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TPAHC®OPMALIA NMPOCTPAHCTBA NOUCKA B
NPAMbIX U ABOUCTBEHHbIX CUCTEMAX
MATPUYHbIX HEPABEHCTB'!

Ho3nsies B. B.?
(Apsamacckuii nonumexnuueckuil uncmumym (Quauan)
Huoicecopodckoeo 2ocydapcmeeHH020 MeXHUYECK020 YHUsepCcumema
um. P. E. Anekceesa, Apzamac)

Paccmompenvt mnozomepnbvle 3a0auu onmumMu3ayuu ¢ NOTUHOMUANb-
HOU yenegol (yHKyuel u 02paHudeHUusMU 6 8uoe NOTUHOMUATbHBIX
CKANAPHBIX UAU MAMPUUHBIX HEPABEHCMS, A MAKHCEe OCHOBAHHbIU
Ha meopuu MOMeHmMOo8 Memoo ux pewerus. [Ipooemoncmpuposana
mpanchopmayus nociedHezo 8 arbMePHAMUBHYI0 cxemy, 3aHUMAaro-
WYI0 NPOMEJHCYMOYHOE NONOJCEHUe MeHCOY JIOKATbHbIMU U 2100a1b-
HBIMU Memooamu U npu SMoM UMeiowyio no CPAGHEeHUI0 ¢ NOCIeOHU-
MU 3HAYUUMENLHO MEHbULYIO BbIYUCTUNENbHYIO CLONCHOCMb. B bazo6oii
8epcun OaHHAsL CXeMd NPUMEHSEMCs. K OOHOMEPHLIM HOMUHOMUATb-
HBIM 300aY4aMm 8 COYeMaHuu ¢ NPAMbIM MEeMOOOM 8HYMPEHHel MOYKl,
HO maxoice 0000ujaemcs Ha HeNOIUHOMUAIbHBLE 3a0aUll, MHO2OMep-
Hble 3a0ayl U NPAMOU-0BOUCMBEHHBLI MeMOO 8HYMPEHHel MOUKU.

KiroueBble cnoBa: HenWHETHOE MPOTPaMMHPOBAaHHE, MaTPUYHBIC
HEpaBEeHCTBA, [IOJIMHOMHUAJIbHbIC HEPABEHCTBA, TEOPUS MOMEHTOB.

BeedeHue

OpHUM M3 BaXXHEWIIMX MHCTPYMEHTOB MaTeMaTH4eCKOW TeOpHUU
YIpPaBICHUS SIBIISIOTCS CHCTEMBI MaTpHYHBIX HepaBeHCTB. Hanboree

! Paboma evinonnena 6 pamxax 2ocyoapcmeeniozo 3adanus Munobpuay-
xu Poccuu Ne 2.1748.2014/K u npu wacmuunoii noooepocxke PODU (epanm
MNe 13-08-1092 a).

2 Braoumup Bacunvesuu I1o30se6, kanouoam Qusuko-mamemMamuieckux
Hayk, doyenm (vpozdyayev@gmail.com).
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M3y4YeHHbIE U3 HUX — JIMHEHHbIe MaTpu4Hble HepaBeHCTBa (JIMH) —
3a4acTylO SIBJISIIOTCSA CBOETO pO/la «KOHEYHOM TOYKOM»: CBENECHHE 3a-
naun K mpencrasieHuio B ¢popme JIMH 0ObIYHO MHTEpHIpETHUpYETCS
Kak ee pemieHrne. Bo3MOXHOCTh 3TOTo OOyCIIOBIIEHAa B MEPBYIO OYe-
penb BBIMYKIOCTBIO ONMCHIBAEMBIX JaHHBIMYM HEPaBEHCTBAMH MHO-
JKECTB.

