149

YOK 517.977
BbK 22.193

NMPUMEHEHUE METO[LA 30J10TOIO CEYEHUA
B MATPUYHBIX YPABHEHUAX

Emenpsinosa T.B.!

(Apzamacckuit nonumexnuueckuit uncmumym, Apzamac)
KyckoB AAZ
(Canxm-Ilemepbypeckuii 20cyoapcmeenHblil YHU8epcumen
asporkocmuuecko2o npubopocmpoenus, Cankm-Ilemepoype)

Mampuunvle ypasHeHusi NPUMEHAIOMC 60 MHO2UX HPULONCEHUSX,
ocobenno 6 meopuu ynpaeienus. B nacmosueti pabome b186003mcs
ananumuyeckue QOopmyavl 0N MOYHBIX peueHull aneedpauyecKux
MampuyHuIx ypaguenul Puxkamu. Omu pewenus gvipaicensl @ suoe
30110020 MAMPUYHO20 CEYEHUSL.

KiroueBsie cmoBa: anreOpandeckue MaTpUYHBIE ypaBHEHUS
Pukkaru, 30110TO€ cedeHue, cpeHee TeOMETPUIECKOe MaTPHLI.

1. BeedeHue

Hcropust 3010TOTO COOTHONICHUS YXOAWT BIIIyOb THICS-
yenetuil. B pomexameld mo Hac aHTUYHOM JHUTEpaType 30J0TOE
ceueHue Bnepseie BcTpeuaercs Bo I kuure «Havamy EBknupa. C
TEX MOp TEOPHUS 30JI0TOTO CEYEHUS MOTydniIa aKTUBHOE Pa3BUTHE!
00001IIeHHBIE 30JI0THIE CEYCHHS U «30JIOTHIE» alreOpamdecKue
YpaBHEHUS, HOBbIE PEKYPPEHTHBIE UHCIIOBBIC MTOCIEI0BATEIBHOCTH
— p-uncna ®uboHauun u p-umcna Jltoka, HOBas Teopus TH-
nepOonnyeckux GYHKIUHN, alrOpUuTMHYECKAs TEOPUS U3MEpPEHHUS,
CHUCTEMBI CUUCJIEHUSI C UPPALMOHATLHBIMU OCHOBAHUSAMU U HOBast
TEOopus JEHUCTBH-
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TEIBHBIX YHCeN, Z-CBOWCTBO HATYPaJIbHBIX UHCEJ, HOBBIE KOMIIBIO-
TepHbIe apupMeTHKH U apyrue [2].

B nacrosmiee Bpems akTyalibHa MpOOJIeMa pemieHus] ypaBHeHHH
Puxkatn, mmeromux OoJbIoe MpHUKIaaHOe 3HaYeHue. K 3Toit mpo-
OyleMe TPHUBOIAUT psAJ 3a7ad JUHEWHON TEOpPHH ONTHMAaIbHOTO
ynpasienus. I[loaTomMy mpencTaBiseT OIpeNelIeHHyI0 IIEHHOCTb
PacCMOTpPEHHUE €UIe OJHOTO METO/Ia PEIICHHS YpaBHEHUN PukkaTu.

B nmanHO# cTaThe paccMOTpEH METOJ 30JIOTOIO CEUEHHs st
pelIeHns MaTpUYHBIX ypaBHeHHH Pukkatu. Paspaboran anroputm
peaM3anyy TaHHOTO METO/Ia B CHCTeMEe KOMIBIOTEPHOW MaTeMaTH-
ku MATLAB.

2. MampuyHble ypaeHeHuUs1 Pukkamu

YpaBHenne Pukkatu BCTpedaeTcs B pa3iIHYHBIX OOJIACTSAX Ma-
TEMaTHKH, HallpIMep, B anreOpandecKoil TeOMETPUH M B TEOPHH
KOH(OPMHBIX OTOOpaKEeHWI, U B MPUKIANHBIX 3amadax. B cospe-
MEHHOU TEOpWH YIIPABICHUS CIOXKWIACH OOMIMpHas 00JacTh MpH-
MCHEHHS ajreOpanvecKux MaTPHUYHbBIX ypaBHeHH Pukkartu [4]:

XAX —MX —XM" -B =0,
rae A>0, B>0, M — kBasipaTHas MaTpulia.

Hanpumep, crabminsupyroiiee pelieHrue aireOpandecKkoro
ypaBHeHUs! PUKKaT urpaeT 1eHTpaabHyI0 POJib B 3aja4ax JUHEHHO-
kBajpatiaeckoit, H> u H” omrumusarmu [7].

