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Ob OAHOM AJNNIMOPUTME CKOJIbXXEHUA BTOPOI'O
POOA U OOKA3ATENIbLCTBE EFO CXOOUMOCTU!

Kouerkon C.A.2,
(Vupeoicoenue Poccuiickoti akadoemuu nayx Uncmumym npoonem
ynpaenenus um. B.A. Tpaneznuxosa PAH, Mockea)

Paccmompen 00un uz aneopummos CKOIbICEHUs 6MOPO20 pooa npu
8030€liCMBUU HA CUCTHEMY BHEUHUX OSPDAHUYEHHBIX 2AA0KUX 803M)-
wenuil. OmaudumenvHoil 0COOEHHOCIbIO NPEONIONCEHHOU 0OPamHOU
CBA3U AGNAEMC MO, YUMo Ou@epeHyuaivHvie YpagHeHUus 3aMKHY-
motu cucmemvl He ABAAIOMCSA 00HOPoOHbIMU. [Ipusederno dokazameins-
CMB0 KOHEUHOU CXO0UMOCmu OISl MAKUX CUCMEM 8 NPEONONONCEHUU,
YUMo 603MYWeHUs OeliCm8YIom MOIbKO NO KAHALaM ynpasienus. 3a
cuem UCHONb306AHUSL HOB020 ANCOPUMMA YNPAGLEHUsL YOAN0Ch NPU-
oamuv cucmeme CE0UCMEO KOHEUHOU CXOOUMOCHU 34 CHem UCTONb30-
BAHUSL MEHLULUX PECYPCO8 YHPABTEeHUSL.

KiroueBble cnoBa: CKOIB3SAIINE PEKUMBI BTOPOTO POJia, AOKa3aTeib-
CTBO CXOJMMOCTH, METOJ yCpeqHeHus i QyHKiuu JlsmyHoBa, om-
TUMH3UPOBAHHBIE 3aTPaThl YIPABISAIOMINX BO3IEHCTBHIL. .

1. BeedeHue

Teopust 0OBIKHOBEHHBIX AU (depeHIIHaTIbHBIX YPaBHEHUH € pa3-
PHIBHOW TMPaBOil YacThIO MpHOOpesa IMMPOKYH HU3BECTHOCTH B XX
Beke, HaunHas ¢ pabor Kapareomopu K., koTopblif paccMarpuBai ux
B IPEATNOJIOKEHHH, YTO MpaBas 4acTb HENPEPBIBHA II0 BEKTOPY CO-
CTOSIHMS, a TOYKH pa3pblBa IPaBOM YacTH MO BPEMEHU COCTAaBIIAIOT

! Paboma evinonnena npu ghunarncoeoii noooepoicke PODHU, zpanm Nel2-
08-0865-a, 14-01-31190-mon-a.

2 Kouemxos Cepeeii Anexcanoposuy, Kanoudam mexHu4eckux Hayx,
cmapwuil Hayumstii compyonuk (Mockea, yn. Ilpogcoiosnas, 0. 65, men.
(495) 334-93-21, kos@ipu.ru).
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MHOXXECTBO Mephl HyNb. [Ipy HEKOTOPBHIX MOMONHUTEIBHBIX yCIOBU-
X OH HPHUBEN YCIOBHUS CyIIECTBOBAHUS W €IHHCTBEHHOCTH PEIICHUS
TaKHX CUCTEM ypaBHeHHi [12].

BypHoe pa3BuTTHE TEOpHUU aBTOMAaTHYECKOro ymnpaBieHUs B XX
BeKe MPUBENO K cucTeMaM JudQepeHInaIbHbIX ypaBHEHUH, B KOTO-
PBIX B MPaBOW YaCTH MOXKET BBIOMPATHCS HEKOTOPOE CKAIAPHOE HITH
BEKTOPHOE BO3eiCTBHE, Ha3bIBAEMOE YIPaBIEHUEM, U TOTO YTOOBI
HPUAATh 3aMKHYTOH CHUCTEME HEKOTOphle moie3Hble cBoWcrBa. Ilo-
SBUJIOCH OOJIBIIIOE KOJMIMYECTBO 33J][ad U3 MEXaHHUKH, EKTPOTEXHUKH
, B KOTOPBIX 32 CUET yIpaBJICHUs mpaBas yacTh auddepeHimanbHbIX
ypaBHEHHH pa3pbIBHA HE TOJIBKO 110 BPEMEHH, HO U IO TIPOCTPAHCTBY
[2, 3,10, 4,9].

Ocoboro BHUMaHHS TPEyOeT CIlydail Korjla MHOXKECTBO TOYEK
paspbiBa mpaBoii yactu IuGepeHUaILHOTO YPaBHEHUS COCTABIIET
MHOXECTBO HEHYJIEBOH Mepbl. PACCMOTpEHHs TaKMX CHUCTEM C CaMo-
ro Havana TpeOyeT oOolieHue MOHATHsA pemieHus. JlaHHasi mpobe-
Ma B OCHOBHOM ObUIa CBSI3aHA C PEeJICHHBIMU CUCTEMaMH YIIPaBICHUS
[17] m cucremamu ¢ mepeMeHHON CTPyKTypoil [13], B KOTOPBIX mpu
OTIPEJICIEHHBIX YCIOBUAX MOXET BO3HUKATh OCOOBIN peXUM pabOTHI:
CKOMB3AIUHN pexuM [14, 24]. CymecTByeT pa3IudHbIE CIIOCOOBI J10-
oTpezeNieHus] IBUKCHHSI B CKONB3sIIEeM pexkume [4, 14, 1, 15], Ogna-
KO HamboJlee YacTo MONB3YI0TCs moomnpeneiacarneM Oumumnmosa A.D.
PaccmotpuM Gonee moapoOHO 3TO AoONpenesieHHE TSl CUCTEMBI TIep-
BOTO TIOPSIKA
€)) $ = —Msign(s) + &(t), M = const > 0,

e [£(t)] < ¥ = const > 0 — BHemHee BO3MyIIeHHUE, sign(-) —
(byHKIMA 3HaKa.