XOoTs MHOTHE 331a4¥ TEOPHHU YIPAaBICHUS NPUBOIATCA K Qopme
JIMH, BO3MOXHO 3TO Jajiek0 HE BCEraa Aa)Ke IJIsl KOHUENTYaJbHO
HECJIOXKHBIX 3anad. [Ipumepom Takoil 3anauu, OHOBPEMEHHO (yHIa-
MEHTaJIbHOW W MPOCTOH B MOCTAHOBKE, ABJISIETCS CTaOMIM3ALUs JIU-
HEWHOUW CHCTEMBI 10 BBIXOAY, CBOISINASACS K CHCTEME OMITMHEHHBIX
MaTpPUYHBIX HEPABEHCTB [9].

3ajauu, IpeICTaBUMBbIE B BUIEC HEJIMHENHBIX, HO BBIITYKJIBIX Mat-
PHYHBIX HEPABEHCTB, BCE €IIE MOTYT OTHOCHUTEIBHO 3P (EKTHBHO pe-
IIaThCS C IOMOIIBI0 METOIOB TIOMCKA JIOKATBHBIX SKCTPEMYMOB. 3Ha-
YUTEIbHO CIIOXKHEE PElIaroTcsd 3aJayd, CBOISIIMECS JIMIIb K HEBBI-
ITyKJIBIM HepaBEHCTBaM. B OTAENBHBIX YaCTHBIX CiTydasx (TaKux, Kak
3aJa4a O CTaTHYECKOW OOpaTHOW CBSI3M MO COCTOSIHHIO, TUHAMHYE-
CKOM OOpaTHOM CBsI3U IO BBIXOAY 0€3 OrpaHHUYEHHs Ha MOPAAOK pe-
ryastopa) OblIM HalAEHB! MOJAXOXBI, NO3BOJIAIOIINE CAETATH 3ahady
BBIITYKJIOW ¥ HAWTH SKBUBAJICHTHBIE (POPMYITUPOBKH B TEPMHUHAX CH-
crem JIMH; cm., manpumep, [3, 6]. st npyrux, He MeHee QyHIaMeH-
TalbHBIX, 3a/a4, TaKUX Kak npoexkruposanue 1IWU][-perynsatopa, on-
HOBpPEMEHHAsl CTaOMIM3aINs, CTaOWIM3anns CTaTHIecKod oOpaTHOM
CBA3BIO 110 BBIXOAY, dKBUBaJIeHTHbIE cucTeMmbl JIMH HensBecTHbl. B
o0IIeM ciydae MOXXHO paccMaTpyBaTh JBE OCHOBHBIE KaTETOPHH Me-
TOZOB PEIIEHHs TAKOTO poja 3azad.

o JlokanbHble MeTOBl. OTHOCHTENBHO MPOCTHI, HO YyBCTBUTEIb-
HBl K BBIOOPY Ha4yaJbHOTO MPUOMMKEHUS M HE TapaHTHPYIOT
CXOIMMOCTh B psific BaXHBIX cllydaeB. B nureparype onuca-
HBl — ¥ PEaJM30BaHbl B BHJE NMPOIPAMMHOT0 00ECIeYeHUsT —
Pa3IMYHbBIE BAPUAHTHI JOKAJIBHBIX METONOB JJIS Pa3HbIX THUIIOB
3a/1a4.

e [oGanbHEIC MCTOMBI. 3aqaCTon OCHOBAHBI Ha METOIC BETBEH
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U TPaHWI, HO €CTb U MHBbIC BapUaHTHI, B TaHHOU paboTe pac-
cMaTpuBaeTCs MOMX0n Ha 0a3e mpoOiieMbl MOMEHTOB. TpeOy-
10T 3HAYUTEIBHBIX BBIYUCIUTEIBHBIX pecypcoB. BaxkHyio poib
3MIeCh UTPaeT MPEICTABICHUE OTICIBHBIX JTAIlOB PEIICHIS 3a-
naun B Bujae JIMH. Ero ctparerust MoXeT CHIIBHO BIUSITH Ha
3¢ (deKTUBHOCTh METO/IA, HO, K COXAJICHUIO, B OOIIEM Cciydae
3eCh HEBO3MOXKHO H30€KaTh TOW WM WHOH DPa3sHOBHIHOCTH
KOMOWHATOPHOTO B3phiBa. Kak cinencrBue, MPUMEHUMOCTD JIaH-
HBIX METOJIOB HEPEJKO OTrpaHWYeHa 3ajjayaMH OTHOCHUTEIHHO
HEeOOJIBIIOTo pazMepa.