PaccmoTpum MarpuuHble ypaBHEHUs PUKKaTH B clienyroliem
Buje [6]:

D XA'X+X-(B-A)=0,

(2) XA'X-X-(B-A)=0,

rae matpuiel A, B - kxBaapaTHBIE ¢ BEMIECTBEHHBIMH 3JIEMEHTAMU,
0<A<B.

B pa6ore [6] 66110 00006IIIEHO TTOHATHE 30J0TOTO CEUCHHS IS
TTOJIOKUTEIIBHO-OTIPEICIICHHBIX MaTPHIL.

3o50TOE Cceuenue (30510Tast IPOMOPIHS, AeJCHNE B KpailHeM H
CpeHEM OTHOIIEHHWH) — COOTHOIIEHHE JBYX BEJIMYHMH, pPaBHOE
COOTHOIIICHUIO WX CYMMBI K OOJbIel m3 maHHbX BenmuwH [1]. C
MaTeMaTHYeCKONH TOYKM 3pPEHUS, OTHOIIECHWE OONbIIeH YacTH K
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MEHBIIIEH B 30JI0TOM CEYEHHH BBIPAKAETCS KBAAPATHIHOW HPPALIHO-
HAJBHOCTBIO!

J5+1
Q=—"7
2
1, Ha000pOT, OTHOIICHHE MEHBIIICH YacCTH K OOJIBIIICH:

1 5-1

Q 2
[Mpubnu3uTenbHass BeIMYMHA 30JI0TOTO CEUCHHS  paBHA
1,6180339887. B mnponeHTHOM OKPYIJIEHHOM 3HA4€HUH — 3TO

JeneHue BennuuHbl Ha 62 % u 38 %, cootBercTBeHHO [1].

PaccMoTpum KBagpaTHbIE ypaBHEHHUS B 0OIIEM BUE:
2

3) %:x-(b-a):O, O<a<b.

VYpaBuenus (3) UMEIOT €AMHCTBEHHBIC MOJOKUTEIbHBIC BEIIle-
CTBEHHBIC PEUICHUS], KOTOPBIE MOTYT OBITh BBIPA)KEHBI UePe3 30JI0TOC
CEYCHHUE!

(4) ahb:%(ia+\/4ab—3a2) .

PaccMOTpHM, HATIPUMEp, KBaJpaTHOE ypaBHeHHe X°-X-1=0.0Ho
MMEET eTUHCTBEHHOE MOJIOKHUTEIHHOE PELIeHHE:

5) x=%(1+\/§).

30J10TOE COOTHOIIEHUE TS JAHHOTO MPUMEPa MOYKET OBITh BEHI-
urcneno mo ¢opmyse (4) 182=1/ 2(1+ \/g), YTO COOTBETCTBYET

petennto (5) HCXOIHOTO YpaBHEHHUSL.

Takum 00pazom, perieHre anredpandeckoro ypaBHEHUsI MOKET
OBITH HAlIEHO KakK 30JI0TOE cedeHue K03(pPHUIMEeHTOB paccMmaTpu-
BaeMOT0 YpaBHEHHSI.

HeoOxonmumo HaiiTh pelieHre anreOpandeckux MaTPUYHBIX
ypaBHenuit (1) u (2) B Bume 3omotoro cedenus. s atoro Oynem
UCIIOJIb30BaTh MOHSATHE CPEAHET0 TEOMETPUIECKOTO JIBYX MaTPHIIL.

Cpennee reomerpuueckoe A#B momoxutensHO moIyompese-
neHHbIX MaTpull A u B ompenensieTcs v xapakTepu3yeTcs MakKCUMY-
MoM Bcex X0, 171t KOTOpBIX MaTpuIla

XI BCEPOCCUMCKAS IIKOJIA-KOH®EPEHLIUA MOJIOJIbIX YUEHBIX
“YIIPABJIEHUE BOJIbIIMMU CUCTEMAMW”



152
A X
X B

SIBIIICTCSI TIOJIOKUTEIBHO TonyonpeneneHuoi [5]. Ecau A sBusiercs
00paTHMOM, TO CpeIHEe TEOMETPUUCCKOE MONOKHUTETBHO MOIYOIpe-
JeneHHbIX MaTpull A U B MOXHO BbIUHCIUTE TIO cieayromeii dop-
myue [5]:

© A#B:A%(A%BA%)%A%.