IIpu M > ¥ B cucteme (1) BO3HUKAET CKOMB3SAMINNA PEXUM, IPU
IBUKCHUHM B KOTOPOM coriacHo noompenenenuto dununmosa A.D.
peleHue onpeenseTcs Kak penenne qudQepeHnnaas-Horo BKITIoue-
HUA

s € F(ts),

rae F(t,s) — HauMeHbIIee BBIMYKIOE 3aMKHYTOE MHOXKECTBO, COIEp-
Kallee Bce mpesenbHbie Touku Gynkimu — Msign(s*) 4+ £(t), xorma
s* # 0, t = const. B nannom ciyuae s € [—M + £(t), M +£(t)], a
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PCHICHUEC Ha MOBEPXHOCTHU pa3pbiBa JOOMPEALCIIACTCA KaK

s(t) = 0, [Msign(s(t))]eqg = £(),

e 0003HaUYCHHUE BBEICHO [-|¢, BBEJICHO, YTOOBI I10KA3aTh, 4TO M3-3a
MIEPEKITIOUEHUI pesie GeCKOHEYHOH YacTOThI TOJIBKO HEKOTOpast Cpe-
HSIsl COCTaBJISIIONIAs JAaHHOTO CHUTHaja paBHa Bo3MmyllleHuro [14], B
aToM cMmbicie 3amuck Msign(s(t)) = £(t) HekOppeKTHa.

B mpuBeneHHOM npuMepe ympaBiieHHe BO3HHKAJIO cpa3y IocIie
i depeHIHPOBaHNST TTOBEPXHOCTH CKOJBKEHUS, T.€. OTHOCHUTEIb-
HBIA TTOPSAAOK MEPEeMEHHON CKONBKEHHUS N0 OTHOIIEHHIO K YITpaBie-
HUIO paBeH eIuHHUIe. Takue caydaud B TEOPHU CKONB3ALIMX PEKUMOB
HA3bIBAIOTCS HEBBIPOXKACHHBIMU [14], a caMu CKONB3SIINe ABIKCHUS
B COBPEMEHHOI TEPMUHOJOTMH HA3bIBAIOTCS CKOJIB3SIIIUME PEKUMA-
MU miepBoro pozna [5]. Hanmume pa3psIBOB IPUBOIUT K TOMY, YTO IS
QITOPUTMOB YIIPABJICHUS Ha CKOJB3ANIMX PEKHUMaX XapaKTEpPHO KO-
HEYHOE BpeMsl MONaIaHus Ha MHOTO0Opasue cKoimbkeHus. O0603Ha4nB
BpeMsl TIOTIAIaHus Ha MTOBEPXHOCTh CKOJIBXEHUS yepes ¢, MOXKHO 3a-
IIUCATh €r0 OLIEHKY

|5(0)]

T M . 2 .

[lo ananoruu, ecnu ynpaBjieHUE TOSBISETCS TOCIE JBYKPATHO-
T'O MHTETPUPOBAHMS TIOBEPXHOCTH CKOJIBKEHHUS M 3a CUET aJlTOpuTMa
yIpaBJIeHUs] B HEKOTOPBII MOMEHT BpeMeHH t = t, oOecrieunBaeTcs
OTHOBpEMEHHOE paBeHCTBO s(t.) = §(t,) = 0, To Takoil anropuT™m
Ha3bIBAETCS AJITOPUTMOM CKOJIbXKEHUS BTOporo poxa [5, 6, 20]. Pac-
CMOTpPHM, TaK Ha3bIBAEMbIH, aJITOPUTM “‘CKPYyUUBaHUA I CHCTEMBI
@) S:1 = Sy
S2 = u+€<81732at)7
B KOTOPO# YIIpaBlIeHHE BHIOMPACTCS B BUJIC
3) u = — My sign(s2) — Mj sign(sy),
rme My = const > 0, My = const > 0, |£(s1,589,t)] < X — Heus-
BecTHas (PYHKI[H, OTHCHIBAIOINIAsl BHEUITHHE BO3MYIICHHUS M HEOIIpe-
JIENIEHHOCTH CUCTEMBI.

B pab6orax [24, 20, 23, 11] moka3aHa CXOAUMOCTH ITEPEMEHHBIX
JTAaHHOM CHCTEMBI K HYINIO 32 KOHEYHOE BpeMs MPH YCIOBUH, YTO
4 My > My + %, My > 3.
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ITo onucaHHOM cxeme MOTYT OBbITh BBeAEHBI (popMasbHbIE Ompe-
JIETIEHHS] CKOJTB3AIIETO PeKuMa 7—pojia, HEKOTOPBIE U3 KOTOPBIX MOXK-
HO HauTH B [5, 21].

CymiecTByeT He TaK MHOTO METOJOB HCCIIEIOBAHHSA CHCTEM CO
CKOJIB3SIIIUMH PEXHMaMH BBICHIMX MOPSAKOB. BONBIIMHCTBO M3 HUX
CHPaBEIIINBO TOJIBKO JJIs1 OMHOPOAHBIX TU(PEpeHIINaTbHBIX ypaBHe-
HUI, ONTUCHIBAIOIIMX 3aMKHYTYIO cUCTeMy yripaBieHus [21, 23, 19]. B
YaCTHOCTH, €CJIM J0Ka3aHa aCHMITOTHYECKAasl CXOIUMOCTh MepeMeH-
HBIX CHCTEMBI K HYIIO, TO Ha OCHOBE KaueCTBEHHOU Teopuu mudde-
pEHIMATBHBIX YPaBHEHUH MOKa3bIBAETCS, YTO CXOAUMOCTbH MPOUCXO-
IUT 32 KoHeuHoe Bpemsi. OrpaHudeHus] Ha OAHOPOTHOCTh quddepeH-
LUaAJIbHBIX YpPaBHEHUI OrpaHUYUBAIOT KJIAcC CHUCTEM U allfTOPUTMOB
YIpaBJIeHUs, KOTOPBIE MOTYT OBITH HCIIOJIB30BAHBI IPH CHHTE3E.

B crarbe [22] paccMoTpeH penkuii ciaydai, Korjaa yaaaoch Hogo-
Opath HeTlTaaKyro QyHKIHIO JISITyHOBA IS TOKa3aTeIhCTBA KOHETHO-
BPEMEHHOW CXOJUMOCTH JIJISi OJHOTO W3 alTOPUTMOB CKOJBKCHHS
BTOPOTO poja.

