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SAJTAYA VIIPABJIEHUA ABNKEHNEM
POBOTA-KYBA'

[lesnskos A.A.2 (UITY PAH, Mocksa)

st cucreMbl ypaBHEHUI U HEPABEHCTE, ONMCHIBAIOIINX JIBHUYKE-
HHEe poboTa-Kyba Mo ILJTOCKOI TOBEPXHOCTH, UIETCS YIIPABICHHE,
[TO3BOJIAIONIEE [TEPEMECTUTE [EHTP MacC B 3aJaHHOE IOJIOYKEHUe
1o ropuzoHTa . M3 yciaoBuii MpOCKaJIb3bIBAHUS IOy YAI0TCSI
HEPABEHCTBA, KOTOPBIM YIIPaBJIEHUE JOJIXKHO Y IOBIETBOPSTD JIJIsT
peIleHnsT TOCTABJIEHHON 3a/1a49M.

KioueBnie ciioBa: mudpdepennnaibHo-aarebpandeckue ypas-
HEHUs, OJTHOCTOPOHHUE CBSI3U, TPEHUE, yIIPABJIEHUE.

1. Bsenenne

Braronapst HOBbIM YHC/ICHHBIM METOJIAM, Pa3/Ie/I TEOPETHICCKO
MEXaHUKN, N3y YOI CHCTEMbI TBEPIbIX TEJ C OJHOCTOPOHHUMMI
CBSA3SIMHU, TIOJIyYNJI CYIIECTBEHHOE pa3BUTHE B 1ocjieaaue 20 JieT.
N3ygaemble B 9TOM pasjiesie CUCTEMBbI OIUCHIBAIOTCS CHCTEMaMU
nuddepeHnualbHbIX ypaBHEHUN, HePABEHCTB M BKJIOYEHUIA.
[TorobuBIE MaTeMaTHIECKHE OO BEKTHI MOTYT CJIYKATH MOIEISIMIU
peaIbHBbIX MEXaHMYECKUX U 9JIEKTPOMEXaHUIeCKIX CUCTEM, TAKHIX
KaK poOOTHI.

B meckobKux 1ab60paTopusix MUPa B HACTOSIIIEE BPEMSI UCCJIE -
VIOTCSI OPUTHUHAJIbHBIE KOHCTPYKIINK POOOTOB, HAOIINE UM HOBBIE
Bo3MoOzKHOCTU. OIHUM U3 0OBEKTOB UCCJIEIOBAHNS ABJISIOTCA TaK
Ha3bIBaeMble POU POOOTOB - MHOTOYUCJ/IEHHBIE IPYIIBI POOOTOB,
CITOCOOHBIE COTJIACOBAHHO BBIMTOIHATE 330249y, py-

! Pabora BbIoJHEHA IIpU (PUHAHCOBOH IIOJUIep:KKe Poccuifckoro
donma bynmamentanbabix ucciaenosanuii (mpoextsr Ne 13-07-00743 u
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rasi BO3MOYKHOCTb, KOTOPO 06Ja71aeT poii - (hopMHUpOBaHUE W3
HECKOJIBKUX 3JIEMEHTapHBIX POOOTOB JIpYyTruX, 00Jiee CJIOKHBIX U
06aAONTIX OOJIBITIMEI BO3MOYKHOCTSIME. B KadecTBe 3JIeMeH-
TapHoro pobotra jaboparopueit Computer Science and Artificial
Intelligence Laboratory (CSAIL) MaccadyceTckoro rexnosorude-
CKOI'0 MHCTUTYTa ObLI IpeiokeH pobor B hopme Kyda M-block,
06IATATONTI BO3MOYKHOCTBIO CAMOCTOSITETLHOTO TTePEMEICHUsT 1
COEJIMHEHUsI C JIPYTUMHE TOJIOOHBIME KyOaMu ¢ MOMOIIBIO MArHU-
ToB [1].

Hpyroii npumep pobora B hopme Kyba — pobor Cubli [2], uz-
rorosiennbiit PenepasbubiMm Texunomornaeckum uHCTUTYTOM [0~
puxa. OH cHaOXKEH MaXOBUKAMU, TIO3BOJISIIOIIMME €My COBEPIaTh
«Iarm», NPbIXKKU U Oa/JaHCUPOBATh Ha BepIUHE U pedpe.

