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YOK 021.8 + 025.1
BBK 78.34

H., CTABUITU3ALNA U KOMIMEHCALIUA
BO3MYLUEHUA ONA HENUHEWHbIX
ANPDEPEHLUUAIBHBIX MOBTOPAIOLWMNXCA
NMPOLECCOB C NPUITOXEHUEM K YINPABJIEHUIO C
UTEPATUBHbIM OBYYEHUEM'

EmeabsHoB ML.A.2,
(Apzamacckui norumexnuyeckuu uncmumym Huoicecopoockozo
20CY0apcmeeHHO20 MEeXHUYECKo20 YHugepcumema
um. PE. Anexceesa, Apzamac)

Ilosmopsiowuecs npoyeccovl Xapaxmepuzylomcs mem, 4mo pacnpo-
CMPAHAIOM UHDOPMAYUIO NO 08YM He3a8UCUMBbIM Hanpasienuim. Onu
B03HUKAIOM NPU MOOEUPOBAHUU NPOMBIULIEHHBIX CUCTIEM MAKUX, KaK
NpoKam Memaiid u Mo2ym UCnoib308amuCs Makdice 8 Kauecmae 6a306bix
Modejieli 0151 NPOeKMUpO8aHUs 3aKOH08 Ynpasienus. B oannoti cma-
mbe paccmampugaemcs 3a0aia cmaduiu3ayuu U KOMHeHcayuu 603-
MYWeHUU ¢ NPUTIONHCEHUEM K HEeTUHEUHbIM NOSMOPAIOWUMC Npoyec-
cam, eoe YCmoudusoCmy Xapakmepuszyemcs 6 mepmMuHax 8eKMopHbIX
@yuxyuii Jlanynosa, a 3a0ava KOMREHCAYUU 803MYUjeHUll peuiaemcs
¢ ucnoavzoganuem H o Hopmul. [[na npoyeccos ¢ unghopmayuonHvimu
HapyuweHusmMu 8 Kanaie oOMeHa uHgopmayuetl, MOOeiupyemvlmu
MApPKOBCKOI Yenvio C KOHEUHbIM YUCTIOM COCIMOAHUL, peuaemcs 3a0a4a
NOCMPOEHUs. YAPABNeHUs C UMEPAMUBHbIM 00YYeHUeM Npu HaTuduu
napamempuyecKkux HeonpeoeieHHoCmell.

! Paboma evinonnena 6 pamkax zocyoapcmeentozo sadanus Munobpna-
yku Poccuu No2.1748.2014/K u npu wacmuunotl ¢punancoeoii nododepicke
PODU (epanm Ne 13-08-01092 _a).

Asmop svipasicaem brazooaprocms npod. I1.B. akwuny, npog. K. I'ankos-
ckomy u npogp. 3. Pooaicepcy 3a yennoe obcyscoenue cooepiucanus cmamoi.

2 Muxaun Anexcanoposuu Emenvanos, acnupaum, (607227, 2. Apzamac,
ya. Kanununa, 0.19, AITM HI'TY um. P.E. Anexceesa, kagpedpa npukiaonoul
mamemamuxu, MikhailEmelianovArzamas@gmail.com).
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KnroueBrie cnoBa: Henuneiinble cuctemsl, quddepeHuaibHbie mpo-
[IECChI, TIOBTOPSIIOIINECS TIPOLECCHl, YCTOWYMBOCTh, H,, HOpMa,
HEONpeIeIeHHbIEC TapaMeTphl, HHPOPMALMOHHBIC HAPYIICHUS], YIIPaB-
JICHWE C UTEPaTUBHBIM 00ydeHHEM.

BeedeHue

MHorue Mpou3BOACTBEHHBIE CHUCTEMBI BBITIONHAIOT TOCTEN0BaA-
TEJNBHOCTH ITHUKJIOB, HA3bIBAEMBIX TIOBTOPCHUSMU, KQXKIIBIA M3 KOTOPBIX
MIPOTEKAET B TEUEHHE OTPEIEIIEHHOTO OTPAaHMYEHHOTO OTPE3Ka Bpeme-
HU, Ha3bIBAEMOTO JUTUTENhHOCThIO ToBTOpeHus [1]. [Tocne okxonua-
HUS KaXXJI0TO IIMKJIA, CHCTEMAa BO3BpAINAETCs B HAYaJIbHOE COCTOSTHHE
Y HaYMHAET BBITIOJIHATH HOBBIM IIWKJ. BhIXogHAs IepeMeHHas B TaKUX
cucTeMax Ha3blBaeTcs MPOQHIEM NOBTOpeHHs. XapaKTEpPHBIM IpH-
MEpOM, KOTOpbIH onucad B [1] co cchlIKaMu Ha OpUTHMHAJIbHbIE aB-
TOpCKHE PabOTBhI, SIBISIETCS. KOHBEWEp UIsl Pe3KH YIS, Ie MpoduieM
MTOBTOpPEHMsI (ITPOXO/Ia) SBIAETCS BEPXHsIsI YacTh YTOJBHOTO IUTACTa
BBIIIIC HYJECBOH JIMHUM, W LENBIO SBIACTCS M3BICUCHUE MaKCUMallb-
HOTO KOJIMYECTBAa YIS 3a MpoXof. Pexymias mammmHa onmmpaeTcs Ha
MpeabIAyIHuid mpoduias Mpoxoaa JUisk TOro, YTOOBI MPOU3BECTU Clie-
YOI TPOXOJ, TPH 3TOM HE HCKIIFOYE€HO, YTO MOTYT BO3HUKHYTH
KoJeOaHus MPOQUIs, aMILTUTYa KOTOPBIX OyJIeT BO3pacTarh OT IO-
BTOPEHHUS K TOBTOPEHHIO.