B pa6orte [11] npemtoxkena Mmomudukanus Merona 3yoosa B.U.
[7] nns mowmcka KaHAUAATOB Ha (YHKIHUIO JIAmyHOBa AT HEKOTO-
PBIX aJTOPUTMOB YIPABJICHUS HA CKOJB3SAIINX PEXUMax BTOPOTO Po-
na. OHaKo UCIONIb30BaHUE JaHHOTO MOAXO0AA B MPEUIOKEHHOM HIXKe
3ajjaue BeCchMa 3aTPyANUTEIBHO.

CHOXXHOCTH TOMCKa NMOAXOIsel (pyHKIuu JIsmyHoBa HECKOIb-
KO ociTabnieHsl B MyOnmuKkanyu [25], Tae mpeuioykeH albTepHaTHBaHbIH
MOJIXOA K JJOKa3aTeNIbCTBY KOHEUHOH cxoquMocTH. OCHOBHAs HJEs CO-
CTOUT B CIIEAYIOIIEM: IIPH KOHEYHOI CXOJMMOCTH TMEPEMEHHBIX CH-
CTEMBI K HYITIO 32 KOHEYHOE BpeMs COMIETCS U JI00ast TOJIOKUTENEHO
MoJTyoripesiesieHHast PyHKIHA OT 3TUX HepeMeHHbIX. [loKa3aTenbcTBO
B 3TOM CITy4ae MOYKHO IIPOBECTH Ha OCHOBE CPEIHEH CKOPOCTH 3aTy-
XaHUsl sl HEKOTOpOH (PyHKIMH, XapaKTepU3yroouled SHEPTUIO B CH-
creme. Hammpumep, aiist 3aMkHyTO# cucTeMsl (2)—(3) B KauecTBe TaKou
MOJeET OBITh BBIOpaHa

2

_ 52
V=ls1| + SN

B nanHO# paboTe MpeyioXKeH HOBBIM aJrOPUTM YIPaBICHUS
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Ha CKOJIB3SIIUX PEeXHUMax BTOporo pona. OCHOBHAS WIS COCTOUT B
WCIIONTE30BaHUN MOMH(DHUKAIIMY PEIICHHOTO alropuTMa yIpaBICHUS,
npenyoxkeHHoro B [8]. 3a cueT BBeNEHHUS pPAagUKAIBLHOTO YJICHA B
VIPAaBIISAIONIEe BO3ACUCTBHE yHACTCS OOECIEUUTh KOHEUYHYIO CXOIU-
MOCTb IPU MEHBIIUX 3aTPaTax PECypCcoOB YNPaBICHUS IO CPAaBHEHUIO
¢ anroputMoM (3). CtaThst UMEET CIEAYIONYIO CTPYKTYpY. B pasmene
2 mpuBencHa MOCTAaHOBKA 3aJaud. B cienyromiem paszpene paccMmoT-
peHa OCHOBHAs MJES CUHTE3a YIIPABISIIOIIETO BO3ACUCTBUS U TPUBE-
JIEHO J10KAa3aTeNIbCTBO CXOAMMOCTHU 32 KOHEUHOE BPEMs C OLICHKOM MH-
TepBaja CXOIAMMOCTU Ha OCHOBe (pyHKImHU JIsSmyHOBa, MPUBEICHHOM
B [8] u uaee ycpenenenus, onucaHHoM Bollie. B pasznene 4 npuBeneH
YHCIICHHBIA IPUMEP pacueTa OLECHOK BPEMEHH MEePEXOAHOTO MPoLec-
ca. Pesynprarel paboTHl M HAIpaBICHUS TATBHEHTIINX HUCCIICIOBAHMMA
00CYXIAI0TCS B 3aKJIFOYCHUU.

2. Bbi6bop anzopumma ynpaesneHust

2.1. IlocraHoBKa 3a1a4u
PaccmoTpuM cucteMy ynpasieHHs BHIA
5) S1 = Sy

$9 = &(s1,52t) +u,
e s1,52 € R, u € R, [£(t)] < ¥ = const > 0 — HeusBecTHas
(GyHKI¥S BHEIIHMX BO3MYIICHHI M HEONPEICICHHOCTEH CHCTEMBI,
€(s1,50,1)] < T = const > 0. [Ipeamonaraercs, 4o MepPEMEHHbIE
S1, $2 JOCTYIIHBI H3MEPEHHIO.

TpeOyeTcsi CHHTE3UPOBATh YIPABISIONICE BO3ACHCTBHE U3 KIIac-
ca orpannueHHbIX QyHKIWMI |u(t)] < U = const > 0, Takoe, 4T0
Ha}IeTCs] MOMEHT BPEMEHH (., IOCIIE KOTOPOro MEPEMEHHbIE CHCTE-
MBI PaBHBI HYITIO

Sl(t) = Sz(t) = 0, YVt > t,.

2.2. OcHoBHas HAaes BEIOOpA YIPABIAIOIIETO BO3ICHCTBHS

Bce anropuTMmbl CKOMBKEHUS BTOPOTO pona 0a3upyroTcs Ha HC-
MTOJIb30BAHNU pelleiiHON 0OpaTHOW CBSI3M, KOTOpas OOCIEeYHBAET KO-
nebaTeNnbHBIN XapakTep MepexoIHOro mporiecca A MepeMEHHBIX CHU-

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHIIUS MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



244

creMbl. JloGaBisist mpu 3TOM 3a c4eT OOpaTHOM CBA3M HEKTOpPOE Tpe-
HUE MOYKHO 00€CTIEYNTh ACHMITOTHYECKYTO WIH KOHEYHO-BPEMEHHYIO
CXOAMMOCTh TIEPEMEHHBIX CUCTEMBI K HYJIIO.
Hampumep, paccMotpuMm cuctemy (5) ¢ Tak Ha3bIBAEMBIM ‘‘BUX-
PEBBIM”AJITOPUTMOM
(6) u = —asy — Msign(s1), M >3, a(M —-3X) > 3.
3anuchiBasi MPOU3BOAHYIO OT MOJOKUTEIHHO MOTYOIPeIeICHHOMN
¢ynknum JlsryHOBa

_ 13 (asy + 82)?
(7 UV—|51| UMSH_ AL
BIOJIb TpaeKTOpI/II/I 3aMKHyTOI/I CUCTEMBI
52 - —a52—Msign(51)+§(51,52,t),
HOJTyYHM

. by by
V=—-alsi], a =« <1 - M> ~u

Kak BHIHO, mepeMeHHast $1(t) aCHITOTHYCCKH YOBIBET K HYJIIO.
B cnity ypaBHEHNH 3aMKHYTOM CHCTEMBI JIETKO MOXKET OBITh JT0Ka3aHa
M aCHMITOTHYECKAsI CXOMMMOCTh HEPEMEHHOM So(1).

