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NMACCUBHOCTb U CTABUITU3ALNA HEJIMHENHbIX
2D CUCTEM C NPUNOXEHUEM K 3AOAYAM
YMNPABNEHUA C UTEPATUBHbLIM OBYYEHMEM'

EmeabsinoBa FO.I1.2,
(Ap3amacckuti nonumexnuweckutl uncmumym Huowcezopodckoeo
20CY0apcmeenHo20 MexHu4ecko2o yYHugepcumema
um. PE. Anexceesa, Apzamac)

B cmamve paccmampusaromes HenuHelinbie OUCKpemHble NO8MOpPAIOUU-
ecsi npoYeccyl, ONUCHIBAEMbLE MOOEIbI0 8 NPOCTNPAHCTNGE COCMOSHULL
Mna pewenus 3a0au cmabunuzayuu paccmampusaemou cucmembl
8800UMCS U UCNObIYEMCs NOHAmMuUe naccusHocmu, Hasvigaemoe G-
NAccUBHOCMbIO, U HOB0E NOHAMUE 8eKMOPHOU (DYHKYUU HAKONLEHUSL.
Pesynomamur 060bwaromes na cyyaii nOBMOPAIOWUXC NPOYECCO8 C
B03MONCHLIMU HAPYUEHUAMU, MOOENUPYEMBIMU MAPKOBCKOU YENbio C
KOHEUHbIM YUCIOM COCMOAHUL. DMU HOBble pe3yibmanvl RPUMEHSIIOMCS
K peulenuro 3a0a4u CUHMe3d YNpasieHus ¢ umepamueHvim 00yueHuem
8 YCA08UAX UHDOPMAYUOHHBIX HAPYULEHUII.

KitoueBble croBa: HEIMHEHHBIE CUCTEMBI, TUCKPETHBIE CUCTEMBI, 2D
CHCTEMBI, TTOBTOPSIOIIMECS MPOIECChI, TACCUBHOCTD, BEKTOPHAs (DyHKIIHS
JlsmyHnoBa, MH(POPMAITMOHHEIE HAPYIIICHUS, YIIPABJICHUE C HTEPATHB-
HBIM 00yYEHHEM.

! Paboma evinonnena 6 pamkax zocyoapcmeennozo sadanus Munobpua-
yru Poccuu No2.1748.2014/K u npu wacmuunotl ¢punancogoii nooodepicke
PODU (epanm Ne 13-08-01092_a).

Asmop svipasicaem brazodaprocms npod. I1.B. akwuny, npog. K. I'anxos-
ckomy u npogp. 3. Pooaicepcy 3a yennoe obcysicoenue cooepiucanus cmamoi.

2 FOnusa Hasnosuna Emenvanosa, acnupanmka, (607227, 2. Apzamac, ya.
Kanununa, 0.19, AIIKU HI'TY um. P.E. Anexceesa, kageopa npukiaonou
mamemamuxu, EmelianovaJulia@gmail.com).
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BeedeHue

3amava crabunmzanuu HeTMHEHHBIX 2D cuctem mano paccmar-
puBasiach B juTeparype. B ciyuae HenuuelHbix 1D cuctem, Teopus
JUCCHUIIATUBHOCTH [6] — OAMH M3 HanboOjee MOIIHBIX METOJOB CHH-
Te3a yImpaBlieHHs, TAe JacTHas (popMa JUCCUTIATUBHOCTH, U3BECTHAS
KaK MacCHBHOCTh (U ee 0000mieHus) [1,2] urpaer BaxHyK poOib B
pereHnn 3amad TTo0ambHOW CTAaOWIM3aluy I IMAPOKOTO Kilacca
HEJNMHEHHBIX CUCTeM. B 3Toi craThe MOHITHE MACCHBHOCTH 0000-
mIaeTcs Ha CIIy4ad MUCKPETHBIX HEIMHEHHBIX MOBTOPSIIOIIMXCS TIPO-
LIECCOB, KOTOPBIE SIBIAIOTCS BaKHBIM KiaccoM 2D cucreM. Pesynb-
TaThl TIOTYyYEHBI HA OCHOBE IOAXOAA C HCIIONB30BAHUEM BEKTOPHOM
(O)YHKIIMW HAKOIICHHUS, OTJIMYAIOIIETOCS OT ITOIXO0a, HCIIOIB3yeMOTro
B [3] u obecreunBaroT ynpaBieHUE ¢ HEIMHEHHON 0OpaTHOMN CBS3BIO
10 BBIXOAY, KOTOPOE TFapaHTUPYET SKCIIOHEHIIUAIBHYIO YCTOUYMBOCTD
paccMarpuBaeMoro Iporecca.

B peanbHBIX NpUIOKEHHUAX MOTYT BO3HUKHYTh HapyLICHHS WU,
[O3TOMY, B JIAHHOU CTaThe Pe3yNIbTaThl 0000IIA0TCS HA CITy4all HEelH-
HEWHBIX TIOBTOPSIONIUXCS TPOIIECCOB C BO3MOKHBIMU HAPYIICHUSIMH,
KOTOPBIE MOAETUPYIOTCS MAPKOBCKOM LICTIbIO ¢ KOHEYHBIM YHCIIOM CO-
CTOSIHUH. B 3TOM ciyuae ucnosnb3yercs MOHATUE NACCUBHOCTH, OCHO-
BaHHOE Ha CTOXAaCTUYECKOM aHAJIOre BEKTOPHOW (PYHKIIMHM HAKOILIE-
HUS, JUIS TIOMYYSHUS YIIPABICHUS C HENWHEHHOW OOpaTHOMN CBS3BIO
10 BBIXOAY, KOTOPOE TFapaHTUPYET SKCIOHEHIIUAIBHYIO YCTOUYUBOCTD
B CpPEIHEM KBAJPATHUECKOM JIJISi PACCMATPUBAEMON CHUCTEMBI C BO3-
MOXXHBIMH HapyUICHUSIMH. 3aT€M PEe3yJIbTaThl IPUMEHSIOTCS K pele-
HUIO 3a]1a4y CHUHTE3a YIIPABJICHUS C UTEPATUBHBIM 00YYEHHEM B YCIIO-
BHAX WHPOPMAIIMOHHBIX HapPyIICHHA.