ONHUM W3 TIaBHBIX CBOWCTB CPEIHETO T'€OMETPUYECKOro IO-
JIOXHUTENBHO-ONIPEICNICHHBIX MaTpull 4 U B SBISETCS TO, YTO €ro
MOKHO TIPUMEHUTD JJIsl PEIICHUS] MATPUYHBIX YpaBHECHUN PUKKATH.

Jlemma Pukkatu. [lyctb A — MONOXHUTETHHO OIpeneieHHAS
marpuia, B — mojoxuTenpHo ompeneneHHas (MoayorpeaeaeHHas)
Matpuna. Torga cpemHee reoMmerpudeckoe Matpull A#B sBisercs
€JIMHCTBCHHBIM TOJIOKUTEIHLHO OMPEACICHHBIM  (ITOIyONpeIeeH-
HBIM) pelenreM ypaBuenus Pukkatin XA X=B [3].

Onepaiiss BBIYUCICHUS CPEAHETO T'C€OMETPHUECKOTO HMEET
crenyromue cBoictra [3]:

a) A#B=B#A

0) (A#B)'1=A'1#B'1 JUTSL TIOJIOXKHUTEIHHO OTPEAETICHHBIX MAaTPHII
AuB;

B) M(A#B)M'=(MAM"# (MBM") mu1s 11060i HECHHIYISPHOI
MaTpullsl M;

r) 2(A+B Y '<A#B<1/2(A+B) s MONOKHTENBHO ONpEIEIeH-
HbIX Matpull A u B.

Teopema 1. ITycTh A — MOJIOKUTENHHO ONpPE/IEIICHHAS MATPHIIA,
B — monoxxuTensHO TMONyONpe/eNieHHas MaTpuiia. Torma HelnuHek-
HBIC MATPUYHBIC YPABHECHUS

0=X2%+X-A?
0=BXB-X +A
0=XAX+X-B

HUMCIOT €IMHCTBCHHBIC ITOJIOKUTEIBHO OIIPEACIICHHBIC PCHICHUA

Sf(A):%(i L+ 1#(1 +4A%))
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sz (A, B):%(J_r A+ A#(A+4BAB)

S;(AB)= %(47 A+ A#(A+4B)),

COOTBETCTBEHHO [6].

Paccmotpum matpudnbie ypasHenus (1) u (2). ITycts

Torma Y?+Y-D=0 H, CIIeIOBATENBHO, 10 TeopeMe 1 momyynm:

Y =s{(Dv?).

OTcrola MOXHO OIPEICITUTh IMOJNOKUTEIBHO ONpECICHHBIC
pemrenus ypasHerwuid (1) u (2), COOTBETCTBEHHO:

X = AM2ypal/2 _ pl/2g* (D1/2)A1/2 _

= = B =

~ A L1418 +4D)) a2 -
(2 1+1#0+40)

:%(1 A+ A#(A+4(B - A))):%G A+ A#(4B —3A))

YTO COOTBETCTBYET PEIIEHHAM S'3 .

Teopema 2. [Tycts A u B — OJ0XKHUTENBHO OIpeIeIeHHbIE MaT-
putisl, npudem A<B. Marpuunbie ypaBHeHus Puxkatu (1) u (2)
UMEIOT €/IMHCTBEHHBIE IIOJIOKUTEIHLHO OMNpeeTICHHbIE pEHIeHUs,
COOTBETCTBEHHO:

(7) X=AH B=%(—A+ A#(4B —3A)),

(8) X=AEB :%(A+ A#(4B —3A)).

A B B HasbiBaeTcs 30510ThIM ceuenreM matpui A u B [6].
Crnenctue. [lycts A u B — monoxxutenbHo ornpeneieHHbIe MaT-
puttsl  (A<B). Torma wucnone3ys Teopemy 2 MOXXHO YCTaHOBHTh
B3aMMOCBSI3b MEXTy 30JI0ThIMU CeYeHHsIMHU ypaBHeHui (1) u (2):
(99 AEB+A=AfLB.
PaccMOTpUM HEKOTOpBIE CBOMCTBA 30510TOrO ceuenus A 5 B [6].
ITycte A u B — monoxutensHO onpezeneHHbie MaTpuIsl U A<B.
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a) M(A 5 B)M'=(MAM") 5 (MBM") s mo60ii HeCHHTYISPHOI
MatpuIsl M pasmepa nxn.

6) A § B=A#B, Toraa u Toneko Toraa, korga A=B.

B) A § B=1/2-AY4(1+(4A*BA™2-31)2) A2,

r) ecin A<B, 10 A 5§ B=1/2(A+(B-A)#(4A+A(B-A) A)).