HenunelHbI OCHMWILIATOP OpraHU3yeTcs 3a CUET PENIEHHON co-
crapisitoreid — M sign(sy) 1Mo aHaJIOrHHU C JTMHEHHBIM OCLULISITOPOM

51 = S22

52 = —w231,

a poJib TPEHHS UrpaeT KOMIIOHEHTa —(rS3.

ComracHO TOCTaBJICHHOH 3ajade yMpaBieHUs MOAU(UIpYeM
QJITOPUTM yTIpaBJIeHus (6) Ha OCHOBE CIEAYIOIUX COOOpakeHuH. 13-
BecTHO [ 18], uTo muddhepennmanbHOe ypaBHEHHE C KBaIPaTHBIM KOp-
HEM

§ = —+/|s|sign(s)
o0aziaeT CBOICTBOM KOHEUHO-BPEMEHHON CXOIMMOCTH, U3-3a TOIO,
YTO MpaBas 4YacTh HE YIOBJIETBOPSACT YCIOBHAM Jlummmuna.

Jlo6agnss B ynpasnenue (6) paauKaabHBIN YiIeH, MOIy4YuM
©)

u = —asy — alsy|Psign(sy) — Msign(sy), B =const >0, 0 < 3 < 1;
a(M —3%) >3 M>Y, a=const >0, M= const > 0.
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Jns nanpHEHIIUX paccyXaeHuil 3anuiueM audepeHnnansHbe
ypaBHEHUS 3aMKHYTOH cuctemsl (5), (9)
10y 51752 . .

§9= —asy— s Fsign(sq) — Msign(s) 4+ £(t, 51, 59).

B crnenyromem paszmene nokas3bIBaeTCs, YTO HaJIM4YHE B IPaBOU
YaCTU YJICHa, HE YJOBJICTBOPSIOLIETO YCJIOBUsIM JIMIIIuIIa, mpuBo-
JUT K CXOOMMOCTH IIEPEMEHHBIX 3aMKHYTOH cuctemsl (10) k Hagaiy
koopaunar (0,0) 3a koHeynoe Bpemsi. OTMETUM, YTO JAHHOE CBO¥-
CTBO O0ECIIEUMBACTCS 32 CYET MEHBIIMX PECYPCOB YIPABICHHS IO

CPaBHEHHIO C aJITOPUTMOM ‘‘cKpyumBaHus” (3).

3. Jokazamenbcmeo KOHEeYHOU cXxoO0UMOCMU C OUeHKamMu
epeMeHu

Jis nanbHeHInMX paccyXJICHUH HaM IOHAJ0OUTCS CpaBHEHHE
(ha30BBIX M BPEMEHHBIX XapaKTEPHUCTHK 3aMKHyTOH cuctemsl (10) u
CHCTEMbI CpaBHEHUS
(11) y1=y2 .

yo=—f(y2 — Msign(y1) +&(t,51,59),
rne f(y2)— HenpepsiBHas HedetHas ¢ynkuus, f(0) = 0, f(y2) >

d
0, Yy > 0, Afly2) 0, Yy > 0.

dys
[Tycts st GyHKImH f(y2) BBITOMHSICTCS HEPABEHCTBO

o(lsa] + |s2]P) = | f(y2)], y2 = s2 € R.

B cratbe [8] moka3aHo, YTO NpU BBHIMOIHEHUU 3TOTO COOTHOILIE-
HUS U OTUHAKOBBIX HAYaJIbHBIX YCIOBHUSX, (a30BbIE MOPTPETHI CUCTEM
(10) m (11) BeIDIAAAT, Kak TIOKa3aHO Ha puc. 1. Hampumep, eciu pac-
CMOTpETh TPETHH KBaIpaHT, TO KpUBas b COOTBETCTBYET (a3oBOMY
mopTpety cucteMsl (11) m HakpbiBaeT (a30BBIN MOPTPET 4 CUCTEMBI
(10), T.X. CKOPOCTh POCTa HEPEMEHHOM So(t) st MF000I ToYKH (a-
30BOTO TMOPTpeTa Sy = Yo OOJNBIIE CKOPOCTH POCTa IEPEMEHHOU
y2(t). Bo Bropom kBaapaHTe KpuBas b, cOOTBETCTBYOIIas (ha30Bo-
My moptpery (11), HakpwiBaeT ¢a3oBwiii mopTpeT a cuctemsl (10),
T.K. CKOPOCTb POCTa MEPEMEHHOM So(t) st 000 TOUKH (a3oBOro
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HOPTPETA Sot = Y2 MEHBIIE, YeM CKPOCTh POCTa MEPEMEHHOM Y (t).
KoHeuHO 3TH pacCyXaeHHs CIIPaBETHBBI B IIPOCTPAHCTBE, a HE BO
BPEMEHH, [TO3TOMY OHH OY/IyT MCIIONB30BAHBI VISl IOIYYEHHS OLICHOK
BpPEMEHHU TepexomHoro mporecca i cucreMsl (10) m ans moxasa-
TEJIBCTBA CXOMMMOCTH 32 KOHEYHOE BpeMsi epeMeHHbIX s1(t), sa(t).

$2:V2

Sp W

— | Sz_

Puc. 1. @azosvie nopmpemot cucmem (10) u (11)

Pa3o00beM Bech MEPEXOAHBIN MPOIIECC IS IEPEMEHHBIX CHCTEMbI
(10) Ha Tpu >Tana:

1) sran nomnaaanus B 00JIacTh

M+

|s2(t)] < €1 o

2) JBWXEHHE CUCTEMbI B 001acTH

<M+E

g2 < [s2(t)] < P

TAC €9 HEKOTOpas MOJIOKUTCIIbHAsA KOHCTaHTa, KOTOpas 6YI[6T
YKa3aHa HUXKC,

3) mBWXeHUE B 00MacTH
|s2(t)| < e2.

3a KOHCYHOC BpEMA K HYIIIO.