1. OnucaHue cucmeMbl U OCHOBHbI€ MOHSIMUS

PaccMOTprM HENMHEHHBIA JUCKPETHBIA IOBTOPSIOLIUICS IMPO-
LIECC, OMMCHIBAEMBIN CIEAYIOEH MOIENIBIO B IPOCTPAHCTBE COCTOSI-
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HUH

Tp+1(t+1) = fi(@p1(t), yu(t), uk11(t)),
(D) Yr+1(t) = fo(@p41(t), yr(t), up41(t)),

2e1(t) = g(Trr1(t), yr(t), Uk+1(t))
0<t<T, k=0,1,2,...

rne z(t) € R™ — BEeKTOp COCTOSHHMSI Ha TEKYIIEM IIare MOBTO-
perust k, y(t) € R™ — Bektop mpoduiIst TEKYIIEro MOBTOPSHUS,
2k (t) € R™ — BcromMoraresbHbI BEKTOp /ISl aHAJIN3a U CHHTE3a 3a-
KOHA ynpaBleHus u f1, fo U g — HelMHEiHbIe QYHKIMU Takue, 4To
f1(0,0,0) =0, f2(0,0,0) =0, ¢(0,0,0) =0.

['paHuyHbIe YCIIOBHUS 33JaHbl B BHJE HOCIIEIOBATEILHOCTH Ha-
YaJIbHBIX 3HAYEHWH BEKTOPA COCTOSHHS M HAYaJIbHOTO NMPOQUIL MO-
BTOPEHUS

(2) karl(O) = korla k > 07
yO(t) :f(t)v 0<t<T,

[Jie NIEMEHTHI N, X 1-MepHOro BeKkTopa dj.y1 U3BECTHBIE KOHCTAHTHI
u f(t) — ny X 1-MepHBIH BEKTOp, 3IE€MEHTBHI KOTOPOTO HM3BECTHBIC
¢ynkuu ot t. Ilpennonaraercs, 4To CyHIecTBYIOT IeHCTBUTEIBHBIC
ancna My > 0n 0 < (g < 1 takue, 410 djp 1 1 f(t) ynoBIeTBOPSIOT
COOTHOILICHUAM

3) |FO)F < My, |des|* < N B =0,1, ...

I7e || O3HadyaeT eBKIWAOBY HOPMY BEKTOpa, BEJIMYMHA A4 XapakKTe-
pHU3yeT CKOPOCTb CXOAMMOCTH IOCIEI0BATENIbHOCTH HAYaIbHBIX 3HA-
YeHUI BeKTopa cocTosiHus. Jlanee moBcioqy OyaeM cuuTarh, 4TO Ipa-
HUYHBIE YCIOBHS YIOBIETBOPSIOT (3).

J1st IMHEHHBIX MOBTOPSIIOIIMXCS IIPOLECCOB OCHOBOM CUHTE3a
3aKOHOB YNPABJICHUS SIBISIETCS MMOHATHE YCTOMYMBOCTH BIOJb MTOBTO-
pernii. DPHeKTHBHOCTH 3TOTO ONpEAETIECHUs MOATBEPkKAEHa JKCIIe-
pUMEHTaJIBHBIME TIpoBepKamu [4, 5]. TlonsTHe ycTOUMBOCTH BIOJb
MOBTOPEHHH TpeOyeT, YTOObl IPH OrpaHMYCHHOM Ha4dajJbHOM NPOQH-
JIe TIOBTOpEeHuUs o0ecleunBagach OrpaHUueHHas [10CIIE0BaTeIbHOCTh
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npoduiiell MOBTOPEHUsI AJIi BCEX BO3MOXKHBIX 3HAYCHUH JIUHBI I10-
BTOPEHHST M OCHOBBIBACTCS Ha CBOMCTBAaX JMHEHHOrO oIleparopa B
0aHaxoBOM mpocTpaHcTBe. [103TOMY MOHSATHE YCTOHYMBOCTH BHOJb
MMOBTOPEHHI HE MOXET ObITh HEITOCPEACTBEHHO MEPEHECEHO Ha HEJIH-
HelHbId ciydaii. Cienyrolee onpeeneHue npeacTaBisier coboil of-
HO M3 BO3MOXXHBIX Pa3BUTUIN MOHSATHUS YCTOUYMBOCTH BJIOJIb TOBTOPE-
HUI HA HEJIMHEWHBIA CITy4a.

Onpenenenue 1. Heruneiinoiti nosmopsiowutica npoyecc (1)
u (2), 20e u = 0, Hasvieaemcsi IKCHOHEHYUATILHO YCIOUYUBHIM, €C-
U
4) 2k ()] + lye(0)]* < sCFL 0< ¢ <1,
2o0e ( ne 3agucum om T.