[Ipu mosiBeHNM MOAOOHBIX KOJIEOAHUH, MPOILECC JOJIKEH OBITh
OCTaHOBJIEH IJIsi TOTO, YTOOBI CKOPPEKTHPOBATH MPO(HIL BPYUHYIO
JUI MX TallleHHWs C IeNbI0 BOCCTAHOBJICHUS HOPMAJILHOTO IMpoLecca
pe3aHus W MPEeIOTBPAIECHUS BO3MOKHBIX MEXaHHUECKUX IMOBpPEXKIe-
HUHN pexylied MalluHbl. AJBTEPHATHBON SBJISAETCS HCIIOJNB30BaHUE
YIPaBJISIOIIUX BO3JICHCTBUH, HAIIPABIICHHBIX Ha TallICHUE YKa3aHHbBIX
KoJieOaHMii, HO 3aJada cTabWIn3aluyd B JAHHOM CIIydyae HE MOXKET
OBITH pelleHa CTaHIAPTHBIMH METOIaMH TEOPHHU YIIPABJICHUS, TOCKO-
JBKY 37IeCh HE YUUTHIBACTCS IBYMEPHBIN XapakTep CHCTEMBI, 8 HIMEH-
HO TO, YTO AWHAMHKA CHCTEMBI 3aBUCHUT OT JIByX MEPEMEHHBIX: Bpe-
MEHH Ha TEeKyIIeM IHKJIEe U HoMepa nukia. Ilepex Hagamom Kaxaoro
CJIE/TyTOIIIETO TIOBTOPEHMS, HEOOXO0ANMO MPOU3BECTH COPOC HAYATIBHOTO
COCTOSIHUS CHCTeMBI. J[J1st ncciiejoBaHus TakKUX CHCTEM B PaMKax
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JMHEHHBIX Mofenel Obula pa3paboTaHa CTporas TEOpUsl YCTOHYHBO-
ctu [1] ocHOBaHHas Ha U3YUYEHUH CBOMCTB OMPEIEIEHHOr0 JUHEHHOTO
oreparopa B COOTBETCTBYOIIeM OaHaxoBoM npoctpancTse. [Ipumepa-
MU CHCTEM YIIPaBJICHHUS C UTEPATUBHBIM OOydeHHUEM, I1ie Pe3yIbTaThl
OBUTH JOBEICHBI 10 3KCIEPHUMEHTA, KOTOPbIH MOATBEPAMI UX BBICO-
Ky10 3¢ (EeKTHBHOCTB, SBIAIOTCSA paboTel [2] u [3], B KOTOpOIi mMOITy-
YeHbI HEOOXOANMBIE U JOCTaTOYHBIC YCIIOBHS paBHOBecus o Hamry B
urpe ¢ N yd4acTHUKaMHU B paMKax MOBTOPSIOLIMXCS IMporeccoB ¢ 2D
JUHAMUKON C WHTEPECHBIM MPWIOKEHHEM K MOIEIHPOBAHUIO IPO-
cTeiIeil ceTn ra30BbIX TPYyOOonpoBoAoB. CyIECTBYIOUIHE alTOPUTMBI
[IOCTPOEHUS YIPABICHUS IJIs1 NOBTOPSIOIINXCS MPOLIECCOB HE MOTYT
OBITb NPUMEHEHBI B HENWHEWHOW MOCTaHOBKE, KpOME Cliydas eciu
yaaeTcs JTHMHEapH30BaTh MOJENb, U CIEJOBAaTEIFHO BO3HUKAET HEOO-
XOIMMOCTh B Pa3pabOTKe CTPOTOH TEOPHH yCTOHYMBOCTH JUIS HEIH-
HEWHBIX TOBTOPSIOLIKXCS HpolieccoB. [I[puMepoM MOXKET CITyKUTh pa-
Oota [4], Tne ynpaBieHHE C UTEPaTUBHBIM OOy4YeHHEM HPUMEHSEeTCS
K KOHBEHEPHON CHUCTEME BBICOKOTOUHOIO JIa3€PHOI0 HAIBLICHUS Me-
Taja.

B nanHO# paboTe MONMy4eHBl HOBBIE PE3YJIBTAaThl 10 YCTOWYH-
BOCTU HENHMHEHHbIX A (epeHINANBHBIX MOBTOPSIOLIMXCS IpOLEec-
COB, C UCIOJIb30BAaHUEM HECTAHJAPTHOIO Pa3BUTUA METOAA BEKTOP-
HeIX (yHKOu# JlamyHoBa. Jlanee 3amada MOCTpOEHUS YIIPaBICHHUS H
CTa0MIM3aluU BO3MYIICHUH peIIaeTcs MyTeM HCIOb30BaHMs H
YIIPABJICHUSI.

OTHU pe3ynbTaThl PaCIPOCTPAHSIIOTCS HAa MOJEINH, YUUTHIBAIOIINE
BO3MOXKHBIE CITydaifHbIe OTKa3bl, TIEPEPHIBHI B MOCTYTUICHUH HH(OpMa-
LUK U Ipyrue (HaKkTophl, KOTOPBIC MOXKHO paccMaTpyBarh Kak cily4daii-
HbIE MEPEKIOUYeHUs. Takue MEepeKIFoYeHUs NMapaMEeTPUUECKOro WU
CTPYKTYPHOTO XapakTepa OObIYHO OIMCHIBAIOTCSI OIXHOPOXHOW Map-
KOBCKOH LIEMBIO0 ¢ KOHEUYHBIM YHCIIOM COCTOSHHH. [Tomo0HBIE Moaean
B JINTEPAType MOIYYNIN Ha3BaHHE CHCTEMBI C MApPKOBCKHMH CKayKa-
MU WM CUCTEMBI CIIy4allHOW CTPYKTYpHI [5].
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1. OnucaHue cucmembi U NocmaHoe8Ka 3adayqu

PaccMoTpum HeTMHEWHBIN TOBTOPSIOLIMIACS POLIECC C JUTUTEILHOCTHIO
noBTopeHust I’ < oo KOTOpbI omnuckiBatoTcs Ha orpe3ke 0 < ¢ <
T cnemytoieit MOAENBIO B MPOCTPAHCTBE COCTOSHUI