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHIIUS MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



247

[anee Bce aranbl OyayT pacCMOTPEHBI OTICILHO M HPUBEICHBI
OTICHKU BPEMEHU JIBMKCHHS B KaXKIIOW M3 00IacTeil.
Beenem crenytomye 0003HaYCHUS:

1) tg — HayaIbHBIH MOMEHT BPEMEHHU;
2) t; — MOMEHT BpeMeHH, TIpH KoTopoM s (t1) = 0;

3) ] — MOMEHT BpPEMeHH, TpH KOTOpoM sa(t) = 0;

4) to — MOMEHT BpeMeHH, IpH KOTOpoM s1(ta) = 0, |s2(t2)| < &1
5) t, — MOMEHT BPEMEHH, TIPH KOTOPOM |s2(ts)| < &9
6) t3 — MOMEHT BpeMeHH, Tpu KotopoM s1(t3) = 0, |s2(t3)| < €2;

7) t, — MOMEHT BpEMEHH, B KOTOPBIM BOSHUKAET CKOJB3SIINN PEXUM
BTOPOTO poja.

3.1. OneHuBanue BpeMEHH MOMATAHHUS B €1-0071aCTh.

Paccmotpum ciyuai, korma si(tp)s2(to) < 0. Ilycts B mepBoi
curyammn a|so(to) + |s2(to)|?) > M + X. O603HaUMM 32 Somi, 3HA-
YEHUE MEPEMEHHOM $o(t) MPH KOTOPOM BBITIOJIHSACTCS PABEHCTBO

a(|52min‘ + ’52min|ﬂ) =M-%.

3HAYCHUE Sppin, MOKET OBITh HAHICHO C MOMOIIBIO YHCICHHBIX METO-
JI0B.

[Mokaxem, 4To, yeM OoJibllle CKOPOCTh yOBIBAaHMS MEPEMEHHOM
so(t), Tem GoJpIIe OLCHKA MHTEpBana BpeMeHH t1 — to. Jmst aToro
PaccMOTPHUM CHUCTEMY

Sk ok
$1= 8y
Cx
§5= —v,
ST(to) = Sl(to), S;(to) = Sg(to), v = const > 0.
BBeneM B paccMOTpEHHE HEKOpOe 3HaueHue s} = const >

0, 0 < s} < |s1(to)|- HTCrpHpYS 3TH ypaBHEHHMS, MOTYyIUM CIICAY-
IOLIYIO OLIEHKY HHTEpBajia BpEMEHU t{) — 10, 32 KOTOPO€ BBIIOJIHUTCS
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paseHCTBO |51 ()| = s

t < 2|s1(to)]
|s2(to)| + \/s3(to) — 20(|s1(to)] — s))

Kak BUIHO, U3 3TOH OLIEHKH, YeM OO0JIbIle CKOPOCTh, TEM OOJIbIIE
BpeMs1 IEPEXOAHOr0 nporecca. Koneyno, HeoOX0aMMO, 4YTOOBI TaHHOE
BBIp@)KEHHE UMEII0 CMBICII, TO3TOMY PacCMOTPHM J[Ba BapHaHTA.

B nmepBoM BapuaHTe HadaJbHbBIC YCIOBUS TaKUE, YTO

t —

53(t0) — 2Umax|51(t0)| = 0, Umax = (|s2(t0)| + |82(750)|B) —M+3.

Torna oneHka BpeMeHU
(12)
2|s1(t
bty < 2!81(0)|
|s2(t0)| + /55 (t0) — 2vmax]s1(to)

Bo BTopoM BapuaHTe MOXKHO OIIEHHTH TOT MHTEPBAJ BPEMEHU
cemyromuM o0pasoM. BHauase mepemenHast |so(t)| yOsiBaet 1o 3Ha-
YEHHUS Somin CO CKOPOCTBIO Umax 38 MHTEPBANl BPEMEHU

S92 t()

S%(to) — 2Umax‘81(t0)’ < 0, Ato = tg — to = M

Umax

s S%(to)*QUmax|Sl(tQ)| 2 0.

Jlanee mepemennas |s1(t)| yObIBa€T CKOPOCTBIO Somin MO HYIS 3a OT-
PE30K BpeMeHH

i | A Umax - o4 32!
aslzl—\sl(to)\ﬂﬁ(to)! to— = (Atg)” .

Atl = t1—ty < |

S$2min

OO0benuHss MOCICIHNE, BA BRIPAKCHUS ITOIYIUM OIICHKY
(13)

t1—to <

I 2(¢)!
|s2(t0)| | '—2Umax|s1(to)| + s3(t0)'
+ s Sg(to)—vaaxysl(toﬂ < 0.
Umax 2Umax S2min
Janee mpuBOAATCS OLCHKM HHTEpBana BpeMeHH tp — t1. llo-
CKOJIBKY OOCYXalloCh, YTO BpeMs IBIDKCHHS B MIEPBOM KBaJIPAHTE
tst cucteMbl (10) MeHbIe, yeM i cucTeMsbl cpaBHeHus (11), To ¢
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[OMOLIBIO MOCIIEIHEN MOXKET ObITh OLICHEH HHTEePBAJ t) —t1. YUHUTHI-
Bast, 9T0 |s2(t1)| < |s2(to)|, 3amuimeM yka3zaHHYIO OLCHKY [UIs Hau-
MeHblIel ckopoct M — X

(14)
1 alsa(to)| + M — %
/I < _
f h\am< M—x ’
I M— E Oé|82(t())| +M— 2 ’82(t0)’|
|81(t’1)\<|— 3 ln< VS >+ ik

JUtsi OLCHKH WHTEpBana BPEeMEHU to — 1) BBEIEM HEKOTOPBIi
KO3(QPUITUEHT M, OTPAKAIOIIUN CTEIIeHb HACHIIICHHUS TEpEeMEHHOMN
|s2(t)|, mpu 3TOM MOXEM yKa3aTh HIDKHIOI TPAHHUILy CKOPOCTH PO-
cTa MepeMeHHoM |so(t)| Ha 3TOM MHTepBase BPEeMEHH

- B
ExMEUm”:ﬂ—mWW—m—a<mMaz>,

(15)
Umin1 > 0, m € (0, 1).
Bribop nmapameTpa m MOSICHUM HUXKE.
Torza oneHKa HHTEpBaia BpeMEHH to —t} MOXeT OBITh COCTaBIIC-
Ha U3 ABYX COCTaBJIAIONIIUX. HepBOC 3HAa4YCHUE COOTBETCTBYET OILICH-