1) CpelHe TapMOHHYECKH-TEOMETPHIECKUE 30JI0ThIe HEpPaBEH-
cra A<2(A+B™1)'<A#B< A  B<B.

e) ecim B>3A (B<3A), o A § B<1/2(A+B) (A § B>1/2(A+B)).

k) (AGB)#(A § B)=A#(B-A).

3) AbB=A#(B—A  B) A b B=A#(B+AhB).

3. MpozpammHas peanusayusi an2opumma peweHus!
MampuyHbIX ypaeHeHul Pukkamu

ANTOpPUTM pelIeHns] MaTPUYHBIX ypaBHeHWH Pukkatu TpeOyer
BBITIOJTHEHHST PA3IMYHBIX MATEMaTHYECKUX (YHKIHMHA ¢ MaTpUIIAMH
(cmoxxenue, yMHOXKEHHE, OOpalllCHHE MATPHILI, a TAKKE BO3BEACHUE
MaTtpull B JIpoOHYK cTeneHs). [losToMy s peanusaniu 3TOro
IropuTMa Haubosee MOIXOJIICH CHCTEMOW MPOTrpaMMHpPOBAHUS
spnsiercss MATLAB.

C nomompto nporpammubix cpeacts MATLAB MoxxHO BbIYmC-
muth 3HadeHus (7) u (8), a 3areM cpaBHUTH UX C pe3yJbTaTaMH,
MOJTyYeHHBIMU TIpU penieHnn ypaBHeHui (1) u (2), COOTBECTBEHHO, B
MHTEPaKTHBHON CHCTEME MOJCIMPOBAHMS JHHAMHYECKUX CHCTEM
Simulink.

PaccMoTpuM anropuT™M BBIYHMCIIEHHS 30JI0TOTO CEYSHHUS IOJIO-
KHUTEIBHO-ONPEACICHHBIX MAaTPHIL.

CHauana BBINONHSAETCS HMHUIMAIN3aLus] UCXOJHBIX JaHHBIX. 3a-
TEeM HEOOXOMMO HPOBEPHUTD SBISIOTCS JTX MATPULBI A U B OJ0XKH-
TEJIBHO ONpeAETICHHBIMU. J[JIs1 3TOro BBIYMCIISAIOTCS COOCTBEHHBIE
3HadeHust Matpun 4 U B. Eciu Bce coOCcTBEeHHbIE 3HAYCHNUS TIOJI0XKH-
TEJIbHBI, TO MAaTPHLA SBJISETCS MOJIOKUTEIBHO onpeaeneHHoi. Eme
OJTHUM 00513aTEJIbHBIM YCIOBHUEM aJITOPUTMa SIBISETCSI 00paTUMOCTD
matpuiisl 4. 3ateM cienyet nposepka ycosusit A< B.

Jlanee BBIYHCIIAETCS CpEIHEE TeOMETPUIECKOe IBYX Matpuil (6)
U 30JI0TOE ceueHue B cooTBeTcTBUU ¢ hopmynamu (7) uim (8). Ipu
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MOJICTAHOBKE MOJYYCHHOTO pEHICHUsT B MCXOMAHbIe ypaBHeHHs (1)

i (2) HeoOX0ANMO YOeIUTCSl, 9TO PABEHCTBA BBITIOTHSIFOTCS.
BbLTH HCTIOTB30BaHBI CIIEAYIOIINE HCXOAHBIC JaHHBIC:

02 04 0.2 1.864 1272 1.209
A=|04 12 05|, B=|1225 1.851 1.041|.
13 06 15 1.133 1.099 1982

B pesynbrate perienus ypaBHeHus (1) ¢ TOMOIIBIO 30JI0TOTO
ceuenus B cucreMe MATLAB Obutn MOJTyYeHBI CIEIYIOIINE YUCIIO-
BbIE 3HAYEHUS.

30510TO€E CeUCHME:!

0.1254 0.1826 0.1053
X =ABB=|0.1695 0.4860 0.1987 |.
0.7494 0.5780 0.8936

IpoBepka permenns ypasHenue Pukkaru (1):
0.0666 0.0278 -0.0694

1.0e-014-| 0.1110 0.4219 0.0777
-0.2220 -0.7438 0.0000

B pesynbrate peuienusi ypaBHeHus (2) ¢ MOMOIIBIO 30JI0TOTO
ceuenus B cucreMe MATLAB Obutd MONyYeHbI CIEIYIOIINE YUCIIO-
BBIC 3HAUEHUS.

30510TO€E CEUeHME:.