OcHOBHas1 1IeJIb CTaThbH HAWTH TaKOM 3aKOH yNpaBleHUs ¢ 00-
paTHoii CBsI3bI0 (X, Yy ), KOTOPBIA 0OecrednBan Obl IKCIIOHEHIIHAIb-
Hy10 ycToHunBocTh cuctemsl (1), (2). [locnenyromuii ananu3 OcHO-
BaH Ha PacCIIMPEHHWH TOHATHS MACCHBHOCTH Ha KJIAacC IMCKPETHBIX
HEJIMHENHBIX TTOBTOPSIIOIMXCS MIPOLIECCOB C UCTIOJIB30BaHUEM CIIENY-
IOIe BEKTOPHOHM (YHKIIMH HAKOTUICHUS

_ | Vilzrsa(?)
(5) Vi(zg1(t), yk(t)) = |: Va(yi(t)) :|
rne Vi(xz) >0, . #0, Va(y) >0, y#0, V1(0) =0, V2(0) =0.

Omneparop AWBEpreHUMH 3TOH (YHKIMU BIOJIb TPACKTOPUH CH-

cremsl (1) umeeT Bun

(6) divV(z41(t), yr(t)) = AeVi(zrr1(t)) + AeVa(ye (),

e

AVi(zre1(t)) = Vi(@epa(t+ 1)) — Vi (2)),
ApVa(ye(t) = Valyrsa(t) — Va(ye(t)).
Omnpenenenue 2. Henuneiinvlii Ouckpemmuvlii NOSMOPSIOUSULLCS

npoyecc (1), (2) nazvigaemcs sxcnonenyuanvio G-naccusHvim, eciu
cywecmayem eekmopras gynxyus (5), ckanapuas gyuxyus S(x,y) u

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHLIUSA MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



163

non0MHCUmMeENbHblE CKAJAPBL C1, C2, C3 MAKUue, 4mo

alzl” < Vi(z) < colzl?,

aly? < Vay) < alyl?,
(7) divV (w1 (), (1) < 2hq (6)Gupga () —
= Srra(t), yk(t)),

S(x,y) = es(laf + lyl?),

20e G — nocmosiHHas Mampuya coomeemcmayowezo pasmepa.
Ot0 ompeneneHue sisgerca 2D aHaiorom onpeneaeHusi, JaHHO-
ro B [2] mis 1D cuctem.

2. MaccueHocmb u cmabunu3sayusi

Crenyroras TeopeMa pa3BUBaeT XOPOIIO H3BECTHBIE PE3YJIBTAThI
Teopuu naccuBHOCTH 1D cucTeM Ha HENMHEHHbBIE TUCKPETHBIE TOBTO-
PSIOIIUECS TPOIECCHI.

Teopema 1. [lycmob Henunelinvlli OUCKPEMHBLI NOSMOPAIOWUL-
cs npoyecc (1), (2) G-naccusen. IIpeononoxcum maxoice, umo cyuje-
cmeyem ynxyus p(z) maxas, umo p(0) = 0 u 2T Gp(z) > 0, ecru
z # 0. Tozoa cucmema (1), (2) ¢ 3akonom ynpasnenus
(3) U1 (t) = u(2k41(1)) = —p(2k41(t))

A6151€MCS IKCHOHEHYUATILHO YCMOUYUBOU.
Joxka3zateabcrBo. U3 (7) ciemyer, 4To CyLIECTBYIOT C3 < C3

TaKue, 4yTo C% <A=1- 5—3 < 1 u, ucnone3ys (8), morydum
divV (@1 (1), ye (1) < =21 (DGP(21(1))
©) AN p ;
es(jaf” + yI?) < —es(af” + [yl?).

C yuetom (7), HepaBeHCTBO (9) MOKET OBITh TIEPEITUCAHO B BHIIE
(10) Vi(zpga(t+ 1)) < AVi(@rsa(t)) + AVa(ye(t))—
— Va(yrt1(2))-
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Peruast nepaBenctBo (10) orHocutensHo Vi (241 (t)) umeem

(1) Vi(zra (1) < Vi(ega (0)A'+
1

+ > Walyr(p) — Valyrsa (0)IN P,

~
|

Il
o

t—1
u obosnavast Hy(t) = Z Vo (yr(p))A™1P u3 (11) momyuum, uto
p=0

(12) Hy1(t) < AHg(t) + ANVi(2541(0)) = Vi@gsa (1))

Pemenne uepasenctsa (12) orHocurensHo Hy(t) maer ciemyro-

1ee
k—1 '
(13)  Hi(t) < AHo(t) + Y NNV (2444(0)) -
=0
— V(zi11(1)))
WM C y4eToM BbIpakeHust uist Hy, (t)
k—1 t—1
(14) Y NV () + ) AT P a(k(p) <
i=0 p=0
k—1 ) t—1
<A ATV (0) +AF Y AT PV (yo(p))-
i=0 p=0
Hocnez[Hee HEPABCHCTBO 3KBHUBAJICHTHO CJIICAYIOLICMY
k—1 t—1
(15) A7 AT V(i (0) + ATFTY Y A TVa(u(p) <
=0 p=0
k—1 )
<A NI (241(0))+
1=0
t—1
+ATED N APV (o (p) = k.
p=0
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[Tpeobpa3zys npasyto yacTb (15) ¢ yuerom (3) umeem

k—1 il
\—(k=1) Z A= (241 (0)) + A~ Z ATV (yo(p)) <
i=0 p=0
k—1 T
< cokig Z AT 4 ep My Z AP <
i=0 p=0
< Cokqg n Csz()‘_T — 1).