Ke MHTepBaja BPEMEHH, 3a KOTOpOe IepeMeHHas |sa(t)| mocturaer

3HAYEHUS 1M ———, JABUTAsICh CO CKOPOCTBIO Upj, 1. O003HAUas 3TOT
o

MHTEpBaJl BpeMeHU t] — t), 3aIUIIEM €T0 OIEHKY

om0
t1—t1 < ———.
QUmin 1
Ha BTOpOM MHTEpBaJe BpEMEHH to — ¢} CIIPABELIIMBBI COOTHOIIIE-

HUS
) M -3
5] = m ——,

@

| M- als - !
I_M 2m<wﬁjg’z>+m%m
m(M —X) '

OO6benuHss TIOCIEHNE 1BA HEPABEHCTBA, 3aMIIEM OLCHKY HH-
TepBasa BPeMEHH
/ %
(16) ty —t] < c1(my),

(07

tog — 1] <
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rae napamerp mj B QyHKIMU
m(M —X)

c1(m) =

a(l—m)(M —3) — o (mMony
| M-% <a\82(to)! + M- 2) + |sz(to)|:

+|_ « M-%
m(M —X)

BEIOMpaeTcsl U3 yCIOBUS €€ MHHUMYMa

mj = arg mfen(gll) c1(m).

Bo Bropoit curyammn af|sa(tg) + [sa(to)|’) < M + ¥. Pac-
CMOTPUM TaK)Ke 1Ba BapHaHTa pa3BUTHs COObITHIA. IlepBas oreHka

COOTBCTCTByeT CHeI[yIOHII/IM HadaJIbHbBIM yCHOBI/IﬂM
a([sa(to) + [s2(to)|P) > M — 3,

2[s1(to)|
to — 1o < )
|s2(t0)| 4 /53 (t0) — 20max]s1(t0)]
17) npu sz(to) — 2umax|s1(to)| = 0;
t —92¢ s1(to)| + s2(t)!
ty — 1o < |s2(to)] + max| 51 (fo)| 3(to) ’
2Umax S2min

Umax
npu S%(to) — 2Umax|81(t0)‘ < 0.
PaccMoTpuMm Goliee feTanbHO BapHaHT, KOIZla Ha4YaJIbHBIC YCIIO-
BHS 110 TIEPEMEHHOM 52 (1) Takue, uto o |s2(to)+|s2(to)|?) < M —X.
st aTOrO BBEAEM HEKOTOPBIA KO3(QQUIHMEHT m, OTpakaromuil cre-

HIeHb HACBIIICHUS IEPEMEHHON S (1)

$oA0)] > vainz = (1 — m)(M — ) — o (m™ = )

(6%
S t
VUmin2 > 0 m & (mo, 1), mo = Oé]\|42 023|

Br16op mapamerpa m MOSICHUM HHXKE.
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Torna orieHka HHTEpBasla BpeMeHHU to —t( MOXKET OBITh COCTaBIIE-
Ha W3 JIBYX OICHOK. IlepBoe 3HaueHHe COOTBETCTBYET OLIEHKE UHTEP-

Bajia BPEMEHH, 32 KOTOPOE TepeMeHHas |s2(t)| mocTuraet 3HaueHHs
M—-X
m————, ABUTAACH CO CKOPOCTHIO VUpin2. O003HAUAS STOT HHTEPBAI

o
BpPEMEHU t’{ — 10, 3alUIIEM €r0 OLICHKY
m(M — %) — a|sa(to)]

tT —tp < .
QUmin2

Ha Bropom uHTEpBaje BpeMeHH to —t] CIIpaBeJIMBbI COOTHOIIE-
HUS

OO0benuHss TOCIEAHNE BA HEPABEHCTBA, 3aITUIIEM OICHKY HH-
TepBaJia BPEMCHH
(18) tQ —to < Cg(mg),
e napamerp ms; B GyHKIMU

m(M — ) — alsa(to)| alsi(to)|
M — 2)5 m(M — %)

(0%

co(m) =
a(l—m)(M — %) — a? <m

BEIOMpaeTcsl U3 YCIOBUS €€ MHHUMYMa

my =arg min ca(m).
mée(mo, 1)
AHaNOru4YHple PacCy JACHUS MOTYT OBITh IPUBEICHBI IUIS CIIy-
qast s1(to)sa(to) = 0. [Ipu 9TOM OLICHKA HHTEpBaia BpeMeHH lo — to
MOXKET OBITH 3amucana cornacHo (14), (16).

3.2. OrueHka BpeMeHH TMONAaJaHus B £2-00J14CTh.
Kak 6bu10 mokasano B pabote [8] st mepemenHoi yo(t) cucre-

™Mbl (11) B €1-06mactu (¢ > t9) MoXeT OBITH 3amrcaHa Ma)kKOpaHTa

M+
(19) ()] < S Zem )ty
«
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e

a(M —%) 1 M-x-ZX
Yo = In L c=— o
2(M + %) \1-0.533c M+X

Hcnone3yst JaHHOE HEPABEHCTBO, MOXKHO 3aIIUCaTh Ma)KOPAaHTY
I HePeMEHHOMN s2(f) M OLCHHUTH BpeMsl, 32 KOTOPOE OHA IOMAJIeT
B HEKOTOPYIO £2-001acTh. [l 3TOTO BBEAEM OMIKAUITHE MOMEHTHI
BPEMEHH tos > to, toy > lo TAKHUE, YTO

81(t28) =0, yl(to) =0.