CrnenyeT OTMETUTh, YTO BCTPEUAIOLIUECS B TEOPUU YIPABICHUS
3a7la4d Ha OCHOBE e€CcTeCcTBeHHOTro 00o0menus JIMH — monumHOMH-
ampHBIX MaTpuuHbIX HepaBeHcTB (ITMH) — 3agacTyro UMEIOT HEBbI-
COKUH TOPSAOK IMOJIMHOMOB U HE CJIUIITKOM CJIOXKHEIN XapakTep HEBbI-
nykioctd. [locnenHee ycinoBue moapazyMeBaeT, YTO HEBBITYKIOCTh
KaK TakoBasi HE MPUBOAUT K HATHUYUIO OOJBIIIOr0 KOJHMYECTBA JTOKHBIX
JIOKAJTBHBIX MHHHMYMOB, CIIOKHOMY pelibe(y BCIIOMOTATEIIBHBIX IIe-
neBbIX QyHKIMIA U T. 1. Takue 3a1auu MOT'YT OBITh POTHBOIIOCTABIIC-
HBI 3aj7[adaM C TaTOJIOTHICCKUM XapaKTepOoM HEBEBITYKIIOCTH, HAIpH-
Mep, 3a/iauaM ONTHMHU3AIUN Ha MHOXeCcTBe OMTOBbIX BekTopoB. (I1o-
ciennue npeactaBumsl B Buae [IMH, nockonbky ycioBue x; € {O; 1}
9KBUBAJIEHTHO cucteme z; > 0; x; < 1; z;(xz; — 1) > 0. B aTom ciy-
4ae 00JacTh MOKCKa MPEACTaBIsAEeT cO00H TNCKPETHOE MHOKECTBO U3
2™ Touek.)

Takum 00pa3oM, MBI MOXKEM BOCIIPUHUMATH HEBBITYKIOCTh 3a-
a9y He KaK OMHApHBIN (GakTop, BEIHYKIAIONIUH HAC MPH €ro HaJu-
YU B JIy4IlIEM ClIy4ae HCKaTh ajbTepPHATHBHBIC (OPMYIUPOBKHU 3a-
Jadu ¢ 0osiee MPHEeMIIEMBIMH KOJTMYCCTBCHHBIMHU XapaKTePUCTHKAMH,
a B XyJIIEM — CMUPSITBCS C KaTacTPO(YUUISCKUM POCTOM O0ObeMa BhI-
YUCJICHU, — a KaK HESBHYIO KOJMYECTBEHHYIO XapaKTePUCTHUKY, TIOT
KOTOPYIO MOIOUPAIOTCSI TTapaMeTPhl alITOPUTMA TTOMCKA PEIICHUSI.

Jlanee MpI OyzieM paccMaTpHBaTh 3a1aq9y HAXOXKICHHS TII00ATb-
HBIX SKCTPEMYMOB MOJMHOMHAIBLHON 1eNeBOi (D)YHKIIMHM Ha MHOXe-
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CTBE, 33JJaHHOM TOJIMHOMHUANBHBIMU HepaBeHCTBamH (3amava [TH):

f* = min f(z),
xX

zeR™ i=1,...,m,
WIM TIONMWHOMHAIGHBIMA MaTPUYHBIMKA HEPaBEHCTBaMH  (3ajada
[IMH):

f* = min f(z),
@) Gi(x) > 0,

zeR™ i=1,...,m,
e f(x) n g;(x) — (He 00s3aTeNBHO BBIMYKJIbIE) MTOMHHOMBI, G (x) —
MAaTpUIIbl, JIEMEHTHl KOTOPBIX SIBIAIOTCS MOJIMHOMaMHU OT ', a 3HaK
HEpaBeHCTBa B (2) MOHMMaeTcs Kak TpeOOBaHUE MOIOKUTENBHON T10-
JTyONPENIENEHHOCTH.

