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BBK 32.965.4

MATPUYHASA SKCNOHEHTA ANA MATPUL
B COMNPOBOXOAIOLLENA ®OPME C PABHbIMU
BELWUECTBEHHbIMW COBCTBEHHbLIMW
3HAYEHUAMU'

Tpem6a A.A.>
(YVupeoicoenue Poccuiickou akademuu nayk Mucmumym npobiem
ynpaenenus um. B.A. Tpaneznuxosa PAH, Mockea)

B cmamve npusooumcs aeuwili U0 MAMPUYHOU IKCHOHEHMbL O
mampuy, 3anUCaHHbIX 8 conpogodcoaiowell hopme (ghopme Dpobde-
HUyca), 8 cryuae 0OUHAKOBHIX GelleCBEHHBIX COOCMBEHHBIX 3HAYEHUL
Mampuybvl (KOpHel Xapakmepucmuieckoz2o ypaerenus). 3nanue mam-
PUUHOU IKCHOHEHMbL NO360JIAem 6 A6HOM GUOe 3aNUcamb peueHue,
Hanpumep, JTUHeNHo20 Oug@epenyuanvHo20 YpagHeHus ¢ NOCMOsH-
HbIMU KOIDPuyueHmamuy, npu NPOU3BONbHbIX HAYATLHLIX YCIOGUSIX.
Yacmuolii cryuatl 00UHAKOBbIX 8eUjeCBEHHbIX KOPHel Xapakmepu-
CMUYEcK020 YPAGHEHUs 8AdCEH Ol OYEHUBAHUS YKIIOHEHUNl 8 ClUcme-
Me, npu 3MOM OAsi MAMPUYHOU ISKCNIOHEHMblL NOTYYEHO AHATUMUYe-
cKoe peuienue.

KoroueBrie cioBa: MaTpu4iHas 9KCIIOHCHTA, KPAaTHBIC KOPHHU, COIIPO-
BOXKJaromiadga Marpuua.
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BeedeHue

Pemmenus omHOPOIHOM cHCTEMBI JIMHEHHBIX AU depeHnnanbHbIX
YPaBHEHHH C MOCTOSHHBIMH K03 dHUIHEHTaMH
(1) z(t) = Az, z € R",
OTIpeIeNIAeTCS KOPHAMHU XapaKTepUCTUUECKOTO YPaBHEHUSI CUCTEMBI U
HadapHbIMA ycaoBusiMu x(0).

B pabote paccMaTpHBalOTCsI CHCTEMBI C COIPOBOXKAAIOIIECH MaT-

pnueﬁE] (popme dpobenuyca)

0 1 0 e 0 0
0 0 1 e 0 0
[ : : .. : : |
I 0 0 0 - 1 0 |
0 0 0 e 0 1
—ap —aip —a2 -+ —Ap—2 —Aap-—1

BaXHOCTB UCCIIEIOBAHHSI CUCTEM C COMPOBOXKIAIOIIECH MATPHIIBI
IposiBUIIACH elle B TeopeMax Kanmana o HaOmonaeMocTu 1 ynpasJisi-
emoctu [3 5]].

Kpome Toro, Takue MaTrpuisl COOTBETCTBYIOT JIMHEHHOMY OJHO-
poaHoMmy auddepeHnraTbHOMY YpaBHEHHIO C MOCTOSHHBIMU KO3(-
(urnmenTamuy,

3 YO +an 1y V@) + .+ 0y () + aoy(t) =0,
npudeM (-si KOMIIOHEHTa petieHus x¢(t) coorBeTcTByeT ¢ — 1-if mpo-
usBoHoi i 1 (t). XapakTepucTHUeCKHil OTHHOM

@) fls) = "+ ap_18" 4 ...+ a1s + ao,

SIBJISIETCSI XaPaKTEPUCTUICCKUM ITOTMHOMOM crcTeMsl (1)) ¢ Marpuiieit
B opme (2)), a ero KopHHU SIBISIOTCS COOCTBEHHBIMH YHCIAMH MaTpPH-
sl A.