T k—H(t) = fl(x k+1(t)7 Yy k?(t)ﬂ U k+1(t)7 w k(t))ﬂ
Yk+1(t) = fa(mpr1(t), Y (t), ups1(t), wi(t)),

rne k — HOoMep moBrOpeHusi (urepaiuu) U xp(t) € R™ — Bekrop
COCTOSIHUSI Ha TeKylled urepaumd, yx(t) € R™ — Bektop mpodu-
a1 nosropeHus, ug(t) € R™ — BxomHo#t Bektop wy(t) € R™
— BEKTOp BO3MYIUEHWH; f1 U fo HenuMHElHbIe (QYHKIMH, TAKHE YTO
f1(0,0,0,0) =0, f2(0,0,0,0) = 0, z u y — HePepbIBHBIC (YHKIINH,
3aBUcAIME OT ¢. [paHUYHBIE YCIOBHS, TO €CTh, MOCIENOBATENBHOCTh
BEKTOPOB HAYaJIbHOTO COCTOSHHUSI M HAYaJbHBIA MPOMHIb MOBTOPCHHS
CUMTAKOTCA U3BECTHBIMU U UMEIOT BH]I

(1

241(0) = dig1, £ >0,
@) wolt) = f(t), 0< < T,

TJIe JIEMEHTHI BeKTopa dy1 € R"* u3BeCTHBIE MOCTOSHHBIE; JIEMEH-
b1 BekTOpa f(t) € R™ — u3BectHbie ¢ynkuuu ¢, 0 < t < 7. Kpome
TOTO, 0003HAYUB || — €BKIMIOBY HOPMY BEKTOpA ¢, MPEIIOTIOKUM,
410 f(t) ¥ d41 YIOBICTBOPSIIOT HEPABEHCTBAM

|F(0)? < My,
|1 |* < kazk, k=0,1,...

3)

rae My > 0 — xoneunbii ckansap 1 0 < zg < 1 onpeenseT CKopoCTh
CXOJUMOCTH TOCIIEAOBATEILHOCTH HAYalbHBIX BEKTOPOB COCTOSHHSL.
Janee Bcromy OymeM CUMTATh, 9TO TPAHUYHEIC YCIOBHS CHCTEMEI YIIO-
BieTBOpstOT (3).

OCHOBOI1 TIOCTPOCHHS CTAOMIT3UPYIOMINX YIIPABICHUI TSI JIMHSHHBIX
TTOBTOPSIOIIUXCSI TIPOIIECCOB SABJIICTCS TIOHATHE YCTOWIMBOCTH BJIONb
noBTopeHui. [1, 2]. 3T0 NOHATHE OCHOBAHO HAa CBOWCTBAaX JIUHEWHOIO
oreparopa B 6aHaXOBOM IIPOCTPAHCTBE U, CIEIOBATEIFHO, HE MOXKET
OBITH HCIIOJIL30BAHO B CIIydae HEIIMHEHHBIX CHCTEM.
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OnpeneneHus, KOTOPbIE MPUBOAATCS Jajee, MO3BOJISIOT PACHIMPHUTH

TEOPHUIO U MIPUMEHUTH €€ JUIs CiTydasi HeIMHEHHBIX MPOIIeCCOB.
Onpenenenue 1. Henunetinvtii dughgepenyuanvrulii nosmopsio-

wutics npoyecc (1) ¢ epanuunvivmu yenoguamu (2) Hazvieaemcst IKc-

NOHEHYUAbHO yemouuussim eciu npu wi(t) = 0

@ Jar®) + @) < mexp(=2)¢*,  A>0,0< (<1,

20e C u A ne zasucam om T

IIpennonoxum, uto wi(t) € La([0, 00), [0, 00)) u onpenenum

| oo o0
|Jwl]2 = Qz/m,f(t)'(zdt < 0.

Onpenenenue 2. Henunetinvlii dughgepenyuanvrulii no6mopsio-
wutics npoyecc (1) ¢ epanuynvimu ycrosuamu (2) nazvlieaemcs 3Kcno-
HenyuanbHo yemouuusuim ¢ Hoo yposenem komnencayuu 603myujenuil
Y ecau OH ABNAEMCSL IKCHOHEHYUAIbHO yemotuueblm u npu f(t) = 0
ude,=0
) [Iyll2 < yllwl]2-

Mycts Zpo1(t) = [Tre1 ()T ye(t)™]T , Torma zanumem v € @
ecin u = (), e ¢ HenuHelHas GyHkuus Buga ¢(0) = 0. 3amaga
3aKJTFOYAaeTCs B MOCTPOCHHUH TAKOTO 3aKOHA yrpasieHus u € ® uto-
0pI cuctema (1) ObUTa SKCTIOHEHITMAIBHO YCTOMYNBON. AHAIOTHYIHO,
3amgaua H., yrpaBieHusi CBOJUTCSA K MOCTPOEHHIO Takoro u € P uto-
651 cuctema (1) ObIa SKCIIOHEHIINAIBFHO yCTOWUNBON ¢ H o, ypoBHEM
KOMIICHCAIIUU BO3MYIICHUH 7.

2. Cmab6bunusayus u H., ynpaeseHue

2.1. YCTOHYUBOCTh
st monydenust yCiIoBUN SKCIIOHEHLIUAIBHON ycToitunBoctu (1)
C TPAaHUYHBIMH YCIOBUSAMHU (2) pacCMOTPHUM CIEAYIONTYI0 BEKTOPHYIO
¢ynkuio JlsimyHoBa
Vi(@g41(t)) ]
6 Viz,y) = ,
© = | o)
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Vi(z) >0, 2 #0, Va(y) >0, y #0, Vi(0) =0, V2(0) =
0. Omeparop AUBEPTEHITNY TSI TAaHHOW (DYHKITUH BIIOJb TPACKTOPHIA
cuctemsl (1) OymeT UMeTb BUI

@) AV (e 0, (1) = T A vy ),

e ApVa(yuk(t)) = Va(Yuk+1(t)) — Va(yu,k(t)), nHICKC u TTOKA3BI-
BAIOT YTO MOBTOPSIOLIMIICS Tporecc umeeT BuA (1) ¢ rpaHHYHBIME
ycnoBusiMu  (2) u u3BecTHOH (yHKImeH wuy.1(t). B manpueiimem
MHJIEKC MOXeT ObITh omyiueH. [lycts L(x,u) HenuHelHas GyHKIus,
YIOBIIETBOPSIIOLIAsT YCIIOBHIO:
(®) L(z,u) = (|2 + [u]?),
IJ1s1 HeKoToporo ¢ > 0.