B paborax [7, 4, 5] paccmarpuBaiicsi METO PELICHUS] TaKUX 3a-
Jlad, OCHOBAaHHBIN Ha TEOPHUHU PA3IIOKEHHS ITOJUHOMOB B CyMMY KBajl-
paToB U JIBOMCTBEHHOW €11 TEOPUU MOMEHTOB. JlaHHBII Pe3ynbTaT OT-
HOCHTCA K TpyIIe TI00AThHBIX METOI0B U O0JIaaeT XapaKTePHBIMH
HEoCTaTKaMU, B TIEPBYIO OUepeib, CKIOHHOCTBIO K KOMOWHATOPHOMY
B3pbIBY. Tem He MeHee, OH MOXET ObITh TpaHC(OPMHUPOBAH K BHUIY,
3HAYUTENIBHO CHIDKAIOIIEMY €r0 BEIUHUCIUTENBHYIO CI0KHOCTD, HO CO-
XpaHAIOIMIeMy KITfoueBble ocobeHHocTH. ba3oBelil Habop Takoro poaa
TpaHchopMaiii mpencrasicH B [1, 2].

B mocnenyromux maparpadax H3JI0KEHB OCHOBHBIE 3JIEMEHTHI
HCXOIHOTO METOlla PEIICHMS, a TaKXKe €ro TPaHCPOPMHUPOBAHHBIC
BEpCUM Ul 33Ja4 Pa3IMYHON pPa3MEPHOCTH B NPSMON U NIPSAMON-
IBOMCTBEHHOH (popmax.

1. Ba3osbili Memod

ITpuBemeM OCHOBHBIC MOJOKEHHsST 6a30BOT0 METOIA PEIICHHUS 3a-
mad ITH (1), omyOmukoBanHOTO B [7].

Iycte by(z), x € R™, — BEKTOp, COCTOSIINI U3 OJHOUICHOB,
oOpasyromux 0a3uc MPOCTPAHCTBA MHOTOWICHOB IOPSIKA HE BEIIIIC
T

I

bT(x):[l Ty ... Ty X oTm ... T2 ... T L. @
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asp(r) =Chy, = (ZT:!)! — ero pasMepHocTh. KaxkmoMy omHO4IIE-
Hy u3 b,(x) nocraBum B coorBercTBHE BekTop v € NP, Py < 7
(mamee Oymem 3ammchIBaTh Kak « < 1), TOKa3aTelleld CTETICHEH 1,
T2, ..., Tp; 0003HaunM x¢ = z{z5? ... z0". Jlas npousBOIBHO-
ro Bekropa p € R*(") accommmpoBaHHOTO ¢ MPOCTPAHCTBOM MO-
MEHTOB I CTEIICHU HE BBIIIE 7, OyJeM WHIESKCUPOBATH €ro AJIEMCH-
TBI JIByMS B3aHMO3aMEHAEMBIMH CIIOCOOAMHU: IO HOMEpY 3JIeMEH-
Ta W 1O BEKTOPY IOKa3arejei CTeNeHe; MOPSIOK JIIEMEHTOB Oy-
JIEM CYUTaTh COOTBETCTBYIONMM CTPYKType b, (x). Takum oOpasom,
p = [pz‘]lgigsn(r) = [pa]aeNg, agr, B TOM 4UCIC P1 = Plo,0,...,0]5
P2 = P[1,0,..,0) ¥ T. A. AHAJIOTUYHBIM 00pa3oM OyieM HHICKCUPOBATh
CTPOKH W CTOJIOIBI MaTPHI] TaM, T/I€ 3TO MPHUMEHUMO.