OTH npecTaBIeHNs SKBUBAJIICHTHBI, HO MaTPUYHOE IIPEACTaBIIe-
HUE TIPEIIOUTHTENbHEE, TaK KaK B 3TOM CJy4ae PEUIeHHUE CHCTEMBI

8 Kax npasuno, conposodcoaroweti (companion matrix) Ha3vbléaemcs
Mampuya, mpancnoHuposannas kK npusedentot. C mouKku 3peHus. Mmampuy-
HOU 9KCNOHEHMbL OMIUYUSL HECYUJeCHEEHHDL.
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BbIPA’KaCTCs UCPE3 Ha4YaJIbHBIC YCIIOBHUA C TOMOIIBIO ManHHHOﬁ OKC-
IIOHCHTBI

z(t) = ez(0).

B penknx cydasix [Uis MaTPHYHON SKCIOHEHTHI e cymecTBy-
€T aHAJTMTHYCCKOE BBIpAKEHHE, HAIPUMEp, Korna Marpuna A guaro-
HaJbHAs WM SBJSETCS XKopaaHoBeIM O1oxoM [3, [8]]. i Tparcmonu-
POBaHHO MaTpPUIBI BEPHO et = (eAt)T. B o6mem Buze perienue,
KaK TPaBWJIO, HAXOMUTCS YUCIICHHO, HApuUMep, MeTomaMu Ditnepa
niu PyHre-KyTThI; B cliydae KpaTHBIX KOpHEH MpH OOJBIION pa3Mep-
HOCTH CHCTEMBbI BOZHUKAIOT HEYCTOMIUBOCTH. ClleAyeT OTMETHTD, UTO
Ui (PUKCHPOBAaHHOTO MOMEHTA BPEMEHHU ¢ MATPUUYHYIO IKCIIOHEHTY

MOXKHO HaWTHU YUCIIEHHO. Psi1 Takux anropuTMoB uccienosad B [9].
1. MocmaHoeka 3adayu

JUist Matpuisl B conpoBokaarouiei popme (2)) Tpebyercst Haiitn
MaTpPUYHYIO KCIIOHEHTY B Cllydae, KOI/ia Bce COOCTBEHHbIE 3HAYCHUS

BeIlECTBEHHbIE U KparHbie. [IycTh oHUM paBHBI \; = —0 < 0,1 =
1,...,n. B aToMm ciy4ae xapakrepuctuueckuit nomuHom (@) npunu-
MaeT BHU/I

f8)=(s+o)"=s"+Clos" 1 +...+C' 1" s+ Clo™.
I7Ie UCIIOJIb30BaHbl OMHOMHAIBHBIC KO3(DPUIIMECHTHI Cﬁ = #W
ITosicHuM, mo4YeMy HMCCIENOBAaHUE KPAaTHBIX KOpHEH BaxHO. [le-
JI0O B TOM, YTO HaJHM4YUe OJNHAKOBBIX KOPHEU SIBISIETCS B HEKOTOPOM
poOJie caMbIM IUIOXUM ciydaeM. HecTporo ske MHTEpeC K MOBEICHHIO
CUCTEMBI TIPH KPaTHBIX KOPHSAX MOXKET ObITh 0OOCHOBAaHO CIENyFo-
IIMM: €CJIM HEKOTOPBIC KOPHU XapaKTePUCTUYECKOTo ypaBHeHuUs (4]
COBHANAIOT A1 = A2... = Ay # A\yp1 # ... # Ay , TO pelleHue
T PepeHIIMaTbHOrO ypaBHEHUS UMeeT BUJ

z(t) = (C1 4 Cot + ... Cyt" Mt 4 Oyttt 4 Cpett,

Koaddurmentsr C1, . . ., C,, KOHEUYHO, 3aBUCIT OT HAYAJILHBIX YCIIO-
BUil, HO MPUCYTCTBUE IMOJIMHOMA MPU SKCIIOHEHTE MOKA3bIBAET, YTO