— A1 -1
Jleyro gacth HepaBeHcTBa (15), B coorBeTcTBHH C (7), YCHIUM

CIIeyIOIUM 00pa3oM
k—1
(16) A~ AT (41(0))+
=0
t—1
+ AT TNV (yo(p)) = e A FTIATE Dy (1) 2

p=0
u
k—1 ‘
(A7) A"FDN NI (244 (0) +
i=0
t—1
+ Af(tfl) Z )\tflfpv2(y0(p)) > cl)\f(kfl)Af(tfl) ’yk(t _ 1)‘2
p=0
OxonuvarenbHo u3 (15)-(17) cnemyer, uto cupaBemnuBo (4) ¢ ( =
A. Teopema nokazana.

3aMeTnM, 4To (YHKUHUS HAKOTUICHHUS (5) MOXKET paccMaTpUBaTh-
csl KaK BekTopHas ¢yHKuma JlsmyHoBa miast cucteMsl (1) ¢ 3akoHOM
ynpaBieHus (8), KOTOpBI rapaHTUPYET IKCIOHEHLUANbHYIO YCTOM-
YUBOCTb.

Paccmotpum ciyuait, koraa (1) umeeT Bun

Trp1(t) = Anxp(t) +  Avye(t) +
+ Bi(@k1(t), yk(t))uk+1(2),

(18) yr+1(t) = Aoz (t) +  Ayw(t) +
+  Ba(zg41(t), yr(t))urs1(1),
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u BbiOepeM dyHkimio HakorieHus B Bune (5), rae Vi(zpyi(t)) =
T (P (t) m Vi(ye(t) = v () Poy(t), m Py u Py — cnm-
METPUYHBIE MOJIOKHUTEIBHO OIPEelICHHBIE MATPUIIBI (0003HAYUM 3TO
kak > () cooTBeTCTBylommX pasmeprocteii P; = P! > 0 m
P = P2T > (0, yAOBIETBOPSIOLIUE HEPaBEeHCTBY JIsmyHoBa

(19) ATPA-P+Q <0,
- A Agp ]
e A = , P=Pd P, Q>0
i { Ay Agy 1D P2, Q
O0603HaUNM

B(xp41(t), k(1)) = [BY (zkr1(t), yr(8)) By (wran (1), yk ()]

U OIpeIeIuM BCIIOMOTaTeIbHBINA BRIXOAHOM BekTop A (18) B Bume
(20)  2g+1(t) = 2B (zpy1 (1), ye () PAlz} 1 () i (8)] T+
+ BT (@pg1 (), yr () PB(xh41 (£), Y (8) )41 (2).
Brraucisas TUBepreHnnio BEKTOPpHOW QYHKITHH (5) moITydanM
Q1) divV (zpe1(t), yr(t) = [zhy (1), yp ()] (AT PA-
— P)[zp 1 (8),yp O] + 201 (D (2) <
< zp 1 (w1 (8) = (2 (), it (O]1QLagy 1 (£), wi ()]
U3 (21) cnenyer, uro cucrema (18)- (20) G-naccusHa ipu G = [

(tme I — epuHMYHASA MaTpPHULIA COOTBETCTBYIOIIEH Pa3MEPHOCTH).
Torna cornmacHo TeopeMe 1 3aKOH ympaBiIeHUS

(22) Uk+1(t) = —[I + BT(Z']H_l(t),yk(t))PB(:Uk-i-l(t)vyk(t))}_lx
X QBT(JUkH(t)a yk(t))P[l[xgH(t),y,?(t)]T,

00€eCeYnT SKCIIOHEHIINAFHYI0 YCTOHYHBOCTh crcTeMbl (18)— (22).

3. O606weHue Ha cny4Yali cucmeM ¢ 803MOXXHbIMU
HapyweHusiMu

Pesynprarel, momydeHHbIe B pasjenie 2 0000maroTcs Ha ciryvai
HEJTMHEWHBIX MTOBTOPSIONINXCS MPOIIECCOB C BO3MOXKHEIMH HapyIIle-
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HUAMMU:

rep(t+1) = gi(
(23) Yet1(t) = g2(@r41(1), yk(t), w1 (), (1)),
ze+1(t) = gs(

Hapymrenust r(t) (¢t > 0) MOAENUPYIOTCS AUCKPETHONW MAapKOB-
CKOIi LIeTTh0 ¢ KOHEeYHbIM uucioM cocrosanid N = {1,..., v} u cie-
JYIOIIUMH BEPOSITHOCTSMH IIepexosa

Q@4 Plr(t+1) =3 |r(t)=i) =7y, » m;=1,i€N.
j=1

B atoii Mozenu g1, go U g3 — HeIMHEHHbIE QYHKIIMU TaKKe, YTO
aist Beex 1 € N ¢1(0,0,0,7) = 0, g2(0,0,0,7) =0, ¢3(0,0,0,7) =
0, Bce ocraibHble 0003HAYCHHMS, BKJIIOUAs TPAHUYHBIC YCIIOBHS CO-
OTBECTBYIOT paHee IMPUHATHIM B pa3zaeine 1. Beibop monenn Hapyme-
HUH (24) MOTHBUPOBaH TeM (aKTOM, YTO NMEPEMEHHas ¢ — 3TO BpeMs
BJIOJTb TIOBTOPEHUS M OTCIONA BIIOJHE €CTECTBEHHO, YTO HapyIICHHS
Pa3BUBAIOTCS BO BPEMEHH.