PaccMoTpyM HEKOTOpPYIO (HEU3BECTHYIO) MEPY (4 U COOTBETCTBY-
IOIUN €l BEKTOP MOMEHTOB ¥:

y= / b () dp

Iycts d; = [§degg;(x)], a k ynosnerBopsier orpanudennsm 2k >
deg f(z), k > d;. llyctb f, — koabdunuentsr f(x) B 6asuce boy(x),

TaK 4TO
/f(x)dMZ/ > far®dp =" fala.

a<2k a<2k

JIMH-penakcanueii (1) Ha3pIBacTCs 3amada

[r= myin Z faYa,

a2k
3) Mi(y) = 0,
Mk—db(glay) 207 Z.Zl,...,m7

Y[0,0,...00 = 1,
rge Marpuna MOMEHTOB My (y) W JOKadM3YIOI[He MAaTpPHIbI

Mj.—a,(gi, y) KOHCTPYHPYIOTCSI HCXOISl M3 COOTHOLICHHUH
Mi(y) = / b () bp ()T dp,

Mica(99) = [ bica(o)beca(e)gla) d
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B [7, 4] noka3aHa cBA3b MEXAy BEIMYMHAMHU SKCTPEMYMOB JAHHOU
3amaun u (1), a TakkKe MPUBEICH AITOPUTM H3BIICUCHUS TTI00ATHHBIX
skcTpemyMoB (1) u3 perienust (3) s JAOCTaro4HO OOJBIIUX 3HA-
yeanit k. CymecTByeT 0000mIeHHe JaHHOTO pe3ynbTara Ha 3aadd
[IMH (2), ornuuatomieecss IJIaBHBIM 00pa3oM (OPMOIl JIOKAIIU3YFO-
X Marpur [S]:

Mica(Goy) = [ (ealalbnate)") © Gla) dn

‘YroMuHaBIIasACs BBIIIE MPoOieMa KOMOMHATOPHOTO B3PHIBA BbI-
3BaHa TeM, uyTo B JIMH-penakcanusx mpocTpaHCTBOM MOHCKA SBIIS-
€TCsl IPOCTPAHCTBO HE MEPEMEHHBIX MCXOAHOM 3a7a4M, a UX MOMEH-
TOB COOTBETCTBYIOIIUX MOPSIKOB. BBUIY 3TOro aBTOpoM OBLI mpen-
JIO’KEeH MOAXO0]], OCHOBaHHBIN Ha JanbHeimel Tpancdopmanun JIMH-
penaKcalyii ¢ 1eIbi0 BO3BPAILCHUS 3a1a4l B (PaCIIMPEHHOE) UCXO.-
HOE TIpocTpaHCTBO Tomcka.® Takke ObUla pa3paboTaHa BBHIYHMCIH-
TeJIbHAsl CXeMa, IO3BOJISION[Aasi C MUHUMAIbHBIMU U3MEHEHUSMH NPU-
MEHHUTh K HOBOM 3a/jaue METOJ BHYTPEHHEW TOYKH, KOTOPBIA MOXKET

HCToNb30BaThea A pemenus JIMH-penakcanuii.
2. 3KeueasieHMHoe HarnpaeJsieHue noucka

ITyctp 3amaua [IMH
f* = min f(x),
X

T _
vy T =1,

“

reR™ i=1,...,m,

3 Pewienuem 3adauu (3) sensemcs 6ekmop MOMEHMOS T-AmOMHOU Me-
Pbl, COCPEOOMOUEHHOU HA MHONCECTNBE UCKOMbBIX 2I00ANbHBIX IKCTNPEMYMOS.
Tpancopmuposannviii Memoo uwjem OauHwvie dIEMEHMbl («amomwvly) Ha-
NPAMYIO, Yem U 00YCI06NIeHO HA38AHUE «AMOMHAS ONMUMUZAYUSLY.
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MOXeT ObITh monyueHa u3 3agaun JIMH
f* =mincly,
Y

) Fi(y) = 0,

vy =1,

yeR™ i=1,...,m,
C TIOMOMIBIO 3aMeHBI (TpaHC(OPMAIUM MPOCTPAHCTBA MOKCKA) §y =
y(z).