[TotobHast KOHCTPYKITUST TIO3BOJISIET, B YACTHOCTH, 3aIPHITH-
BaTh HA CTYIEHbKU JIECTHUIIBI, B TOM YHCJIE CYIIECTBEHHO IIPEBOC-
XOJIATITIE CAMOTO POOOTa IO pa3Mepy.

[Ipu perernn 3aa91 MATEMATHIECKOTO MOJIETUPOBAHUS TI0-
JIOOHBIX CHCTEM MTPUXOIUTCS YIUTHIBATH HAJTMINE OTHOCTOPOHHUX
CBsi3ell 1 KOHTAKTOB, UYTO CUJIBHO YCJIOXKHSIET 3a/1ay.

2. TlocranoBka 3a1a4u

Paccmorpum 3amady mepemernenns pobora-Kyba B 3a1aHHOE
[IOJIOZKEHHE Ha, IIJIOCKOH IIOBEPXHOCTH. B KavdecTBe yIpaBIIsiionero
BO3EMCTBUST UCIIOJIb3YETCS MOMEHT, CO3/IaBaeMblii BHY TPEHHUMUI
MaXOBUKAMHU.

3. Maremarudeckast MOJIEJIb

Paccmorpum nBymMepHoOe mABHU2KeHHE Kyba U ero B3amMojeii-
CTBHE C IJIOCKO# oBepXHOCTHIO. [Ipeamoaokum, 910 KyO B3anMo-
HefiCTBYeT C MOBEPXHOCTHIO TOJBLKO B TOUYKaX BepInH. B kadecTse
VIIPaBJISIIOIIETO BO3IEHCTBHASA BHIOEPEM MOMEHT, IPUJIOXKEHHBIH K
KyOy.

st 3anmcu ypaBHEHUT IBMKEeHHUS KyOa BBEIEM 3 CHCTEMBI
koopauHat. Cucrema Koopunat G HEMOIBIKHASI, CBSI3aHA C 3€M-
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Puc. 1. Cxema paccmarpuBaeMoil CHCTEMBI

Jseii. CucreMa b mOABMKHAS, 2KECTKO CBSI3aHA, C TEJIOM, €€ HAYaJ IO
HaXOIUTCsT B IeHTpe Macc Tena. CrucreMa w MOOBUXKHASI, C OCSI-
MH, MapajIebHBIMUA OoCcsiM cucreMbl (G, ee HadajI0 HaXOIUTCS B
IIEHTPe MAacC TeJia.

(3)

Takasi cucrema GyjieT onucbBaThCst ypapHenusimu (1).

_ 4 _
mB — —mg+ S (FN + FF),
=1
4

I = S x (BY + F))L: + .
1=

0<y LFN >0,
ii=0,—pFN<FI<uF N,

i;>0,FT=—ur}N,
<0, Fl=pur}N.

3aecy Vy — cKopocTb IeHTpa Macc Kyba, 1; — pPanyc-BEKTOPbI
BEPIIUH, FiN u FiT — CHJIBI pEaKIINK IIOBEPXHOCTH B 9TUX TOYKAX.
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Samucs 0 < y; L FiN > 0 ozHayaeT, YTO IPU HAJUYIUU KACAHUSI
IOJIa, TOYKOM ¢ TOJIBKO OJHA W3 BEJUYUH ¥Y; U Niy He pasHa 0,
u obe ouu GoJbIe Jnb60 paBHbl (). W — yIJIOBas CKOPOCTb TeJIa.
[Tocnennme 3 ypaBHeHUsT ONUCHIBAIOT 3aKOH TpeHus Kysona, T.e.
CyXOe TPeHUe U TPeHHe MOKOsI B TOUYKaX KOHTAKTA.

3.1. KonrakTt

Paccmorpnum yenosre (2). OHO Ha3BIBAETCST YCJIOBHEM JIOIIOJI-
HUTEJIBHOCTH U OIKMCHIBAET TOT (PAKT, YTO CHJIbI PEAKIIUH ONOPbI
OTJIMYHBI OT HYJIsl B TOYKE JIUIIb B TOM CJIydae, eCI UMEET MEeCTO
KOHTaKT B 3TOil Touke. B 6osee obmem ciaydae
(4) 0< Fi(q) L Api 20,
rue F;(q) — paccrosinue JI0 HOBEPXHOCTH OT TOYKH C HOMEPOM
i, Ap; — cmta peaknuu B 3Toi Touke. IlycTh mmeer mecTo KOH-
TakT B T. i, T0 ectb F;(q) = 0. Torua, nponuddepennuposas (6),
HOJTY TUM