Omnpenenenne 3. Henunetinoiii Nno8MOopAIWULCA npo-
yecc (23), (2) npu u = 0 Ha3vIBaem s IKCNOHEHYUATLHO YCMOUYUBLIM
8 CpeoHeM K8aopamuyeckom, eciu
(25) Ellak (6 + |y ()] < sC*, 0< (<1,
ede B — onepamop mamemamuueckozo odxcudanus u  He 3asucum
omT.

3ajjaya COCTOMUT B TOM, YTOOBI HaWTH TaKOM 3aKOH yIpaBICHUS
u(x,y), KOTOpHIA obecrednBan Obl YCTOHINBOCTD cucTeMBbI (23), (2)
B cpeHeM KBajzpaTtuueckoM. [lonxon Kk petieHuto 6a3upyercs Ha pac-
MIPOCTPaHEHUHN TCOPUH MACCHBHOCTH Ha pacCMaTpPUBAEMBIN KIIACC CH-
cteM. BriOepeM BeKTOpHYHO (DYHKIIMIO HAKOILJICHUS B BUJIC

[ Vileraa(t), (1))

(26) V(xk-&-l(t)ayk(t)’r(t)) - Vg(yk(t),?"(t)) )
e Vi(x,r) > 0, x # 0, Va(y,r) > 0, y # 0, V4(0,r) =
0, V2(0,7) = 0. Beenem oneparopsl D; u Dy, onpeenseMbiii BIOIb
TpaeKkTopuii cuctemsl (23):

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHLIUSA MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



168

DV (&m,i) = E[Vi(@pq1(E + 1), r(t + 1)) = Vi (t),7(2)) |
‘ xk+1(t) = ’Sayk(t) = 7777“(15) = ’L]a

DV (€,m,1) = E[Va(yry1(t), 7(t)) — Va(yr, r(t)) |
| Tpra(t) = & yk(t) = n,r(t) = 1],

U ompenenuM oreparop D Kak CTOXaCTHUECKHU aHAJIOr OIreparopa
JMBEpreHIun B paszieie 1:

Onpenenenue 4. Henuneiinviti Ouckpemmuvlii nOSMOPAIOUSULICS
npoyecc (23), (2) ¢ 603ModCHBIMU HAPYULEHUAMU, ONUCHIBACMbIMU
maprosckoul yenvio (24) nazvieaemces G-naccuguvim 6 cpeoHem Kéao-
pamuyeckom, eciu cyuecmsyem gekmopras Qynxyus (26), ckarapuas
Gynryus S(€,1,1) u norodxcumenvvle CKAIAPHLIE BEIUUUHBL 1, C2, C3
makue, 4mo

alél < Vi(€,1) < ealé]?,

(28) Cl|77|2 < VQ(U?Z) < 02|77|2a
DV(€7 7]7Z) < ZTGU’ B S(fﬂ?ﬂ);

S(&,m,1) = es(|€]* + nl?),

20e G — NOCMOAHHASL MAMPUYA COOMBEMCMBYIoUieli pasmMepHOCU.
Teopema 2. [lycmb  HeauHelHblll — NOSMOPAIOWULCS — NPO-
yecc (23), (2) ¢ Hapywenusmu, MOOEIUPYEMBIMU MAPKOBCKOU
yenvio(24), G-naccusen 6 cpednem keaopamuseckom. Ilpeononosicum
maxoice, umo cywecmeyem Gynkyus @(z) makas, umo @(0) = 0
u 2'Gp(z) > 0, ecru z # 0. Toeoa cucmema (23), (2) ¢ 3axonom
VApasieHus
(29) w1 (t) = w(zi41(t) = —p(2r41(1))
IKCNOHEHYUATbHO YCMOUYUBA 6 CPEOHeM KEAOPAMUUECKOM.
Hoka3zarenbcTBo. U3 (28) ciemyer, 4To CymIecTBYeT €3 < C3

TaKas, 4to ( T<A=1- % < 1 u, yuutsiBas (29), umeem
(30) divV (&, m.i) < —2" Golz)—es(I€° +1nl*) < —es(Ig* +Inl*)-
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[TpumeHsist omeparop MaTeMaTH4ecKOro OXKMAAHHUS K 00euM ya-
ctsim (30) u, yuutsiBast (28), MOXeM 3ammucaTh

G EVi(zga(t+1),r(t+1))] < AE[Vi(zg41(2),7(2))]+

+ AEVa(yk (1), r(t) = Va(yry1(2), 7(1))]-
Peruast HepaBenctBo (31) orHocuTenbHO Vi (xk41(t)) moayunm

(32) E[Vi(zk+1(t)),r(t +1)] < E[Vi(ap11(0), r(0)]A"+
t—1

£ 3" ERVa(y(p), 7(p)) — Valtnsa (). r(p)IN 7,
p=0

t—1
u obosHaunB Hy(t) = ZE[Vg(yk(p),r(p))})\t_l_p u3 (32), nony-
p=0

Y1UM HCPaABECHCTBO

(33)  Hip1(t) S AHg(t) + E]NVi (241 (0) = Vi(zp4a (1))
Pewast (33) orHocurensHo H,(t), IPpUXOANM K COOTHOLICHUIO

k—1
Hy,(t) < NHo(t) + > MBIV (2444(0),7(0)—
=0
= V(@in(t),7(t))]
k—1 ' t—1
S NTEW (@i (8), r(0))] + Y NTUPEVa(yk(p),r(p)] <
i=0 p=0
k—1 t—1
<A MRV (241(0), 7(0)] + A A TIPEV(yo(p), r(p))-
=0 p=0