OnuH U3 IPOCTEHIIMX METONOB PEelIeHUs 3amadn (5) mpencTaB-

JsieT coOol mpuMeHeHne Meroaa HeloToHa K cepuy moja3agay MUHU-
MH3AIAH TeJIeBBIX (QYHKITHH BT

FO() = Ty — 1@ 3 log det Fj(y),
j=1

rie {u)} — MoHOTOHHO HeBo3pacTaromias cxomsmiascs K O Be-
IECTBEHHAs I10CIe0BaTebHOCTh. Hanpasienne ciycka (¢ y4erom
OTpaHMYCHHS B BUJE PABEHCTBA) UMEET BUJ|

. vIH g
6 Av(v = g | — y Ty gy ’
( ) y(y ) Yy < gy + l/yTHy_Vy Vy

rae Hy_ — Npou3BoJIbHAs 00001IeHHas obpaTHas k H, MaTpuua;
gy =V, 7O ) = ¢ — u® 3"V, log det Fy(y7),
j=1
1, = V2FO) = 4y Vilogdet £ (),
j=1

a DJICMCHTEI Cjlara€MbIX ITOJ] 3HaKaMH CyMM MOTYT OBITh HaﬁﬂeHBI KakK

(V, logdet F(y)i = tr (F'(y) (-F()))
(V3 logdet F(y))y = —tr (F' () (- F ) F' ) (a5 F W) -
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Kak mokaszano B [1], Takoll aJrOpUTM €CTECTBEHHBIM 00pa3oM
MIEPEHOCHUTCS B MMPOCTPAHCTBO MOMCKa 3a1auu (4). [Ipu aTom Bermomo-
ratejibHbIC 1eeBble (PYHKIUN UMEIOT BHJ

(7) FO(2) = f(@) = p Y " log det Fy (),

j=1
a HampaBJICHUE TOWCKA, SKBUBAJICHTHOE B MajiOM HarpaBiieHUIo (6),
paBHO (cM. TeopeMsl 1, 2, 3 B [1] 1 KOMMEHTapHHU K HUM)

T rr—
4 - veH_ g
8 Az = 0 [ —g, + 22297,
(8) ( ) x ( 9z VmT v, T
3nech ﬁ; — MPOM3BOJIbHAS 0000IICHHAS 06pa~THa$[ K flx MaTpHIa, a

TpagueHT g, U MOMU(GUIIMPOBAaHHEIN Teccuan H, Haxomarcs 1o ¢op-
MyJnam

ge = Vo f D (@) = V, f (@) — @ Z V. log det F; (z),
j=1

H, = V2D (@) = -0~ V2 logdet Fj(x),
j=1

e V2 = V2 — i(V?Cyi)diyi; cllaraeMble T0Jl 3HAKAMHU CYMM MOTYT

OBITh BEIYUCIICHEI CJICAYIOIIUM O6p330M:

(Vg logdet F(x)); = tr (F_l(ac) (ﬁF(x))) ,

(V2 log det F(z));; = — tr (F*l(x) (d%F(x)) Fl(x) (%F(x))) .
3. lMpsimasi popma

Jns pemenus 3amaq IIH ¢ n = 1 B xadecTBe TpaHchopManuu
MIPOCTPAHCTBA MOUCKA JOCTATOYHO B3ATh MEPEXON M3 MPOCTPAHCTBA
aTOMOB B IIPOCTPAHCTBO MOMEHTOB y = y(z), Tl 2 — BEKTOP B IPO-
ctpanctse aromoB R * (1) = R?" pmerommii cTpykrypy

T
z:[acl r2 ... Tr p1 P2 ... p?’] >
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e x; € R — aromsr, p; € (0;1) — ux Beca, BEKTOpP MOMEHTOB ¥
HMeeT pasMepHOCTb $1(2k) + 1 = 2k + 2 u COCTOHT U3 SIEMEHTOB
BHA

.
L
yi=yyony = pirl L, j=1,2,...2k+2.
1=1

Crapmuii, 2k + 1-ii, MOMEHT He BXOAMT HHU B (3), HU B Ay, U Hy-
KEeH HMCKIIIOYUTENbHO JJISi PaBeHCTBA pa3MEepHOCTEH 4y M 2, KOTOpOe
obecrieyrBaeTcsl JOMOTHUTEIBHBIM COOTHOIIEHHEM 1 = k + 1.