(5) 0< Fi(g) L Ay >0,

Ananoruuno, eciu Fi(q) = 0, 1o
(6) 0< Ey(q) L Ay =0,

(7) F;,=VFli+ f(4,q9) =0,

a B c/IydJae paccMaTpUBaeMOil CUCTEMBI,

(8) i = Vo + pai(—6?sin 0 + O cos 0) — (62 cos 0 + O sin 6).
[Moxcrasus (1) B (8), mosydnMm cucreMy ypaBHEHHI U Hepa-
BEHCTB, TJI¢ HEM3BECTHLIMHU BBICTYTAIOT CHUJIbI DEAKITUH CBI3EH.
CretyeT OTMETHTD, UTO KOJTUIECTBO YPABHEHIH 3aBUCUT OT TOTO,
CKOJIbKO BEPIIHH Kyba CONPHUKACAIOTCS C MOBEPXHOCTBHIO (KOJIH-
9eCTBO aKTUBHBIX CBs3eil). Takas 3a/aua HA3bIBAETCS JIMHEHHOI
zasadeii monosauTesbHocTH (linear complementarity problem,
LCP). V3BecTHBI pa3indHble METOIbI €€ PEIICHNsT: TOIHbIEe, UTe-
PAIMOHHBIE, CBOJISIINE €€ K 3aJ[a49e ONTUMUI3AINA U JIp.
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3.2. CronkHOBeHUE

B cayuae, korma y; = 0 uy; = 0, uMeeT MECTO CTOJIKHOBe-
HIU€ BEPINUHBI KyHa ¢ TIOBEpXHOCTHIO. [lj1st Tpojio/KeHus pacuera
HeOOXOIUMO BBIOPATH TAKON 3aKOH U3MEHEHHSI CKOPOCTU, KOTO-
PBIil TO3BOJINJT OBl IEPEBECTU CUCTEMY B JIOIYCTUMOE COCTOSTHUE,
T.e. y; = 0. Takue 3aKOHBI SBJIAIOTCA B HEKOTOPOM CMBICJIE 3B~
PUCTUKaMU, U, KaK IPaBUJIO, HAPYIMAIOT IIPE/ITOJIOXKEHNE O TBEP-
JioM Tedte. J11st pon3BoJIbHOIM (DOPMBI TeJIa U IIOBEPXHOCTH ITOUCK
TAKOr'0 3aKOHA SIBJISETCS CJIOXKHON 3asadeil. C HEKOTOPBIMU MO-
JauUKAIIAMA B 3TON 3a/1ade MOYKHO HCIOJIb30BaTh M3BECTHBIE
sakoubl Hetorona u Ilyaccona [4].

3.3. Tpenne

Cay4ail ¢ HEHyJIEBBIM TPeHHEeM MOyKeT ObITh CBEJIEH K JIU-
HEHHON 3aJjiade JIOMOJTHUTETLHOCTA C TIOMOIIBIO CJIEIYIONINX ITe-
peobosnauennii. [lycrs Ft,i = G7(q)¢ — ckopocTb B KacaTebHOM
HAIMTPABJIEHUN B TOYKe KOHTaKkTa. Torma

( )‘Zi = pAn,i + Aty
Ati = HAni — Av,

{ Ftt = %(\Fm + Fm\),

\ Fo= s (1Fy = Fal),

9)

(10) 0< A, LES >0,
0< N\, LF;>0.

4. Yupasienue

B ciaydae moJiHOrO OTCYyTCTBUSI NPOCKAJIL3LIBAHUS U OTPBI-
BOB, IlepeMelleHne Kyba 0 IJIOCKOCTH JOBOJIBLHO OTPAHHYEHO —
IIOJIO?KEHUSI YCTOMYUBOI'O PABHOBECUA OTCTOAT APYT OT JApyra Ha
anuny pebpa Kyba. Takmm obpazom, mepemMenienne Kyba B Ipon3-
BOJIBHYIO 3aJaHHYIO TOYKY IOTpeOyeT yIpaBjeHUs IPOCKAJIb3bI-
BaHUEM.