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHIIUS MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



380
IIpY HEOONBIINX 3HAUYEHUSIX BPEMEHHU MEPEXOJHOM Mpolecc Mo CyTH
OTIpeJIeNAeTCsl HEe IKCIIOHEHTOW, yOBIBAIOIIEH B YCTOMUYMBBIX CHCTE-
Max, a K03 PHUIMEHTaMH TTOIIMHOMA.

B ykxa3zaHHOM 4YacTHOM cilydae, KOTzia Bce MPOM3BOIHBIE B Ha-
YaJbHBIX YCIOBUSX (KOMIOHEHTHI 2(0), . .., 2, (0)) HyaeBble, pele-
HUE HaXOAHUTCA JIETKO [7]]. AHAJIOTHYHBIE PEeUIeHHS MOKHO MOJYYHTh
W JJIs HEKOTOPBIX JIPYTUX HadalbHBIX YCJIOBUH, HO B OOIIEM ciydae
HEOOXOIMMO 3HaTh U MCCIIE0BAaTh MATPUYHYIO SKCIIOHEHTY.

[lo-BuariMomy, BIiepBbIe 3TUM BOIIPOCOM IS MaTpPHUI[ B COTIPO-
Boxkaaromieit ¢popme 3anumancs [ononkuii B 70-x romax mpouuioro
BEKa, B CBSI3U C HCCIIEAOBAHHEM YKIOHEHHH B JMHEWHBIX CHCTEMax
(«BCcrulecKa» B €ro TEPMHUHOJIOTMH), ONHAKO OH IOJIy4ajl BBIpaKEHHE
perieHuid B PeKyppeHTHOUW ¢opme, 06e3 HCIOIH30BAHMS MATPUIHON
skcnioHeHTHl [4]]. Takke MHTEpecHa HemaBHss cepus pabor AKyHO-
Ba, /lymapenxo, [16mmHOBOM M YiakoBa, B KOTOPBIX JEMOHCTPHUPY-
€TCs CBA3b KPAaTHBIX KOpHEW W ykioHeHui cuctemsbl. [} 2. B stux
paborax, MOMHMO KpaTHBIX BELIECTBEHHBIX KOpHEH, mcciemyercs U
CIydail KpaTHBIX KOMIUIEKCHBIX KOpHEH, a TakXkKe MOBEJeHHE CUCTEM
C KOpPHAMH, ONMM3KUMH JpyT Apyry. OTauuue 3Tux paboT B TOM, UTO
WCCIIEAYIOTCS MaTpHIbl B (hopMe >KOpIaHOBOTO Onoka. ABTOp Tpe-
[IoJIaraeT, YTO TeXHUYECKH MOXKHO HAaWTH MaTpHIly NpeoOpa3oBaHUA
MEXy >KOPJIaHOBBIM OJIOKOM W MaTPHIICH B CONMPOBOXIAOMIEH (op-
M€, HO B IBHOM BHJIE €T0 3aIiCaTh CIO0XKHO.

2. MampuyHasi aKcroHeHma

B pabore [[6]] OpUIM TONMYYCHBI aHATUTHYECKOE PEIICHUS, B TOM
YHCIe W JJIs MPOU3BOMHBIX, JIMHEHHOTO auddepeHnnanpHoro ypas-
uenns (3)): B Buze

0 I 0 —ot
) v (t) = tPQ e,
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e t = (t" 1, ¢"2,...t,1), a marpuus Py, £ =0,...,n—1u QU
3aBHUCAT TOJBKO OT 0 M HMEIOT BHJ]

[ (_pye-ivi_ Y (n - j)! o
L—i+j
- |+ Sy 0 OSi—Ist
(P)ij = =) (€ =i+ ) (n—1i)l(i—7)!
ﬁl,]_{ 0 , Z<],
\ 0 L j<i—t,

gHl=i=j .1 _ Cidi<nal

(Q[O])i,j = (n+1—i—7NGF-1)!
0 , i+j>n+1.