Teopema 1. Jonycmum, umo o nekomopozo u = p(IT) € P
HepaseHcmeo
@) divV(zer+1(8), Yp k(1) + L(Zppt1, o(Tphs1)) <O
umeem pewenue V(x,y) = [Vi(z) Va(y)]T, komopoe yooenemeops-
em COOmHOWEeHUAM

02|x|2,

(10) cilz)? < Vi(x)
< colyl?,

(11) crlyl®) < Va(y)

NN

20e ¢y > 0, ca > 0. Toeoa nenuneiinvii ougpghepenyuanvuviii no-
gmopsiowuiics npoyecc, noayuennoii npumenenuem u = () x (1) ¢
epanuunbimu yeroguamu (2), Aensemcss IKCNOHEHYUANbHO YCIMOUYU-
BbIM.

Hoxka3zareascrBo. Ilycte (V(z,y),p(Z) ymosmerBopsior (9),
TOTJa HEeJIWMHEeHHBIH AuddepeHnnanbHbI MOBTOPSIONIMNCS TPOIIece
(IpH OTCYTCTBHH BO3MYIIEHHI) MOXKET OBITH 3allCaH KaK

& a(t) = F1(@ ka(t), y (1), (2 k1a(t), y K1),

(2 () = Palaner (1), y (1), 0(@pn (1), y(0)).

tie fi u fo Henuueitnsie Gyrximu Buge f1(0,0,0) = 0u f2(0,0,0) =
0. U3 (8) u (9) crexyet 9TO
(13) vV (@pra (1), Yo r(t) < —cllwg | + lypr (B
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CrenoBarensHO HEOOXOAUMO MOKA3aTh YTO HEJIMHEWHBIH MOBTOPSIO-
mwiics mporecc (12) sBiseTcss SKCIOHEHINATBHO yCTOWYHBBIM IIPH
BeInoHeHuu ycinosuit (10), (11) u (13).

I/¥3 HepaBeHCTBa (13) ciemyeT 4TO CyIIECTBYIOT TakHe C3 < C2

ato 27 < 1—& < 1. [lanee u3 nepasencts (10), (11) u (13) cnemyer

M+)\V1(;gk+1(t))+V2(yk+1(t))*CVz(yk(t)) <0,

(14) 7
£3 =1-—% € (0,1). PaspemnB HepaBencrso (14)

e A = o, o
oTHOCUTENBHO Vi (x41(t)) momyunm

(15) Vi(zps1(t)) < Vi(zps1(0))e M=

t
- /0 ) [V (g (5)) — CValyi(s))]ds.
0O003HaYUM
Wiga(t) = Vi(arg1(0)e™ = Vi(zpa (t)),
t
Hi(t) = / e M=) (1 ())ds,
0

5TO MO3BOJIACT HepermcaTL BBIpa)KeHI/IC (15) B CHCZ[yIOH.[CM BHUIC

(16) Hiy1(t) < CH(t) + Wi (2).
Pa3pemmB HepaBeHcTBO (16) oTHOCHTENBEHO H momydnm

N
(17) Hy(t) < C"Ho(t) + > Wi(t)¢" ™"
WIH k=1
n t
S Vam(8)CF + / A=)V (g (5))ds <
k=1 0

<e M Vi(zp(0))¢" M+
k=1

t
e /0 AV o (5)) ds.
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Ilocnennee HEPAaBCHCTBO 3KBUBAJICHTHO CIICAYIOLIEMY

n t
(18) > Valan(®) 4" [ M Valun(s))ds <
k=1 0

ZV1 21,(0)) "+

t
—i—e)‘t/ e MV, (yo(s))ds.
0
OrneHuB TpaBylo 4acTh BhIpaxeHus (18) ¢ ydeToM rpaHUIHBIX
YCIIOBUH (2) MOy YUM

t
(19) ¢ Zvl (0(0))C"F + / NIV, (o (s))ds <
0

M —
<02 f()\ +C2/€d§ ¢h =
i CQMf(e)\T - 1) CoRd .
= 3 +1—C_C

n3 HepaBeHCTB (18) u (19) cnemyer uto
(20)  c1l@n(t)]2¢eM < O, mmaseex t € [0,00], n=0,1,...

Q1) ert|yn(T)P¢"eM < O, amaseex T € [0,00], n=0,1, ...
OTcrona HeTpyAHO BUAETH, UTO crpaBeinBo (4). Teopema qokazaHa.

2.2. Hy, YIIPABJIEHUE
PaccmoTpuM HenmHelHBIH noBTOpsIomuiics nponece suga (1)
I7ie TPaHUYHbBIC YCIOBHS UMEIOT BUA (2) C MPOU3BOJIBHOM (yHKIMEH
wi(t) € La([0,00), [0, 00)). CripaBeqiMBO Ciemyromniee yTBEpKICHHE.
Teopema 2. Jonycmum, umo 0 Hekomopozo u = p(T) € P
HepaseHCmeo

(22)  divV (zyi1(8), Yo k() + (g prr () >+

+ 1Y (O = 7wk (6)?) <0,
oyoem umems peutenue 6 sude Gyukyuu V(x,y) yoosremsopsoujee
(10) u (11), 20e € — nexomopwiti norodcumenvHvlll ckaap. lTozoa
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HeUHelHbI NOBMOPAIWULICS NpoYyecc NONYYeHHbll 8 pe3yibmame
npumenenus u = @(&) k cucmeme (1) ¢ epanuunvimu ycnogusmu (2)
AGNAEMCA IKCHOHEHYUANbHO yemotinusbim ¢ Ho, yposnem xomnenca-
Yuu 803MYUeHULL 7.

Hoxka3zareascrBo. Ilycts (V(z,y), (Z)) ecth peleHue Hepa-
BeHCTBa (22). U3 (22) cnenyer, uto econ w = 0, TO
23)  divV (g1 (8), Yp k(1) < —e(|Zprpr (O + lypr()]?)
n cormacHo Teopeme 1 cucrema (1) sBIAETCS SKCIIOHEHIMAIBHO
ycroitunsoii. [Ipeanonoxunm, uto wy(t) € La([0, 00), [0,00)), f(t) =
0 u di, = 0. HepaBenctBo (23) MOXHO Tiepenucars B BUIE

WZW + ‘/2(y¢,k+1(75)) — VZ(y@,k(t)) <

< —e(lwprir O + lyer (O =7 lwr®)]*) <

< —e(lyp k() =72l (0)).