Vc10Bre HEIPOCKAIL3bIBAHNS MOYKET OBITH 3aIIMCAHO KaK
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Fy =0,
Fi s =0.

U3 stux ycnosmit u ypasuenuii (1) MoryT ObITH MOJIYUCHDI
BBIDAyKEHU JIJIsl PEAKIUN Ay, U Ay, KOTOPBIE JINHEITHO 3aBUCAT OT
yIIpaBJICHUIA.

s citygas e JTMHNYHBIX MacChl, MOMEHTA NHEPIINN U PACCTO-
sIHU$I OT TOYKH KOHTAKTa JI0 IEHTPa Macc ObLIO IIOJIyYEHO CJIejLy-
Iolee BbhIparkKeHue

A = —% cos fu — % cos 6 sin g + sin 062
_1 1 2 21
An = 59 + 59 cos® 0 cos 0% — 5 sin Hu.
[Tpunumas Bo BHUMaHue HepaBeHCTBa (10), MBI BHIUM BO3MOXK-
HOCTDb yIPABJIATH PEKUMOM JIBUKEHUA Ky0a C ITOMOIIBIO M3MEHe-
Hust MOMeHTa. JIeficTBUTENbHO, ec/iu BLIOPATh YIIPABICHAE TAKAM

O6pElJ3OM7 9TO, C OAHON CTOPOHBI,
)\t + )\n,Uf > 07

a C Apyrou
)\t - )\n,Uf < 07

TO IPOCKAJIb3bIBAHME OY/JIET OTCYTCTBOBATH. ECiun ke HaApyIIUTD
OJIHO M3 STUX HEPABEHCTB, TO MOYKHO JIOOUTHCS MPOCKAJIB3bIBA-
HUsI, U , CJIEJOBATEJIbHO, JIBUYKEHHUS TOYKH COIPUKOCHOBEHUS C
MMOBEPXHOCTBIO B HY>KHYIO CTOPOHY. depe3 HEKOTOpOoe BPeMsi IIPO-
CKaJIb3bIBAHUSI MOYKHO OCTAHOBUTH €0 U CTADWIM3UPOBATH yTOJI,
HalpuMep JIMHEHHOW oOpaTHON CBSI3BIO, IOCJE Yero BeCh KT
MOXKeT OBITH MTOBTOpEeH. Takmm 06pa3omM, MOYKHO coBepIiarh "ma-
ru'"Ha paccTosiHue, MeHbIIee UeM JInHa pebpa Kyda.

5. MonmemupoBanue

Jlist  4MCJIEHHOIO MOJIEJIMPOBAHMS MCIIOJIB30BAJICS ITaKeT
SICONOS, cosmannbiii B jgadboparopun BIPOP INRIA B I'pe-

HOOJIe. DTa, OubIMOTEKA MPEICTAB/ISIET CODON HADOP UMCJICHHBIX
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Puc. 2. BaBucuMoCTb CKOPOCTU HUXKHEH TOYKH OT BPEMEHH

METOJIOB JIJIsI PEIIEeHUs] 3a/1a9 MEXaAHUKU C OJTHOCTOPOHHUMU CBSI-
3samu. OCHOBHO# €mOCOO ee MCHOTB30BAHUS COCTOUT B HAINCA-
HUU KOJia Ha si3biKe C, OMHUCHIBAIONIETO0 MEXAHUIECKYIO CUCTEMY U
BBI3BIBAIOIIETO IIpeaocTasisgemble dyuknnn. Ha pucynke 2 mpes-
cTaBjieH rpaduK CKOPOCTU HUXKHEH TOUKM Kyba B 3aBHCUMOCTU
ot BpeMenu. B moment ¢ = 0.25 mpomcxomuT mMEepeKJIIOUYeHHe C
pPEeXKUMa ITPOCKAJIB3bIBAHUS B PEKUM CTAOUTU3AINN.

6. 3akJjrodeHue

Ha mammom srTame mpejio’keHO pa3pbIBHOE yIIPaBJICHUE, IIe-
PEKJIIOYaIoNIee CUCTEMY MEXKJIy PeKMMaMH ITPOCKAJIb3bIBAHUA 1
BpAaIlleHUsl BOKPYT TOYKU KOHTAKTa. 1aKoe yIIpaB/IeHUe [TO3BOJIs-
€T IIepeMECTUTh IEHTP MacC B 3a/JaHHYIO TOUKY.
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