OcTtasipHas 4acTh JOKA3aTebCTBA AHAJOTMYHA JOKA3aTENIbCTBY
TEOPEMBI B MPEIBIAYILIEM pa3zele.
PaccmoTpuM yacTHBIN cinydaii cuctemsl (23)

T (t) = A1 (r(t)) g1 (t) + Ar2(r(t))ys(t) +

+B1 (w11 (1), yr (1)) urs1(t),

(B4 yk1(t) = Ao (r(t))wp41(t) + A2 (r(t))ye(t) +
+Ba(wk41(t), yr(t) Jug+1(t).
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Boibepem ¢ynkuuio Hakomtenus (26) ¢ Vi(zpia(t)) =

zp  (OPL(r()zes1(t) 1 Vilye(t) = yi (6)Pa(r(t)ye(t), toe
Pi(i) > 0 u P3(i)(i) > 0, i € N, KoTopble yIOBICTBOPSIOT Ce-
IyIoIIel crucTeMe OMITMHEHHBIX MAaTPUIHBIX HEPABCHCTB

(35) AT ()W (i)A(i) — P(i) + Q(i) < 0, i €N,

)
con [ An()  Ana(i) -
rie A(i) = Ai@.) AZ@) , P(i) = Pi(i) ® P2(i), W(i) =

> =1 i P1(j) @ Pa(i) m Q(i) > 0. O603naunm B(zy11(t), yx(t)) =
B (zk+1(8), yi(8)) By (2r41(t), ye(t))]" 1 onpenemnm seromora-
TeJIbHBIA BEKTOP BUJA

(36)  zp41(t) = 2B (wpra (8), yr (8)) W (0) A(0) [ (1) i ()] +

+ BT (@hr1 (8), yk (8))W (0) Blagr1 (1), yu (8))upra (1), r(t) = i
Boraucnsss quBepreHIu0 (QyHKIUH BIAOJNb TPACKTOPHHA CHUCTE-
MHI (23) momyunm

(37) divV (& n,i) =[5, n (AT ()W (i) A(i)—

_P(Z))ET?’OT] +Z u < ZTu KT,UT]QET,UT]T-
U3 (37) cnenyer, uro npouecc (34) u (36) G-naccuseH npu G =
1. Torma cormacHO Teopeme 2 3aKOH yTpaBlISHHS

(38) upt1(t) =
[+ BT (s (£), v ()W (D) B@sr (£), v (£)] 1 x

% 2B (w1 (1), yr ()W (1) A1) [ (), i (D]
r(t) =i
obecrieunBaeT ~ OKCIOHCHUMAIBHYKH)  yCTOMYMBOCTB  CHCTe-

MHI (23), (38).

4. lMpunoxeHue k 3adayaM yrnpaesieHUs1 C umepamueHbIM
obyyeHuem

Paccmotrpum cucremy, QyHKIMOHUPYIONIYIO B HOBTOPSIOMIEMCS
pexume, TMHaAMHUKa KOTOPOU ONUCHIBAETCS] YPaBHEHUSIMHU

xk(t + 1) = Aa;k(t) + Buk(t),

39) yr(t) = C(r(t))zx(t)

XI BCEPOCCUMCKAS LIKOJIA-KOH®EPEHLIUSA MOJIOJIbIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMMW”



171

CcO CHeﬂyIOH.[HMH FpaHI/I‘-IHbIMI/I yCHOBI/IﬂMI/I
(40)  wyo(t) = 0,0<t<T, 2x(0) =z, k=0,1,...

e k — Homep moBTopenus, uy(t) € RY x4 (t) € R™ u y(t) € R™
— BXOJIHOH BEKTOP, BEKTOP COCTOSHHUS M BBIXOIHOH BEKTOP COOTBET-
crtBeHHO B MoMeHT 0 < ¢ < T' < oo, T — uHTepBan nosropeHus, 7 (t)
— HeTpephIBHAS MapKOBCKAs IETh C KOHEYHBIM YHCIIOM COCTOSHUH
N = {1,..., v}, COOTBETCTBYIONMX YHUCIY BO3MOXHBIX HapyIICHHI
U C BEPOSTHOCTIMH Tiepexona sunaa (24).

ITycTb ¥y (t) — xemaemslii BeIxogHON BekTop mpu 0 < ¢ < 7T
Torna e(t) = Yref(t) — yr(t) — ommbka oOyueHus Ha mare k u
LENBI0 SBJSETCS MOCTPOCHUE TAKOW TMOCIENOBATEIIEHOCTA BXOJHBIX
(hyHKIHi, 9TO JKeTaeMbIil BBIXOIHON CHUTHAN JOCTUTACTCS MOCTETICH-
HBIM YITyYIIEHHEM TEKYIIETr0 CUTHAA C KaXXIbIM MOCIEIYIOIINM I10-
BTOPEHUEM, KOTOPOE, B CIIy4ae OTCYTCTBUS HAPYIICHHUI, MOXKET ObITh
BBIPKEHO KaK YCJIOBHE CXOMUMOCTH OIIMOKH OOYYCHHS W BXOIHOTO
BEKTOpa, T.C.