WuTerpupys u cymmupyst o0e 4acTu HepaBeHCTBa (24), coBepiuas

MIEPECTaHOBKY CJIATaeéMbIX C YYETOM HYJIEBBIX T'PAaHUYHBIX YCIIOBHI,
MoJTy4aeM

- t 2 = ¢ 2 2
25 ds < ds—
25) ];0/0 o (s)|2ds ekZ:O/Oﬂwk(sn s
n t
3 Vilara ()~ [ Valwaa(t) <
k=0 0

n t
<Y [ Phunts)Ps
k=070

[Tomaras B (25) n, t — 0O, MOIYYUM, UTO CIIPABEIJIUBO Hepa-
BEHCTBO (5) BBINOJIHACTCA M TEOpEMa JoKa3aHa.

24

3. HenuHeliHble dughchepeHyuanbHble noemopsirouwuecs
npouecchkl NpuU Haau4yuu HapyweHul

B naHHOl MIaBe NOIy4YEHHBIE PE3YJIbTaThl PaCIIPOCTPAHEHBI [
ciTydasi HelMMHeHHbIX AuddepeHnrnaIbHbIX TOBTOPSIOMINXCS MpoIiec-
COB IIPY HAJIW4YMU HapylleHud. HapylleHus onuchIBalOTCsS MOAEIBIO

XI BCEPOCCUMCKAS IIKOJIA-KOH®EPEHIIUSA MOJIO/IBIX YUEHBIX
“YIIPABJIEHME BOJIbIIMMU CUCTEMAMMW”



138

B IIPOCTPAHCTBE COCTOSIHUI B BHJE CKAUKOOOpa3HBIX M3MEHEHUH Ma-
paMEeTpOB MJIM CTPYKTYpBl, YIPABISEMBIX OIHOPOIHON MapKOBCKOM
LENbI0 C KOHEUHBIM YHCIOM COCTOAHUH. Takue Momenu Moyduiu
Ha3BaHME CUCTEM C MAapKOBCKHUMM CKaYKaMH WJIM CUCTEM CO CIydai-
HOM CTpyKTypo# [6, 5].

[Tycts HenuHEeWHBIH U depeHITHaTbHBINA TOBTOPSIOIIUICS PO-
LIECC OMUCBIBAETCS CIAEAYIOLIEH MOMENBIO B TPOCTPAHCTBE COCTOSTHUN

26) T pp1(t) = g1(@ry1(t), yr(t), urg1 (1), wi(t), r(t)),
Yr+1(t) = g2(zpg1(t), Y (), ups1(t), wi(t), v(t)),

rae r(t) (t > 0) npencrapiser co60if MApKOBCKYIO EMb C AUCKPET-
HbIM grcioM coctosianii N = {1,..., v} u BeposTHOCTSIMH HIepexozia
BHJA
_ o ;T +o(r), if j#4,
@7) Plr{t+7) =j|r(t) =i) = { 1+ muT +o(r), if j=i,
v
ij = 1,...,v, my; > 0, My o= — ;mj; g1 U ¢go — HEIH-
i#j
HeliHble (QyHKIWM, Takue, 4yro mist Bcex r € N ¢1(0,0,0,0,r) =
0, 92(0,0,0,0,7) = 0, z 1 y HenpepbIBHBIC QYHKIHHU, 3aBUCAIIHE OT
t. JlanpHeiimye 0603HaueHNs aHAIOTUYIHBI MPUHATHIM B (1) 1 rpannd-
HBIE YCIIOBUS BHOBbB 3aafoTcs B Buzae (2).

Janum ompeneneHre 3KCIOHEHIMAIBHON yCTOMYMBOCTH U H oo
KOMITCHCAIIMY BO3MYIIICHHUH JJI CHCTEMBI (26).

Onpenenenue 3. Henuneiinvlil Ouggepenyuanvhulii LOBMopsio-
wutics npoyecc (26) ¢ epanuunvivu ycaosuimu (2) 3KCNOHEHYUATbHO
YCmouuus 6 cpeoHem K8aopamuieckom eci
28) Ellak(t)]” + |ye()]*] < sexp(=At)¢F, ,A>0,0< (<1,
20e E — onepamop mamemamuyecroeo oxcuoanus, npuvem ¢ u \ He
3asucsam om T'.

I[penmonoxum, ato wi(t) € La([0, 00), [0, 00)) 1 onpenenum

\w\E—Q > [ lunoar| < o
0

k=0
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Onpenenenue 4. Henunetinviii ougepenyuanvHuiii nogmopsi-
fowutics npoyecc (26) ¢ epanuunvivu ycrosusmu (2) sensemcs
IKCNOHEHYUATILHO YCTHOUYUBLIM 6 CPEOHeM KBAOPAMUYecKoM ¢ 3a-
OQHHBIM YPOBHEM KOMHEHCAYUU B03MYWJEHUN <y eCclu B6blNOIHAEm-
€ YCogue IKCHOHEHYUANbHOU yemotuuueocmu u 0as ecex wi(t) €
Ls([0,00),[0,00)) #0 npu f(t)=0u dp =0
(29) ylle < l[w||e-

[penmonoxum, ato u = @(z) € . s MOTydIeHUs yCIOBHI
SKCIOHEHIIMAJIbHON YCTOHYMBOCTH B CPEHEM KBaJIPaTUUYECKOM CH-
crembl (26), MPUMEHUM METON BEKTOpHOW QyHKIMH JIsmyHoBa

[ Vil (), 7(2))
(30) V(xk+1(t)v yk(t)7 T(t)) - V2(yk(t), T‘(t)) )
e Vi(z,r) > 0, = # 0, Va(y,r) > 0, y # 0, Vi(0,7r) =
0, V2(0,7) =0

Paccmotpum omeparopst Dy u Do 3amaHHbIE BIOTH TPASKTOPHI
cucteMsl (26):

DIV(E ) = Jim BV @rs (A, (M) Vi (), (1) |

| 2p1(t) = § ye(t) = n,7(t) = 1],

DoV (&, m, i) = E[Va(yr+1(), () — Va(ye(t),7(t)) |
| Tpra(t) = & yp(t) = n,r(t) =1l

Iycte V1(&,1) nuddepenunpyema mo & mwis kaxaoro i € N
Toraa, B cuiry (26) u (27), moimy4nm, 9To