Wurepnperupyst JIMH-penakcanuioo paccMarpuBaeMoi 3amadu
Kak popmy (5), MBI MOXKEM 3aIMCaTh SKBHBAJICHTHYIO 3a7a49y BHUa (4)
0e3 MCIONb30BaHUs BEKTOpa MOMEHTOB CIIEAYIOIIUM 00pa3oM:

©)
fr=miny_p;f(e)),
j=1

Fo(z) = p; (br(x)bi(z)T) >0,
j=1

Fi(2) = pj (bh-a,(@)bp—a,(x;)7) giz;) 20, i=1,...,m,
j=1

A
Z/;Fz = ij =1.
j=1

JlanHas ¢opma 3a1a4n HAIPSIMYIO ITOIXOMUT IS PEIICHUS MOTU(U-
LMPOBAHHBEIM METOJIOM BHYTpPEHHEH TOYKHU C BBHIYHCIEHHUEM JKBUBA-
JICHTHOTO HBIOTOHOBCKOTO HaIlpaBJIeHUS MOUCKA Az(z(i)) mo opmy-
ne (8).

OcobeHHOCTRIO (9) sIBIIETCS TO, UTO (HOPMYITUPOBKA TaHHOM 3a-
Ja4d U pacyeT Az(z(i)) HE HY>KIAIOTCSl B BBIUHUCICHUH BEKTOpa MO-
MEHTOB ¥y. BciencTBue 3Toro, orpaHuYeHus], CBS3BIBAOIINE TTOPSIIKH
nonuHoMOB B 3amade [TH c pasmMepom HepaBEeHCTB M KOJIUYECTBOM
HeusBecTHbIX B JIMH-penakcanuu, a Takke KOJIMYECTBOM aTOMOB B
HOBOM QJITOPUTME ONTUMU3ALNH, 00Jiee HE SBIISIOTCS HEOTHEMIIEMOM
YacThI0 METOJa PEUICHHs. DTO MO3BOJISIET OpaTh B KAUECTBE ICJICBOM
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(YHKIMY M OTpaHUYEHHH TOTMHOMBI IPOU3BOJILHOTO TMOPSAKA U AaXKe
JOCTATOYHO IVIaJIKKe HeromHoMuanbHbeie GyHKnun. Takum oGpaszom,
HOBBIH QJITOPUTM €CTECTBEHHBIM 00pa3oM IepeHOCUTcs Ha 00001me-
nue 3amgaun [IH gns Gomee mmpoxoro kimacca ¢ynknuit. Konedno,
rapaHTHH HaXOXIEHHS INI00aJbHOr0 MUHUMYMA JUIS JAHHOM pacIlu-
PEHHOH TPAaKTOBKH 3a[a4l ¥ aJropuTMa ONTHMHU3ALUH yKe He OymayT
HUMETh MECTa: OHM MO-IIPEKHEMY OyAyT OTHOCHTHCS TOJBKO K Kiaccy
3a/1a4, JUIsl KOTOPBIX Mbl U3HadanbHO crpowsn JIMH-penakcanyu.

ITpu nocTpoeHnH aHAJIOIMYHON TpaHCc(OopMaLuK U1l MHOTOMEp-
HBIX 33/1a4 BO3HHKAIOT JOTOJHHUTEIbHBIC OTPaHUYEHHS: HEeOoOXOIu-
MOCTb HCITOJIb30BaHUSI MUHIMAJIHHO BO3MOXKHBIX 3HAUEHHUH K JUTS H3-
OexaHUsI KOMOMHATOPHOTO B3PBIBA; JKENAaTEIbHOCTh 000OILEHHS Me-
TOZa Ha KOJIMYECTBO aTOMOB, HE TIOAEPKIBAEMOE HAIIPSIMYIO HCXOJ-
HBIM METOZIOM U T. A. TeM He MeHee, o0Iasi CTpyKTypa MeTolia coxpa-
HSIETCS, a «9KBUBAJICHTHAs) 3ajlada, perraeMasi MEeTOJIOM BHYyTpEeHHeH
TOYKH, MOXKET BBIIVIAACTD CICAYIOIIUM 00pa3oM [2]:

j=1
FO(Z) = M(/)TVdiag(plap27 v 7pT)VTM(/) = 07
(10) Fi(2) =Y p;iGi(x;) =0, i=1,...,m,
=1