Beime obcyxnanocs, 4to [sa(tas)| < |y2(t2y)|- HepaBencrso
(19) 6b1O MONMyYeHO Ui cledylolel OLeHKHM MHTEpBaja BPEMEHU

(8]

2¢e 1
M-

Hatinem orneHKy WHTpeBasia BpeMeHH tos — to Aist cucteMsl (10).
[Mocne sTOTO, BBENS KOPPEKTUPYIOMIKUN KOI(DMUIIUCHT, 3aluIIeM pe-
3YJIBTUPYIOLLYI0 MaXopaHTy mist so(t). O6o3HaunMm 3a t, (th, > to)
OrKaiii MOMEHT BPEMEHH, IPH KOTOpoM Sz (th) = 0. Torxa oueH-
Ka MHTEpBajla BPEMEHU tl2 — 1

(20) 52(t)] = M =%, ty —t

toy — t2 <

M-

JlI1d olleHKH UHTEpBana tos — t/2 , Kak 1 paHee B BeIpakeHuu (15),
BBeeM KOX(POHUIUEHT 1M, OTPAKAIOIINN CTEIEHb HACKHIIICHUS TIepe-
MCHHOM SQ(t). [IpoBogs paccyxneHust U3 NPEabIAYIIEro Moapasena,
3alMIIEM OLIEHKY MHTEpBaia togs — o C YU4ETOM IIOCIIEAHETO HEPABEH-
CTBa
(21) tos — to < c3(m3)

rae napamerp m* B QyHKIHMH

1 m
C30n)::<1+_2n1%_(1——n0-—cﬂﬁ(ﬂf—-fbﬂ”n6>

M —FE’

BBI6I/IpaeTC$I n3 yCJIOBHUA €€ MUHUMYMa

mz = arg min c(m).
me(0,1)
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C yuerom (19), (21) u HepaBeHcTBa |s2(t2s)| < |y2(toy)| 3amm-
IIeM Ma)KOPaHTy UL IePEMEHHOM |so ()], ¢ = to
> ( )

it - a(M —% 1
[s2(t)] < 177, oy = Sea(my) (M +5) " <1 - 0.533c> '

Torma oueHka uUHTEpBaja BpPEMEHU IIONAJAHHS IIEPEMEHHOMI

|s2(t)| u3 £1-001aCTH B 3a1aHHYIO £2-OKPECTHOCTh

3HaueHue £9 OyAeT BBEJCHO HUXKE.

Paccyxnenus B cienyromnieM noapaszeie OyayT IpOBOIMUTCS, Ha-
YHHasg ¢ MOMEHTA BPEMEHH {3, TIOTOMY 3alluIlIeM aHanorudHo (21)
OLICHKY MHTEpBaja BPeMEHH

€2

ty —th] < 3)———.
|t3 — t3] CB(mg)M_E

OObenuHss ABa TOCTIEAHUX HEPABEHCTBA, 3aITUIIIEM OKOHYATEIb-
HO

1 ¢ €
(23) It3 — to] < —In=t 4 c3(mi)——
Yo&2

M- FE

3.3. Oruenka BpeMeHH JBHXKCHHA B £2-0071aCTH
JInst OlIEHKU BPEMEHHU JIBIKCHHUS HA MOCTCAHEM 3Tare paccMOT-
PHUM TOJIOXKHUTENILHO MONTyonpeaeacHuy o GyHkiuio JIsmyHosa Ha oc-

HoOBe (7)
1-8

(24) V= <\s1| - %81 + (04512]4\-482)2) N ;

MIPOU3BOIHAS KOTOPOH BIOJIEL TpacKTopHil cuctemsl (10)

2
_ (64 . Q
—as1| — —|s2|Psysign(sy) — — 89|18

25 V< s

3 (asy 4 52)%\ 2
<|81| u T T om

e o = « 1—E —E
aea= M) M
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HUccnenyem tpaekropuu cuctemsl (10) Ha nomynepuozae xoneba-
HHUH TPU HaYaJIbHBIX YCIOBHUIX
(26) Sl(tg) = 0, Sg(tg) = —&9.
3HaK MepeMeHHON So(t) BBIOpaH Ui OnpeneneHHOCTH. B atom ciry-
4ae Ha (a30BOH IVIOCKOCTU JBHMKEHHUSI CUCTEMBI Ha MOIYIEPHOIE KO-
nebaHuii OyIyT IPOUCXOAUTH BO TPETHEM U BTOPOM KBaJpaHTax.
BBezeM MOMEHTBI BpeMEHH tf, t4 Takue, 410

s2(t5) = 0, s1(ts) = 0.

[Nokaxkem, 4TO Kak MPH ONPENEICHHOM BHIOOPE TTapaMeTpPOB all-
roputMa ynpasineHus (9), Tak U pa3MepoB £2-001aCTH, TPOU3BOIHAS
¢dbynakun JlsmyHoBa (25) HemooxuTenbHast. s 3Toro paccMOTpUM
YUCIUTENb Apodu (25)

a o g & |, |1+B

(27) z = —al|s1| — M\sﬂ s1sign(sg) — M|32] .
YacTHbIE TIPOM3O0IHBIE 10 EPEMEHHBIM S1, So

0z 2

ds1
(28) 0z a®Bsilsal”t (14 8), g
=-— - |s2]”.

) Q@ )
= —asign(sy) — M|32|5s1gn(32),

052 M M
[MpoBenem nccnenoBanue GpyHKIUHN 2 B 00JIaCTH, OTpaHUUCHHOM

npsiMbIME §1 = —g = const < 0, s1 = 0, s = 0, so = s2(t2). Kax
M3BECTHO [16], I MMOMCKAa HAMMEHBIIIETO U HAHOOJBIIIETO 3HAYCHHS
(YyHKIMH JAByX TEPEMEHHBIX HEOOXOIMMO HAWTH ee JIOKAIbHBIE JKC-
TPEMYMBbI, TIPOBECTH HCCJIeOBaHUe (YHKLIMU HA TPaHUIAX OOJIACTH
1 B “ymioBBIX Toukax ~. Kak BumHO, Ha rpaHnmax s; = 0 u so = 0
(dbyHKIUA 2 oTpHuIarensHa. Mccnenyem nmoseaeHne GyHKITUHN 2 Ha rpa-

HUIIE S] = —g C IIOMOIIBIO BTOPOH "acTHOH mpom3BogHOM (28). Kak
BUJIHO, Ha JIMHUU YPOBHS S| = —g UMEETCA TOUKA MaKCUMyMa MpU
acsf3
S9 = .
B+1

[loncraBnsas momydeHHOE 3HAYeHHWE TOUKH IKCTpeMyMa B (DYHKIHIO
(27), zanuiiem

_ o |soff _
Z = —cCq (a_Mﬁ+1> :—cs(oz—k‘ozﬁ)
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(M+%)?2 (1 B8
M(B +1)1+5 <2M — z) ‘

B napamerp @ ko3 (HUIMEHT v BXOAWUT B MEPBOM CTEIICHH, I10-
3TOMYy ¢ ydetoM HepaBeHcTBa () < [ < 1 Halijercs Takoe 3HaueHUE
o, 9To
29) a-—k(a)’=ao" <1 — E) — % —k(a*)? > 0.