(41) lim |eg(t)| =0, lm |ug(t) —uso(t)| = 0.
k—o0 k—o0

3aKkoH ynpaBJeHUs C UTEPATUBHBIM OOYyYCHHEM Ha KakJOM IO-

ciemyomneM mare (GopMupyercss Kak yrnpaBieHHE Ha TEKyIeM Imare
IUTFOC KOpPpEeKTHpyomas 100aBKa K ynpasieHuto. B gaHHoW pabote
3aKOH YIPAaBICHUS C UTEPATHBHBIM OOy4ueHHeM Ha mmare k + 1 umeer
BHJ
(42) Upg1(t) = up(t) + Augq (1),
e Aug1(t) — KoppekTupyomas 100aBKa K yrpaBicHHO. [IpuH-
IUTIHATEHOW 0COOEHHOCTBIO YIPAaBJICHUSI C UTEPATUBHBIM OOydYeHH-
€M SBISIeTCS TO, 4YTO WHGOpPMALMs HAa TEKyIIeM IIare OCTYyIHA
JJIS. MCTIONB30BAHMS HA MOCIIENYIONEeM Ul BbrauciaeHust Auyq(t).
DTO MO3BOJISET UCIOJIL30BaTh MH(GOPMAIIHIO, KOTOpas HE SBISETCS
MIPUYUHHO-CIIEICTBEHHON B OOIICTTPUHSATOM CMBICIIE, & CO3MAETCS H
XPaHUTCS Ha TPEABIIYIIEM IIare. Y YUThIBas CTOXaCTUYCCKUMN Xapak-
Tep HAPYIICHUHA BBEIECM TOHATHE CXOIMMOCTH.

Onpenenenue S. 3axon ynpasnenus (42) cucmemoii (39) nHazvi-
saemcs cxoosuumcst, ecau 0 écex 0 <t < T
43)  E[lex()]’] = Ellyres(t) — ye(®)*] = 0, k = o0
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u

(44) ElJug(t) — uoo(t)]?] = 0, k — oc.
Bgenem BcioMoraresbHbI BEKTOP
45) Uk41 (t + 1) = $k+1(t) — Tk (t)

Torma paccmarpuBaeMas ccTeMa MOXKET OBITh 3alrcaHa B CTaH-
JIapTHOW QopMe TUHEHHOTO AMCKPETHOTO IMOBTOPSIOIIETOCS MpOoIlec-
ca

U1t +1) = Avga(t) + BAugya (t — 1),
(46) err1(t) = —CO(r(t))Aves(t) + ex(t)
C(r(t))BAug41(t — 1).

[IpencraBuM KOPPEKTUPYIOIIYIO MONPABKY B BHJE CyMMBI JIBYX
KOMITOHEHT
(47) Augir(t) = Arupgr () + Aoupra (1),

Kommonenta Ajug1(t) HomKHA 00ecreyrBaTh SKCIIOHEHIN-
QIBHYI0 YCTOWYHMBOCTL B CpEIAHEM KBajapatudeckoM (46) mpu
Asuy1(t) = 0. IIpeanonokum TakKe, 4T0 BEKTOP COCTOSHUSI T J10-
CTYIIEH U3MEPCHUIO, TOTa
(48) Auk+1(t — 1) = AlukJrl(t — 1) =

=F (i)Uk+1(t> + FQ(i)ek(t), T(t — 1) =1.

JJist MOCTPOSHUST MAaTPHIL YCHIICHUS CTaOMITU3HPYIOLIETO YIpaB-
aennst Fy(i) and F5(i), @ € N, Bocmons3yemcsi yCIOBHIMH Teope-
MEI 2.

Bribepem BekTopHyro (QyHkmmio JlsmyHoBa (26) B BHIE
Vi(rs (8),7(t = 1)) = vy (O Pr(r(t = 1)) vpga (t), Valer(t),r(t—
1)) = el () Pa(r(t — 1))eg(t), tae Py > 0 u P> > 0. B (46), Au B
[IpaBOM YaCTH 3aBUCUT OT ¢ — 1 1 olpeneneHue cToXacTUIECKOro ome-
patopa muBepreHuu D dyHKIMU (26) B 3TOM CiIydae JOHKHO OBITH
OTJIMYHO OT HCIOJIB3yEMOTO B IPEABIAYIIEM paszeie:

DV (&, m,1) = E[Vi(vg41(t +1),7(t)) — Vi(vgsa(t),r(t — 1)) |
| vk (t) = & ex(t) = m,r(t — 1) =i,

DV (&, i) = E[Va(eg+1(t),r(t — 1)) — Valeg, r(t — 1)) |

| vp+1(t) = & ex(t) =m,r(t —1) = i].
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Boraucnss 3ToT oneparop BIOJIb TPAaeKTOPHH cUCTEMBI (46)-
(48) mosmyunM ciemyrIUe OCTAaTOYHbIE YCIOBUSI 3KCIOHEHIUAIIb-
HOW yCTOWYMBOCTH B CPEAHEM KBaJPAaTHYECKOM

) (i) = ding[PA(3) Po(i)] > 0,
Z 771] (])Hz(J)Acz( ) ( )"’Q( ) <0, €N,

rae Q(i) = QT (i) > 0, Hy(j) = diag[P1(j) P (4)],
Ai(j) = A+ BFi(i) BF5(i)
—C()A-C(G)BF(i) - C(j)BFy(i)

O6o3uauas X (i) = P~1(i) u BBOJIS IONONIHUTEbHBIE MEPEMEH-
Hbie Y7(7), Yo(i), mociae mpocTix, HO TPOMO3AKUX BBIYMCICHHUI T10-
Jy4UM KOHEYHOE YHCIIO JHHEHHBIX MAaTPHYHBIX ypPaBHCHHH M Hepa-
BEHCTB Pa3peLIMMbIX OTHOCHTEIBHO ITHX MEPEMEHHBIX

S1(i) Sia(i) Siz(d)
Sh(i) Saa(i) 0 >0,
Si() 0 Ss3(i)

(50) X(i) >0, i €N,

e S11 (i) = diag[X1 (i) X2(4)], S12(7) = [S121() - ..

