYTOCTH BO3HHKAET 3PQeKT
npucyTcTBHus 00beMHBbIX cuil [1]. TTocTpoeHne COOTBETCTBYIOIIETO
YaCTHOTO pEIIEHHs COCTABISIET CYIIECTBEHHYI0 mpobiemy. Ecim
CHJIBI OTHOCSATCSI K KJIacCy TOTECHIUAIBHBIX, TO COOTBETCTBYIOIIEE
pellieHre HaxXOJWTCs W3 aHanu3a oOiero pemeHus [lanmkoBuya-
Heiibepa. B obmem cityyae 0 KOHCEpBaTUBHOCTH CHJI PEYU HE UJIET.
Wnorna ymaercss mnomoOpaTh JUHEHHYI0 KOMOMHanuio Oasnca
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MPOCTPAHCTBA COCTOSTHHI Tena, YIOBIIETBOPHUTEILHO
NpUOTIKAIONIYI0 MOl OT MaccoBbix cui [3]. Bwibop cmocoba
koMmrieHcanuu 3(dexTa oT MPUCYTCTBUS MACCOBBIX CHII HApsAy C
yuciaoM — urepauuii Mmerona  Ilyankape W pa3MEpPHOCTBIO
YACPKUBACMOTO OTpe3Ka 0a3rca Ha KaXKIOW UTepalud IPUMEHEHUS
MI'C  sBusroTcst  dakTopamul,  YOPAaBISAIOMIMMH  KadueCTBOM
BBIYHCIUTEILHOTO TIPOIecca.

MI'C [2] ocHOBaH Ha HOHATHH COCTOSHHS CPEIBI, O KOTOPHIM
MOHMMaeTcss  JI000e  YacTHOE  PEUICHHE  ONMPENEIISIONINX
COOTHONIICHH CPEJbl, KOHKPETHO B M30TPOMHON TECOPHH YNPYTrOCTH
CYTh:
cootHomenus Komn

gijz%(ui'ﬁru“), 1)

00001eHHbIH 3akoH ['yka
Oy =Aey 6 +2ug, (2)
ypaBHEHHSI PaBHOBECHUS
o+ X =0, (3)
re U; - KOMIIOHCHTA BEKTOPA IEPEMCIUCHHA, O, &, — KOMIOHCHTEI

TEH30POB HaNpsDKEHUH u nedopmanuii, A, i - napamerpsl Jlame, X,
- MAacCOBbIE€ CHIIBL, 5”_ - cumBon Kponekepa. Ilog BHyTpeHHUM,

TPAaHUYHBIM COCTOSHMSIMU YHPYrOW Cpeibl INOHMMAlOT HabOpbI
fz{ui,eij,o]j}, y:{ui|vai|a\/} COOTBETCTBEHHO, rzae OV -

oreparop B3ATHS TpaHUIBl Tena. [ HuiapOepTOBBI NPOCTpaHCTBA
BHYTPEHHUX W TPaHUYHBIX COCTOSHHH COIPSDKEHBI THIBOSPTOBBIM
N30MOP(H3MOM, UYTO TIO3BOJISIET CBECTH M3YYE€HHE BHYTPEHHETO
COCTOSIHMSI K COOTBETCTBYIOLIEMY I'paHMYHOMY. OpTOroHanu3anus
BBITIONHSETCA B COOTBETCTBHHM C OIPEACICHUAMU CKAJSIPHBIX
MIPOU3BEICHUI:

(5(1)15(2))3 = J.O'ij(l) gij(Z) dv, (7(1)77(2))1" = .[ pi(l)ui(Z)dSr (7(1)r7(2))r = (65(1)15(2))5'
\ N

[locne oproronanuzanuu 6asuca aTpuOyTHl PE3yIBTUPYIOIIETO
BHYTPEHHET0 ¥  TPAHUYHOTO  COCTOSSHUH  TPEJCTaBISIOTCA
COOTBETCTBEHHO panamMu Dypne o 3JIeMEeHTaM
OPTOHOPMHUPOBAHHOTO Oa3uca:
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Ui =ZCk u, Oij :ch Ui(lf)’ ch g(k)-

il =X, by = chpfk’\

CoBokymHOCTh cootHomeHui (1) — (3) dopmynupyer 3amaqy
JUHEHHOW HEOMHOPOAHOM TEOpPUM YHPYrOCTH; IO MpPUYHHE
($yHKIMOHANBHOTO HamojdHeHus koddduumentos Jlame, ee obuiee
pelieHre  OTCYTCTBYeT.  JIGKOMIO3WITUS  33aJadyd  METOJOM
BO3MYIIICHUI MPUBOJUT K IMOCIIEAOBATEIBHOCTH OISTh e THHEHHBIX
3aJad  TEOpHM  YOPYrOCTH, HO YK€ C  THOCTOSHHBIMH
K03 HUITHEHTaMHU.