[Tpu BBIMIOHEHHH 3TOTO HEpPaBEHCTBA (YHKIHS z MPHHUMAET OTPH-
LaTeJIbHbIC 3HAYCHUS Ha JII000M JIMHUU YPOBHS §1 = —Cs.

Bribop mapameTpa o comiacHO HepaBeHCTBY (29) MOXeT oka-
3aTbCs M30BITOYHBIM. C y4eTOM SKCIIOHEHIMAIBHON CXOIUMOCTH B
€1-001acTH BBEIEM pazMep £2-0071aCTH, B KOTOPOH (YHKIHMS z TaKKe

e k =

OTpHULATECJIbHA HAa JIUHUAX YPOBHA S1 — —Cg
1
aM(B+1)\7
(30) €2 = (fQ )) :

Ha nocnennem mare uccienyeM QyHKIUIO z Ha JOKaJIbHbBIE SKC-
TpemyMmsbl. [lpupaBHUBas Hy/II0 4acTHBIE MPOU3BOAHBIE (28) Halinem
TOYKY, IT0JI03PEBACMYI0 Ha IKCTPEMYM

148 (aM\# aM\ B
s1=— | — so=|— )] .
1 CYB Oé2 s 92 Oé2

OIIHaKO BBIYHUCIISAA BTOPBIC YaCTHBIC IIPOU3BOAHLBIC U ONIPEACINUTEIID,

Oz 0 9z a?Bsa)f T
0s2 7 981089 M ’
0%z (B - a?Bs1]s2/P~2  aB(1+B) 51,
aisg - M - M |82’ )
I 9%z 0%z
L 952 951080 _ 0z i 0
: 0%z 0%z : - <381882> <

881 682 881 682

MOJIy4YUM, UTO JaHHAA TOYKa ABJIACTCA CeﬂHOBOﬁ.
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OKoHuaTeJIbHO MOJIYYUM, YTO TIPH BBIOOpE MapaMeTpa ¢ Corac-
HO HepaBeHCTBY (29) mim pa3mepa ex-o6mactu cornacHo (30), hyHK-
sl 2, &, CIeJ0BaTeNIbHO, U TIPOU3BoAHAs GyHKIMHU JIsmyHoBa (25) BO
BTOPOM KBaJIPpaHTC HCIIOJIOKUTECIIbHEI.
C y4eToM acHMNTOTHYECKOW CXOAMMOCTH MOXKEM 3alucaTh

|s2(ta)| < [s2(t3)| = ea.

Hcnonb3yst 3T0 HEPaBEHCTBO, MEpENHIIeM OIEHKY (25) B Tpe-
TheM KBazpanTe (s; < 0, sg < 0)

_ (0% . (e
155 alsi| + M\82|leslgn(82) + M|52’1+B

V< —(2M <
(31) (2M) a1 18

8 -1 |sp|1HFP
§ —22 \/iOéM 2 W
SanmimeM cpemHee 3HaYeHHWE Npow3BogHOW (31) Ha WHTEpBale
BpeMeHH ¢ € [t3, t4], yuuThIBas, 4T0 BO BropoM KkBajapante V < 0
ta 8 s-1 %
. 1 ) 22y2aM =z
32 Vo = —— | Vo < ——Z————— [ |so(7)|*FFdr.
(32) av t4—t3/ 3 X x1+5(t4—t3)/|2( )|

t3 t3
JI1st TIoMCKA HUIKHEH OLIEHKM HHTErpaa OT HepeMeHHOI |so|1 7
3aIUIIEM B TPETHEM KBAJIPAHTE OLIEHKU

So< v, sot) = —ea+v(t —tg), ta<t<tay
£
v=oa(ey+ed)+ M+ <2(M+ %), tgrft?,:f-

Orenka WHTETpaa

(33)

tg t3r 2+B
Whar> [ |- —t3) [ Bdr < 2 .

/132(7)1 T//\ ot o(r—ta)[Pdr < g S

t3 t3

s BBIYMCIIEHUs CpeHedl CKOPOCTH OCTAIOCh OIEHHTh MHTEp-
BaJl BpeMeHHU t4 — t3, 9TO MOXKHO CAENaTh aHAIOrH4HO (21)

_f2
M-%
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[ToncraBiss mocneaHee HEPaBEHCTBO U OLEHKY (33) B BhIpaXke-
Hue (32), moaydnM OKOHYATENBHO
25aM 3 (M — E)
V2(2 + 8)(M + E)cs(m3)
OreHKka BpPEeMEHH CXOKJICHUS K HYITIO
V(ts) _ (24 B)(M + )es(mi)ey

35 b — t3] < 2 —

(34) Vav g -

4. 3aknrodyeHue

B crarbe OBLIO PacCMOTPEHO TOKA3aTENBLCTBO CXOAMMOCTH Of-
HOTO M3 QJITOPUTMa CKOJILKCHHUSI BTOPOTO pOfia W IMpPUBEICHA OLCH-
Ka KOHEYHOT'0O BPEMCHHU CXOAUMOCTU NEPEMCHHBIX CUCTEMBI K HYJIIO
IPY BO3JICHCTBUY HA CUCTEMY BHEIIHUX OTPAaHUYCHHBIX IIIAJIKUX BO3-
MymeHniH. OTMETHM, YTO C TOMOIIBIO IMPEUIOKEHHOTO alropuTMa
YIIPaBIICHUS CXOIMMOCTH IIEPEMEHHBIX CHCTEMBI 00eCTICYHBACTCS IPU
MEHBLINX 3aTpaTax PeCcypcoB YHpaBIICHHs MO CPaBHEHUIO C CyIle-
CTBYIOIIIMHU aJTOPUTMaMH YIpaBJIeHHs BTOPOro poxa. B mpusenen-
HOM JIOKa3aTeNbCTBE He TPeOyeTcs OAHOPOAHOCTH AubdepeHIranb-
HBIX YpaBHEHHH, OMMCHIBAIOUIMX 3AMKHYTYH CHUCTEMY YIPAaBICHMUS,
YTO 3HAYTEIHHO PACIIUPSIET Kiacc GyHKIMH, KOTOPBIE MOT'YT UCIIONb-
30BaTbCs B OOPATHOM CBS3M.
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