Srav(4)], )
N3 A(7) BY5 (1) .
i) =75 | o)At x6) - c)BrG) | A0
= AXy(i) + BY1(i), S13(i) = diag[X1(i) X5(i)], 522( )
= diag[Xl(l) Xa(i) X1(2) Xa(@) ... Xa(v) Xa(i)], Ss3(4)
= Q7'(i), Yi(i) = F1()X1(i), Y2(i) = F2(i)X2(i), mi; onpenens-
ercst (24) u crpaBeUTBO ClIEAYIOLIee YTBEPIKICHHUE.

Teopema 3. Paccmompum cucmemy (46) u (48) u npeonono-
arcum, umo coommoutenus (50) paspewunst u Fy (i) = Y1 (i) X, (i) u
Fy(i) = Ya(i) X5 1(i), i € N. Toeda saxon ynpasnenus ¢ umepamus-
HbIM 00YYeHUEeM CXOOUMCH.

Kommonenrta Agugy1(t) B 3aK0OHE yIpaBICHHsT MOXET OBITh HC-
MOJIb30BaHa ISl 00ECIICYCeHHsI MACCHBHOCTH OTHOCHTEIBHO HEKOTO-
PBIX BBIXOJHBIX BEKTOPOB M IO TeOpeMe 2 3TO HaeT pobacTHOCTH
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YIpaBI€HUS KOPPEKTUPYIOLIEH MONpaBKU K YIPaBICHUIO OTHOCH-
TEJbHO BO3MOXHBIX HEJIMHEHHOCTEN Ha BXoje. PaccMoTpuM BCIIOMO-
raTeJbHbIA BEKTOP

1) z=2Y m[BT BTCT()Hi(j) A" ")+
j=1
+ BT BTCT(j)Hi(j)[BT BTCT(5)]" Agu,
I KOTOPOTo

(52) DV(&,n,i) = [€ ")) mi[AL () Aci(j)—
j=1

— P@IET 0" + 2T Agu <
< _[£T7 UT]Q(Z)KT’ UT]T + ZTAQU-
Torga cornmacHo Teopeme 2, npu G = I obecnieunBaeTcs cpeaHe-
KBaIIpaTI/IIIeCKaSI G-HaCCI/IBHOCTL u I

(53) Agupi(t—1) =

1+ BT BT () G)BT BTCT ()T
j=1

x 2 [ BT BTCT ()| Hi(5) Aci(§) [0 (1) ex(t)™]T,
7j=1
r(t—1)=1
obecrneunBaercs SKCIIOHCHIIMAJIbHas yCTOﬁqHBOCTL B CpCAHEM KBal-
PaTHYECKOM.

5. 3aknoyeHue

B nanHO# cTaTbe BIEpBBIE MOIYYEHBI PE3yabTaThl MO NpHMeE-
HEHUIO MACCUBHOCTU B AHANIM3€ YCTOMYMBOCTU M CHHTE3€ 3aKOHOB
YTIPaBICHUS AJIS1 HEIMHEHHBIX TOBTOPSIONIUXCS IIPOLIECCOB, BKIIIOYAs
Clly4ail BO3MOXHBIX HapylieHud. [loBropsromuecss mpoueccsl 0co-
Ob1i1 Kitace 2D crucTeM, UMEIOIINI BayKHBIE (PH3UUECKHAE TPUITOKEHHS.
BaxHO OTMETHTB, UTO aeKBaTHOCTb MpuMeHeHus 2D moneneit Obia
SKCIEPUMEHTAIBHO MOATBEPXKACHA B paMKax JIMHEHHOW TEOpHUH IIPU
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[MOCTPOCHUU YIPABICHUS C UTEPATUBHBIM OOyUEHHEM JUIsl TIOPTajlb-
HOTO poboTa [4]. Pesymprarel 0000IIarOTCS HA Ccay4yail ¢ BO3MOXKHEI-
MU HapymieHUssMHA. B 11e70M, moiydeHHbIe pe3ysbTaThl o0ecreunBa-
FOT OCHOBY IS TATBHEHINEr0 pa3BUTHS TEOPUHU AUCCUTIATHBHOCTH 2D
CHCTEM.
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PASSIVITY BASED STABILIZATION OF NONLINEAR
2D SYSTEMS WITH APPLICATION TO ITERATIVE
LEARNING CONTROL

Julia Emelianova, Arzamas Polytechnical Institute of R.E. Alekseev
Nizhny Novgorod State Technical University, Arzamas, postgraduate
student, (EmelianovalJulia@gmail.com).

Abstract: The paper considers nonlinear discrete-time repetitive
processes using the state-space model setting. A form of passivity,
termed G-passivity, is introduced and used, together with new vector
storage function, to develop a new design for output feedback based
control to guarantee exponential stability of the controlled system. An
extension to repetitive processes with possible failures, modeled by
finite state Markov chain, is also given. Finally, these new results are
applied to iterative learning control design in the presence of sensor
failures.

Keywords: nonlinear systems, discrete systems, 2D systems,
repetitive process, passivity, vector Lyapunov function, information
failures, iterative learning control.
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