ITonaras BCE IapaMeTphl YHOpPYyrod cpeasl HENPephIBHO
3aBUCAIIIUMHU OT Xi , IPpEACTaBUM HUX B BUAC CTCIICHHBIX PAAOB IIO

MajoMy napamerpy [

{ﬂ,, /l,V}: {%vﬂo vVO }+ ki—l{ik (Xi)vflK (Xi)vvK (X|)}ﬂ

n 6YII€M HCKATbh XapaKTCPUCTHUKHU YIIPYTO-CTATUYCCKOT'O IOJIA B BUAC
ACUMIITOTUYECKUX PSAI0B

_ 0 1 . _ 0 1 . _.,0 1 .
0ij=0i;tPBoij+.. & =&+ P&+, Uu=u +puU+.
X=X2+8X"+..

Torz[a HUCXOOHBIC COOTHOIIICHUA OKBUBAJICHTHBI
660KOH€‘IHOﬁ ITIOCJICA0OBATCIIBHOCTHU JIMHEWHBIX CUCTEM ypaBHCHI/Iﬁ
1
m _ m m __ 10

L XM =0, X" = (ﬂ&gkkla Y )J_

'J i
m

Ta€ S BBIIIOJHACT pOHB KOMIIOHCHTHI TCHSOpa HaHp?I)I(eHPII;'I nu
ij

HAaXOJUTCS 0 PEIICHUH 3aJa4i uTepauuu M. TeH30p HaupspKeHun
BOCCTaHABIIMBACTCS MO NTPABHITY
_ 1 1,.m1
=} +Aeg 5ij +2u &
COBOKYITHOCTb COOTHOILICHUH (5) ompezessieT Mocaea0BaTeNbHOCTh

3aj1ady, pelieHremM KOTOPBIX OJDKHBI SIBUTBCS OJIS
COOTBETCTBYIOIINX TPUOIIKCHHM.
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Jnst 3amadm KakKaoro TPHOIMKSHHS CIPaBEIIMBO 0OIIee
pemenne ApkaHbix-Ci1o00aTHCKOTO

uik =4(1-vy)B; — (x;B; +By); + 1},

KOTOpOe o0ecrednBaeT crocod MoCTpoeHHS Oaszmca IPOCTpPaHCTBA
BHYTPEHHUX COCTOSHHH.
VYdeT 00bEeMHBIX CHII BO3MOXCEH B CIIEIYIOIINX BapHaHTaX:
a) y49eT HeKOHCEPBATHBHBIX O0BEMHBIX CHIT
_ 1-2v, T~ -
7
214,(1-vy)
0) B cimydae HEMOTEHIIMAIBHOTO XapakTepa (PUKTHBHBIX OOBEMHBIX

XK =—11%;, ;(k,ii

k k
CHUII Xi MOTeHIMANbHBIC pyHKIMK [1 wHOrma ymaercs momoOparth

MPHUOJIMOKEHHO METOJOM HAaMMEHBIINX KBaJpaTOB MHUHUMH3AIUCH
k k
HEBSI3KU MEKIy CUJIaMU Xi n—-I1 ;

i
B) anIpoKCUMaLUsl HEKOHCEPBATUBHBIX CHJI OOPATHBIM METOJIOM.
Tperuit mogxon siBisiercst dhdekTuBHAIM. Kaxmyro KOMIIOHEHTY
BEKTOpa IEPEMELICHUN pa3loXkuM B pax Teisopa mo cucreme
(dyHIaMEHTaNbHBIX  MHOTOWIEHOB  Beifepmtpacca.  MoHoM

a B
W=Xx"y z MOXHO NOMECTHTh B JOOYIO TMOBHIMIO BEKTOPA
MepeMeneHHs u(x, Y, Z), 00pa3yst HEKOTOpOe AOMYCTUMOE YIPyTroe
cocrosHre. Hampumep, B ciydae U ={W, 0,0} o nienouke (1), (2)

ONpENeNIieM  COOTBETCTBYIOIIME  TEH30Pbl  HANpsDKEHHH |
nedopmarmii

-1 -1 -1

2 X N yz

g :% gy 0 0 |
yz. 0 0
(A+2u)ax  upy uyz
6 =w| upy lax 0

,uyzf1 0 lax.