1.7894 1.0542 1.1145
X=Ab§ B=[0.9949 11371 0.7394
0.5819 1.0774 1.3760]|
[IpoBepka pemieHus ypaBHeHue Pukkaru (2):
0.1110 0.0777 0.0000
1.0e-014--0.0333 0.2887 0.0111
-0.2665 -0.7438 -0.3109

Pemenne ypauennit (1) u (2) B cucreme MozeaupoBanus Sim-
ulink mpuBeno k Tem ke pesyibraram (puc.l, 2), U3 4ero MOKHO
CZenaTh BBIBOJ, YTO 3HAUEHUSI, MOTy4eHHbIe 110 dhopmymnam (7) u (8),
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ABIAOTCA €AUHCTBCHHBIMH ITIOJIOKHUTEIIBHO OIIPEACICHHBIMU PECIIC-
HUSAMMU.

Display

[ 0254 | 0.1825] [ 01053 | Algebraic Constraint
[ 0885 ] | a6 [ TAGE7 | g X é;':en 1i2) ot
[ 07484] | a&77a] [ 05536 | L =0 ]

M atriz

Matrise A1 Multiply

0.2541  0.4518 -1.071F
-z.8l8E  5.6042 -0_2848

7.0062 -5.6744  2.099%

Froductl

M atric
| Multiply

Productz
Matriz B

1.s640 1.2716 1.2092
1.2254 1.8511 1.0407

1.1325 1.0994 1.982d

M atrisc 2

0.8254 0.6S1L 0.5307
-0.167F 0.4994 0.4624

|:1.554o o.571E 1.0092}

]

YyYy

Pucynox 1. Pewenue ypasnenus (1) ¢ nomowwio cpeocmes Simulink.

Display

[ 1750 ] | 7054 [ T175] Algebraic Constraint
[ 05590 | | 157 | 07359 |4 X 'fz“')':eo 102) ot
[ 05T | T077] [ T378] L= 7]

Matriz A1

0.2541  0.4818 -1.0716
-Z.8186  5.604Z -0.2345

z_0062 -5.674%  2.099%

Fraductl

Matiix
| Muttiply

Fraductz
Matriz B

1.zzsa 1.8511 1.0407
1.1225 1.0994 1.9824

{1.3540 12715 1.2a92}

Matrizz A

16680 0.871F 1.0092
0.5Z54 0.6511 05407

-0.1675 0.4994 0.4824

]

YyYvyY

Pucynok 2. Pewenue ypasuenus (2) ¢ nomowwio cpedcme Simulink.
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4. 3aknroyeHue

Martpuusbslx ypaBHEHUI PUKKaTH 4acTO OpUMEHSIOTCS BO MHO-
TUX CHCTEeMax ympaBieHusa. B maHHON paboTe pacCMOTPEHO 30JI0TO-
TO CEYEHHUsS IOJIOKHUTEIHHO OIPENeJIeHHBIX MAaTpPHUI] U TPUBEICHEI
MIPUMEPHI €r0 MPUMEHEHHS K alre0pandecKuM MaTpHIHBIM ypaBHE-
HUsIM PUkkaTu.

ANTOpUTM pelIeHus1 anreOpamdecKuXx MaTPUYHBIX ypaBHEHHH
Puxkaté ¢ MCTONB30BaHUEM 30JI0TOTO CEYCHHS PEajn30BaH B CHC-
teMe kommbioTepHoi MareMaTnku MATLAB. [lomyuenHsie pe3yinb-
TaThl TIOATBEPXKACHBI C TIOMOINBIO PEIISHHs THX K€ YpaBHEHUH B
WHTEPAKTUBHON CHCTEME MOJIIEIHPOBAHHUA IWHAMUYECKUX CHUCTEM
Simulink 6e3 ncmob30BaHKs 30J0TOTO CCUCHHMS.

Takum 00Opa3om, 30JI0TO€ CEUEHHE OIpeNesieT eAMHCTBEHHOE
pelreHne anreOpandecKux MaTpHYHBIX YpaBHEHUN PUKkarty.
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APPLICATION OF GOLDEN MEAN IN THE MATRIX
EQUATIONS

Tatyana Emelyanova, Arzamas Polytechnic Institute, Arzamas,
Cand.Tech.Sci, docent (emelyanova@apingtu.edu.ru).

Andrey Kuskov, St. Petersburg State University of Aerospace
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Abstract: Matrix equations are used in many applications, especially
in control theory. In this paper, analytical formulas are derived for
the exact solutions of Riccati algebraic matrix equations. These
solutions are expressed in the form of a matrix golden mean..

Keywords: Riccati algebraic matrix equations, golden mean,
geometric mean matrices.
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