= g e S val (€.9).

e £ = [§T nT]T. 3anuieM CTOXaCTHUSCKHE aHaJIor oIeparopa -
BepreHuuu D:

(32) DV(fﬂ% ) D]V(f n,t )+D2V(§7777 ))
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Teopema 3. Paccmompum nenunetinwiii Oupepenyuanvuviii no-
smopstowutica npoyecc suda (26) ¢ epanuunvimu ycrosusimu (2) npu
u = @(x) € ®. [Ipeononoxicum umo HepageHcmeo
(33) DV(&,m,1) + L(§, ¢(£)) <0
umeem pewenue V(x,y) = [Vi(x) Va(y)]T , komopoe yooenemeops-
em (10) u (11). Tozoa dannviti npoyecc A61AeMCs IKCNOHEHYUATLHO
YCMOUUUBLIM 8 CPeOHeM KEaopamuyueckoMm.

Hoxa3zarenbcTBo. U3 BRIpaxenwii (8) u (33) ciaemyert, 4to
(34) DV (&,1,1) < —e(€]* + Inl”.

4K HepaBeHCTBa (34) nerko yBUAETH YTO CYIIECTBYIOT TaKHE C3 <

C9 4TO 23 <1- 2—3 < 1 u u3 HepaBeHcTB (10), (11) u (34) umeem

(35) E[D1V(@rra(t), ye(t), r(8)] + AEV1 (2r11 (8), ()4

+ E[Va(yr+1(t),r(1))] — CE[Va(yk(t), r(1))] <0,
me A = &, ( =1—-% € (0,1). PazpemB HepaBeHCcTBO (35)

ca’? Cc2
oTHOCUTENBHO Vi (X 41(t)) momydnm

(36) E[Vi(zi1(t),r(1)] < E[Vi(2411(0),7(0))]e ™~
t
= [ IEWa 1 (9).7(5)) = CValan(s) ()l
O003HaYUM
Wi (t) = E[Vi(z11(0),7(0)e — Vi(zpyr (8), (1)),
Hlt) = [ OB V(o (s), (o)
0
Y 3amIuIIeM HepaBeHCTBO (36) B cleayromeM B

(37) Hii1(t) < CHp(t) + Wi (t).
Pemas nepaBerctso (37) otHOCcHTEnpHO H momydnm

N
(38) Hy (1) < CHo(t) + Y Wi()¢" ™
k=1
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HIIN

S E[Vi(ar(t), r(e)IC"F + / e NIy (s), r(s))lds <
k=1

0

*MZEvl (24(0), r(0))]¢"*+

4 /O e MEIE[Vy (g0 (s), ()] ds.

Hocnez[Hee HepaBeHCTBO S5KBHUBAJICHTHO CJ'IeZ[yIOH_[CMy
n t
S EVA (), r())CE + ¢ / P E[Va(yn(s), r(s)))ds <
k=1 0
<¢ ZElek r(0)]¢"F+

o /0 e M=IE[Va(yo(s), (s))]ds

OCTaJIbHasl YaCTh JOKA3aTeIbCTBA TaKas K€ Kak M B TeopeMe 1 ¢ oue-
BHIHBIMH U3MEHEHUSMHU B 0003HAUYEHHUSX.

PaccMoTprM HemMHEHHBIA MOBTOPSIOLIUICS mpolecc Buga (26)
¢ mpom3BONBHBIMA Wy, (t) € Lo ([0, 00), [0, 00)). CripaBeqnuBo ciexmy-
OIllee YTBEPKICHHUE.

Teopema 4. ITycms Ons Hekomopozo u = ¢(x) € © nepasen-
cmeo

DV (&, 1,9) + (€] + [n]* = 7*|w]*) <0

20e € - nonodcumenbhbll ckansap, umeem pewenue V (x,y), komopoe
yooesremsopsiem (10) u (11). Toeda nerunetinviii ougpepenyuanvroviii
NOSMOPSIOWULICS. NPOYECC, NOMYHAIWUICS 8 pe3yibmame npumeHe-
Hust u = @(Z) k (26), (2) a6rs€MCsE IKCNOHEHYUANLHO YCIMOUUUBHIM
8 cpedHem keadpamuyeckom ¢ Hoo yposuem xomnencayuu 8ozmyuje-
HUll 7.
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Hoxka3zareascrBo. Ilycts (V(z,y), p(Z)) — peuieHne HepaBeH-
ctBa (39). U3 mepaBenctna (39) ciaemyer uro ecnu w = 0, TO

(39) DV (&m,1) < == (|€]” + [n]")

¥ 110 TeopeMe 3 OTCIO/Ia CIIe/IyeT, 4To chucTeMa (26) 9KCIIOHEHIHAIBHO
yCTOIYMBa B CpeHeM KBaapartudeckoM. IIpenmonoxum, 9ro wy(t) €
Ls([0,00),[0,00)), f(t) = 0 u d, = 0. U3 uepasencrtsa (39) nmeem

(40) E[D1V (21 (), r(®))] + E[Va(yr+1(2), () —
— Va(ye(t),r(t))] < —€B[(|lznra () + |yn(t)*] -

— VEllwk (6)*)] < —€E[lypx(6)* — 7wk (t)/?].

WnTerpupys u cymmupyst o0e gactu HepaBeHCTBa (40), coBepimas

MIePEeCTaHOBKY CJIaraeMbIX M MPUMEHUB HYJEBble TPAHUYHBIE YCIOBUA
HOJIy4UM

(41) EEZ/ lyon(5)]2ds] < Z/ 2|wy(s)?ds]—

=S B @,r0) [ Va0, r(0) <

k=0 0

n

eB| 2wy (s)|"ds]
Ilonaras B HepaBeHcTBe (41) n, t — 00 POFYHEHMM, UTO BEHITION
Hsaercs (29) u Teopema AoKas3aHa.