Hcnonw3oBanue ypaBHeHUi paBHOBecHs (3) TO3BOJSET BBINHCATH
3HaYeHHE OO BEMHON CHITBI
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A+emal@-Dx +uf(B-Dy +uy(y-Dz *
X =-w G+wafxy :
(ﬂ+/¢)0[]/X424

o0ecrieynBaroliee 3aMbIKaHUE OIIPEEIIAIOIINX COOTHOLICHHUH.
Bapeupys «, f,7, MOXHO TNpEATOKUTH MHOXKECTBO TaKUX

coctossanid. IlepeOupas BCEBO3MOXKHBIC BapHUaHTHI B IIpemeax
a+ f+y<n, noaydaeM MHOXECTBO BEKTOPOB OOBEMHBIX CHJI,

KOMIIOHEHTBI KOTOPBIX 0Opa30BaHbI OJHOPOAHBIMH MHOTOUJICHAMH
JI0 TIOpsiika N —2 BKJIFOYUTEIBHO. JTO MHOXECTBO 00pasyer 0as3uc,
MO3BOJISIIOIIUN  Pa3JIOKUTh ITPOU3BOJIBHBIA BEKTOP HENPEPBIBHBIX
00BbEMHBIX CHII B psii Dypbe 0 ero dlieMeHTaM.

Hanuume 6a3uca MO3BOJIACT MPOBECTH €r0 OPTOTOHAIU3AIUIO B
COOTBCTCTBUU CO CKAJIAPHBIM IIPONU3BEACHHUEM

(X(l),X(Z))Z JX(1) -X(Z)dV '
v

JItoboli HempephIBHBIA BEKTOp OOBEMHBIX CHJI MOXKET OBITh
MpeJICTaBJIEH B BUjie psaga Pypbe:
> ) ®
X=>cX ,c=XX |
k opm k opm
k=1
Iockonbky packiagpiBaeMasi cuia X H3BECTHA, TO HEPABEHCTBO
Beccenst mo3BosisieT OLIeHNUTH OMIMOKY anpOKCUMAIINH:

5=JX X)- ;c

Bennunmna O cioyXuT < OCHOBaHMEM [uii  BbIOOpa  JIIMHBI
yIEepKUBAEMOTO0 OTpe3ka Oa3uca THILOEpPTOBa MPOCTPAHCTBA
00BEMHBIX CHIIL.
)
Kaxnomy 6azucHOMy BekTopy X = COOTBETCTBYIOT BEKTOD

o(k) o o ne
nepemeneHus U " TCH30PbI ,I[C(i)OpMa]_II/II/I W HAIpS)KCHUU & (k),

A (k)

O , B COBOKYNHOCTH O00pasylolide BHYTPEHHEE COCTOSHHUE
+(k) () aolk) oK) . N (k)
& = € ,0 (. JlroObo¥ nmHEWHON KoMOMHamuu X
o +(k)
COOTBETCTBYET Takas k€ KomOmHanumsi coctossHuii ¢ . Takum

06pa30M, ocJjie TMpPOBCACHUSA OPTOrOHAJIM3AllMM U Pa3JI0OKCHUA
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00BEMHON CHIIBI B pAI MOXKHO 3(()EKTHBHO IMOCTPOUTH JTWHEHHYIO
KOMOHMHAIIAIO, OMPEIENAIONIyI0  HampsDKEeHHO-Ae(popMHUpOBaHHOE

cocrosiane £ , 00ycioBIeHHOE 00BeMHOMN critoit X . 3HaHWE 3TOTO
COCTOSIHUSI TIO3BOJISIET TIPOBOANTH JICKOMITO3HIIMIO PEIICHHS 3aauu:

E=& +¢& ", The £, & — WCKOMOE BHYTpEHHEE COCTOSHHE H

COCTOSIHME, OOYCJIOBJICHHOEC TpaHuuHbiMU  ycioBusmu  (IY),
YUUTBHIBAOIIUMHU KOMIICHCALIUIO TPAaHUYHOTO 3(h(deKkra OT HaTudus
00BbEMHBIX CHII.

s moarBepkaeHUs 3(PGEKTUBHOCTH MPEIIOKEHHOIO METOoAa
peuieHa 3anava. [lomymap 6e3pasmepHoro paauyca R =1 3amemieH
0 OCHOBaHHUIO (IUIOCKOCTh OXYZ) W HAXOAWUTCSA B PABHOBECHH ITOJ

neiictBueM 00beMHO cuimbl X = {0,0,—l}. Koaddumment Ilyaccona

v=1/4. Tlo wmepe mnpuOIMKEeHHS K CHEPHUUCCKON TpaHHIIE
nmapametrpsl  Jlame  Bospactator A =p=1+p (X2 + y2 +z )
Tpebyercst BOCCTaHOBUTH HaIpsDKEHHO-IepOPMUPOBAHHOE
COCTOSIHUE HOJTyIIapa.

Ha xaxknmoMm miare utepanyd KOMIIOHEHTHI BEKTOpa OOBEMHBIX
cuia B (5) SABIAIOTCS MHOTOWICHaMH IPU HaJIekKalleM BBIOOpe
0azuca TNPOCTPAaHCTBA CHJI, OHHM IPHUOIIDKAIOTCS C aOCONIOTHOM
TOYHOCTBIO, YTO KapJAWHAIBHBIM 00pa3oM CKa3bIBAeTCs Ha KadyecTBE
peuIeHus.

BimsiHME pa3MepHOCTH yIep KHBaeMOro OTpe3Ka 0a3nuca MOMKHO
OTCIIeUTh, HAOMIOJas 3a HachIleHHeM CyMMbl beccens — neBoit

n
2
qacTu HCEPAaBCHCTBA beccens b= ch . 910 IIO3BOJIACT
k=1

palnMoOHaJIbHO HAa3HAUYMUTH Pa3MEepHOCTb oTpe3ka Oasuca. Ha puc. 1
MpUBEACHA AMarpaMMa 3aBUCHUMOCTH cyMMbI beccesst oT KonuuecTsa
aneMeHToB Oa3uca B mpexaenax 70 sreMEHTOB MO pe3yibTaTam
BTOpOi nrepaunn MI'CB.

B kawectBe WLIIOCTpalUHM IO peaju3aldd TpeX HUTepauuit
METO/ZIa TPAHWYHBIX COCTOSIHMH ¢ Bo3mymleHusmMu mpu £ =0.1

MPUBE/ICHBI JIMHUM YPOBHS HAaHOOJBINX KACATEIbHBIX HANPSHKEHUH
B oceBoM ceueHnn Yy =0.
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Puc. 1. Haceienue cymmel beccenst

0 05 X 1
Puc. 2. N3oxpombl

Kak BumHO M3 pHc. 2, 30Ha, MPUMBIKAIOIAS K OCH BOJIW3U
noJiroca JeopMupoBana ¢i1abo, a pa3pylIeHUe CIEAYeT OXHUIaTh B
9KBATOPHATIBHOM CEUCHHUH MPUMEPHO Ha ypoBHe F =0.7.

PaGora BeImonHeHa mpu mopnepxkke Poccuiickoro ¢onaa
(byHnameHTanbHbIX UccinenoBanuii (mpoekt Ne 13-01-97505).
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Abstract: Effective means of solving the problems of elasticity
theory for inhomogeneous bodies is using the method of boundary
states (MBS) at each step of the decomposition of the solution in the
asymptotic series by the method of perturbations. Not only the
number of iterations, but also the dimension of held cut of basis of
the space of states and a method of approximation of a partial
solution, made by the presence of mass forces, affect the quality of
the decision. New method for the construction of a partial solution is
described. Examples of using of different techniques, affecting the
quality of decisions are done.

Keywords: method of boundary states, the method of Poincare,
heterogeneous environment, the control factors, nonconservative
forces.
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