Takas opma 3amucu OblTa BBIOpaHa, UCXOAS U3 TOTO, YTO PEUICHHE
middepennmansHoro ypasaeHus (3)) B ciydae Bcex KpaTHBIX KOpHEH
ornurckIBaeTcs (HopMyIIoit

0] n— 0] n— 4 — . —
yOt) = @t pllim=2 4 1 pld o plf)emet = pl(g)eet,
a Kod((UIMEHTH T.H. «IpeduKCHBIX» momuHOMOB pl] t), ¢ =
0,...,n — 1 ynanocp SBHO BBIPa3UThb Yepe3 HayaJbHbIC YCIOBUS U
napameTp o.

Teopema 1. Eciu 6ce cobcmeennvle yucia conposodicoaiouyel

mampuyvt A euda (2)) eewecmeennvt, kpamuvl u paenvr —o < 0,
At

Mo Mampuuras IKCnoHenma e umeem 6uo
(6) e = (I, 2 )P(0) (1 ® Q1 (0))e ™
20e ucnonvzosano npouszeedenue Kponekepa ®, eounuunas mampuya
I, € R™" y gexmop uz eounuy 1 = (1,...,1)T € R":
t o 0
_ 0 t 0
{ 00 -~ T
I, 0 0 ]
0 P 0
‘ 0 0 -+ P,
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B 3amucu (6) sBHO mOKa3aHO, KaKUE HIEMEHTBI 3aBHCAT OT BPEMEHH {
U TIapaMerpa o.

JlokasareaberBo. Ecim samucars z4(t) = y“~(¢) noxommo-
HEHTHO, TO MOXHO MONy4nTh Bhipaxenue s x(t) = (I, @ {)P(1 ®
Q)e%2(0). TTocKoMbKY OHO BEPHO TSl IPOM3BONBHBIX HAYATBHBIX
yCIIOBHiT (B YaCTHOCTH, TSl BCEX OPTOB), To Marpuua mepex z(0) cos-
TnajiaeT ¢ MaTpUYHOi JKCHIOHEHTOl e!. B BIpakeHMH MaTpuipsl P
HCIIOJIB30BAHO TOXIeCTBO Py = I,,.

12Q") =

3. 3aknoyeHue

s nuHeiHOrO omHOpOAHOTO AUdQEPEeHINATBLHOTO YPaBHEHNS,
WJIM COOTBETCTBYIOIIEH €I CHCTeMbI JHHEWHBIX TU(PepeHITNaTbHBIX
ypaBHEHHiT ¢ Marpuieil B conpoBoxaromei gopme (2)), momydero
AQHAIMTUYECKOE PEUICHUE AJIA IIPOU3BOJIBHBIX HAUaJIbHBIX YCIOBHIL.
IIpu sTOM paccMaTpuBaics 4acTHBIN CiTydall, KOIZa BCe KOpHH Xa-
PaKTEpUCTUYECKOTO ITOJINHOMA YpaBHEHHUs (CHCTEMBI) BEIIECTBEHHBIE
1 paBHble. PelieHue 3amMchbIBaeTCsl C MOMOLIBI0 MAaTPUYHOM 3KCIIO-
HEHTBI, 3a1aHHOM sIBHO (opmy:oit (6).
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Abstract: Matrix exponential for a specific class of matrices is
presented in analytic form. The matrix class is companion matrices
class having all equal real eigenvalues. The matrix exponential
knowledge allows to get solution of linear differential equation with
constant coefficients for arbitrary initial conditions.

Keywords: matrix exponential, multiple roots, peak estimate.
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