4. YnpaeneHue ¢ umepamueHbIM 06yYyeHueM npu
Hanu4yuu HeornpesieHHocmeu u HapyuweHul e
UHhopMayUOHHOM KaHarse

B nanHOI m1aBe NoMy4YeHHBIE PE3YIBTaThl IPUMEHSFOTCS IS IOCTPO-
€HHsI 3aKOHA YIPABJICHUS C UTEPATUBHBIM OOyUeHHEM IS JTHHEHHON
CHUCTEMBI, OINKCHIBAEMOM CIIeNYIOLIed MOJENbIO B MPOCTPAHCTBE CO-
CTOSIHUI

(42) y(t) = C(6(2),r(t))x(t),
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rne ¢ € R™ - Bekrop cocrosHuil, ©v € R™ - BEeKTOp BXOIHBIX 3HA-
uenmit, y € RP - BeKTOp BEIXOAHBIX 3HaueHmidt m & € RY - Bekrop
HEOIPEACIEHHBIX TAPaMETPOB B KaHaJe MH(POPMALOHHOTO B3aHMO-
neiicTusi, r(t) - MApKOBCKasl [IEMb ¢ KOHEYHBIM YHCIIOM COCTOSIHHI
N = {1,..., v} COOTBETCTBYIOLINM YHCIY BO3MOKHBIX HAPyLICHUI U
BEPOSATHOCTSIMH TIEPEX0/1a, OMMUChIBaeMbIMU  (27)

Heomnpenenénnocty, cBS3aHHBIE C TUHAMHKOH CHCTEMBI, HOCST
aduHHBI XapakTep C BO3MOXHBIMH BapHAlUSIMH OTHOCHTEIBHO
LEHTpaJIbHOM HOMHHAIBHOI Mojeny, onucannbie Marpunamu (C(r))
B1onb oceit (C(7)) UMeroT BUIL:

N
(43) C(8(t),r) = C+ Y 5;(t)Cy(r), r €N,
j=1

rae N - pa3MepHOCTh BEKTOpa HeonpeenenHocTelt. Kaxprit §;(t) u3
HepaBeHCTBa (42) u (43) orpaHnyeH Ha UHTEPBAIIC
(44) (jj(t) < 95(t) < 65(t).
MHOXeCTBO BO3MOXKHBIX 3HaueHHH & 0003HauUM uepe3 A, ero
KOHEYHOE MHOXECTBO BEPILIUH OMPEICIUTCI KaK
45) Ay={8(0) = (5(t) ... On(t)):8;(t) € {5;,8;} },
UroObl chOpMyTHpOBATH 3a7ady CHHTE3a YIpaBlIeHHs C UTepa-
TUBHBIM OOYYCHHEM, BBEIEM ICIOYUCICHHYIO BEIMYUHY K, OIpe/e-
JISIONIYI0 HOMEp MOBTOpeHUs. [[MHaMUKa CUCTEMBI C yY€TOM IIOBTO-
peHuit OyaeT UMeTh BHIT

i (1) = Az (t) + Bu(t),
yi(t) = C(3(1), r(t))a(0),

C COOTBETCTBYIOIIIMMU I'PAHUYHBIMU YCIIOBUAMU

(46)

A7) oy = 0,0<t<T, 21(0) =20, k=0,1,...

e ug(t), xp(t) u yx(t) - BXOAHOH BEKTOp, BEKTOP COCTOSIHHH, U
BBIXOZHOM BEKTOp cOoOTBeTCTBEeHHO, 0 < ¢t < T < oo, T' — nnuHa
TTOBTOPCHHS.

ITyctb 4 (t) - momaBaemslii onopHeiid BekTop npu 0 < t < 7T
IIe KaXIblid dNEMEHT Yror(t) mudpdepenimpyem. Torma eg(t) =
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Yref(t) — yr(t) - ommbka Ha TeKymieM mIare k M IENbIO SBISET-
Csl TIOCTPOCHHUE IMOCIICAOBATEIBHOCTH BXOAHBIX (YHKIMH, TAKHX YTO
KaueCTBO YIPABISAIONICIO CHUTHAIA OYIeT YAydIlaThCs MPU KaKIOM
YCIIEITHOM MOBTOPEHHH, JUIsI TOT0 B OTCYTCTBHM HApPYIICHHH JOJIXK-
HBI BBIMOHSITHCS CIIEAYIONIHE YCIOBUSA CXOMUMOCTH
(48) lim |ex(t)] =0, lim |ug(t) — uso(t)] = 0.

k—o00 k—o00

3anmaueil 3aKoHa YNPaBICHHUS C UTEPATUBHBIM OOYYCHUEM SIBIIS-
eTcss OPMHUPOBAHUS BXOJHOTO YIPABICHHS HA TEKYIIEM IIare, Mc-
MOJIb3ysl MH(GOPMAIIHIO C TPEABIIYIIEro Iara:

(49) Uk+1 (t) = Uk (t) + AukJrl(t),

e Aug1(t) - KOppeKTUpyroLas monpaska. BaxxHoi 0COOEHHOCTBIO
YIPaBICHUS C MTEPATUBHBIM OOYyYEHHEM SIBISIETCS HCIOJIb30BAHHE
UH(POPMAIHMH C MPOUICHHOTO 1miara Juis pacuéra Auyq(t). C yuetom
CTOXaCTHYECKO# MPHpoas! 7 (t) TpeOGyIOTCsI CIIeAyOIIie H3MEHEHNUSI B
OIUCAHUM YCIOBUHN CXOAMMOCTH.

Omnpenenenue 5. Ancopumm ynpasnenus ¢ umepamuehvim o0y-
uenuem (49) cucmemoti (46) Hazviaemcs cxOOAWUMCS eCau O 6CeX
0 <t < T cnpasednusvt omuouierus
(50)  Elles()’] = Ellyres(t) — ye(®)’] = 0, k = o0

u
(51) E[|ug(t) — uso()]?] = 0, k — oc.

UroObl onucaTh IWHAMHKY YIIPABICHUS C UTEPATUBHBIM 00yuYe-
HHEM B CTaHIAPTHOH (opme moBTOpsitorerocs nuddepeHInaIbHOTO
IpoIiecca BBEIEM B PACCMOTPEHUE BCIIOMOTATEIbHBIN BEKTOP BUIA

(52) Ok1(t) = T () — 21 (2),
n

) eunlh) - al) = ~COO.r0)4 [ (@ ()

— zp(r))dr — C(5(t),r(t))B /0 (wp1 (1) — wp(7))dr.
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Torma guHAMKKa yIpaBIEHUS! C UTEPATUBHBIM OOYYEHUEM MOXKET
OBITH 3amucaHa B BUAC JWHEHHOTO MuddepeHITHAIEHOTO TTOBTOPSIIO-
LIErocs poIlecca ¢ HeONPeAeIEHHOCTIMU

(54)  Okna(t) = Aven(t) +Bft Aupi1(7)dr,
v

ext1(t) = —C(6(1), k+1(t) + ex(t)

- / Aupyq (T

Paccmorpum ciyuaii xorna

(55) Aug1(t) = Fi(0)0g4a(t) + Foi)e kt), ecmm r(t) = i.

Ecmm (55) rapantupyeT SKCIOHEHIMAIBHYIO YCTOWYHBOCTH B
CpenHeM KBaIpaTH4eckoM cucTeMbl (54) Torma coriacHo ompenene-
HUIO 5 3aKOH YIPaBJICHHS C HTEPATUBHBIM OOYUYEHHEM SIBISCTCS CXO-
JSIILMCSL.

Yr1o6bl mOMy4dTh Martpuisl ycunenus Fy(i) u Fy(i), i €
N, Bocnomezyemcst yciaoBusMuH TeopeMbl 3. BriOepeM BekTop-
Hyo O¢ynkuuto JlsnynoBa Buma (30) toe Vi(viyi(t),r(t)) =
Vip1 (O PLr () v (1), Valew(t),r(8)) = e (t) Pa(r(t))ex(t), npu
P} > 0, P, > 0. Croxactuyeckuid oneparop AuBepreHuuu D QyHK-
mu (30) B 1aHHOM cITydae JOJDKEH yIoBiIeTBopsITh (33). [l Berdmc-
JICHUS1 JAHHOTO OllepaTropa BAOJIb TpaeKTopuu cucteMsl (54) u (55) 3a-
MUILIEM YCIIOBHS SKCTIOHEHIIMANBHON YCTOHYMBOCTH B CpEIHEM KBa/I-
paTuuecKoM

P(i) = diag{P1 (i) P2(i)} > 0,

(56) AL (8,i)P(i) + P(i)) A (8,4) + Y _ mi I"OP(j)T0 —
j=1
—I% PO + AL (6,4)P(i)Aw(8,i) < 0, i €N, § € A,

I o 0 0
1,0 _ 0,1 _
r-loo] m=lov]

e
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Aca(8,7) = [ —C(8,i)A— C(8,i)BFy(i) I —C(6,i)BF(i) ] ’

i) = [ A+E;F1(z') Bﬁg(i) ] |

Bamamum X (i) = P71(i), Y(i) = F1(i)X1(i), Yao(i) =
F5(i)X5(i), mocne rpoMo3[KHUX, HO MPOCTBIX MpeoOpa3oBaHHil IMO-
JTydaeM Habop HEOOXOAMMBIX JIMHEHHBIX MAaTPUYHBIX HEPABEHCTB OT-
HOCHTENBHO 3TUX NMEPEMEHHBIX

S11(6,4)  S12(6,4)  Syz(i)
SL(6,4) —X(4) 0 <0,

G7) SLG) 0 Swl)
X(i)>0,0€ Ay, i €N,
e | |
me sui) = | e PO suen -

T
i } , Aai1(i) = AX (i) + BY1 ()

1(
+ (AX(9) + BY1(0)" + 1 X1(1), Aaz(6,9) = —C(8,7) AX1(i) —
C(l5ai BYVl(U? A022(6>i) = {(2(7') - 0(671)3?(1)7 513(i) =
2 . X (@)Y, X ()0 w2 X ()10,
S33(i) = diag[-X(1)...— X(i—1) = X(@i+1)...— X(v)].

Teopema 5. Paccmompum cucmemy (54) u npeononosicum 4mo
JuHetiHble mampuunsie Hepasencmaa (ST) npu § € Ay, i € N, paspe-
wumet u Fy (i) = Y1(0) X, 14), Fa(i) = Ya(i) X5 (i), i € N. To20a
aneopumm ynpasienus ¢ umepamusnvim ooyuenuem (49), (55) cxo-
oumcs.

5. BbigeoObI U nepcrnekmuebi

B nanHo# paboTe mpencTaBieHbl HOBBIE Pe3yJbTaThl MO yCTOM-
YHBOCTH HEIMHEHHBIX MU PEpEeHIIIATEHBIX TOBTOPSIFOIINXCS MPOIIeC-
coB. UToOBI mponeMOHCTpHUPOBaTh 3P HEKTUBHOCTD MOITYUYEHHBIX TEO-
pPETHYECKUX PE3yabTaTOB, TOKa3aHO, KaK OHU MOTYT OBITh IPUMEHEHBI
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IUISl TOCTPOCHHUS YIIPABJICHUS C UTEPATUBHBIM 00y4YeHUEeM P HHPOP-
MAaIOHHBIX HAPYIICHUSAX. DTH Pe3yNIbTaThl MOTYT PacCMaTPHUBAThCA
Kak 0a30BbIe IS AajbHEHIINX OoJiee TITyOOKMX HMCCIEeNOBAaHUN HENHU-
HEHHBIX MOBTOPSIONINXCS MPOIECCOB, C IENbI0 0oJiee TOIHOTO pac-
KpBITUSA UX MOTEHLUANA.
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H,, BASED STABILIZATION AND DISTURBANCE
ATTENUATION FOR NONLINEAR DIFFERENTIAL
REPETITIVE PROCESSES WITH AN ITERATIVE
LEARNING CONTROL APPLICATION*

Mikhail Emelianov, Arzamas Polytechnical Institute of
R.E. Alekseev Nizhny Novgorod State Technical University,
Arzamas, postgraduate student,
(MikhailEmelianovArzamas@gmail.com).

Abstract:  Repetitive processes propagate information in two
independent directions and arise in the modeling of industrial systems
such as metal rolling and can also be used as a setting for control law
design. This paper addresses stabilization and disturbance attenuation
for differential nonlinear repetitive processes where vector Lyapunov
functions are used to characterize a physically relevant stability
property and the disturbance attenuation is expressed in terms of an
H, norm. An extension to processes with failures modeled by a finite
state Markov chain is also developed and applied to iterative learning
control design in the presence of model uncertainty and information
channel failures.
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