F}j(z):iji(xj)+/\I>O, 1=1,....m, g=1,...,n

T

T

sz:ij =1,
j=1

1€ aTOMbl T; NPHUHAAJICKAT Rn; BCKTOpPp MOMCHTOB MMECT BUIO Y =

y(z) = >.i_, pibi(2;); IPOCTPAHCTBO aTOMOB COCTOUT M3 BEKTOPOB

z=[zTad . 2l pips ... pT]T; V e ROHDX" _ varpura, i-

i cronben kotopoit paBeH bi(x;) (n-mepHas marpuia BanmepmoH-
na mopsinka 1 juist BekTopoB x;); My = diag([1], My) € RFDxr,
rne My € Rx(r=1) _ MaTpHIIa, CTOJIOIBI KOTOPOM SIBIISIOTCS 3JIe-
MEHTaMH MPOM3BOJIBHOTO Oasmca (r — 1)-MepHO I'HIIepPIUIOCKOCTH,
MIPOXOIAIICH Yepe3 TeKYIIYI0 KOH(PHUIypalmuilo aToMoB x;; A > 0 —
napamMeTp, 3HaueHHe KOTOPOTO W3HAYAJILHO BBHIOMPACTCS JOCTATOYHO
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GonbmmM 11 Bhimonmaenus Hepaencts Fi;(2(9)) > 0 u nanee cu-
CTEMaTHYECKH YMEHBIIACTCS 110 Mepe HAXOXKJCHHUS ITPOMEKYTOUHBIX
npuGmmkenuii 2.

4. [eolicmeeHHas1 ¢hopma

Jlis 3aga4n noIyonpeeseHHOro IPOrpaMMHUPOBaHUS
§* = min f(y) = minc"y,
Y Y

m
an Fly) = Fo+ > Fii >0,
i=1
y €R”,
JIBOMCTBEeHHAas 3agaua uMmeeT By [10]
g = max —tr FyZ,

trF5Z =c¢;, 1=1,2,...,m,
Z =0,

7 — ZT c Rnxn7
IJie pojib HEM3BECTHOW urpaer mMarpuna /. OHa Takxke sBIsSETCs 3a-
Jladeid MoyorpeielIeHHOTO TPOTPaMMUPOBAHMS I MOXKET OBITH TIPEI-
cTaBlicHa B Buje, aHajoruyHom (11).

Bemmunna 1) = ¢l y+tr FyZ = tr F(y)Z > 0 u3BecTHa KaK «H-
TepBaJ IBOMCTBEHHOCTUY». CYIIECTBYIOT pe3yabTaThl (CM., HalpUMep,
[8], §4.2), moka3pIBatoIIHE, YTO BO MHOTHX Ba)XKHBIX Kjaccax 3ajad
(B 4aCTHOCTH, IIPH YCIIOBUH CTPOTOH pa3pelIMMOCTH MPSIMOU U JIBO¥-
CTBEHHOM 3aj1a4) JOCTIXUMO paBeHCTBO 1) = ().

[psimast u nBOVCTBEHHAs 33241 MOTYT OBITh OOBEINHEHBI:

h* = min, 7 Ty+trFyZ = miny, 7 tr F(y)Z,

F(y) = Fo+ >, Fiyi > 0,
(13) Z >0,

trFZ =¢, 1=12,....m,

yeR", Z=27"eRV"
MeTomp! pereHns TaKuX 3a7ad TeHEPUPYIOT MOCIICA0BATEIIBHOCTH TO-
YeK (y(k), A ("“')), B koTopbiX y¥) sBISIIOTCS CYGONTHMATBHBIMI pellie-

(12)
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HUsIME, Taoimme Bepxuaue rparunsl f* < ¢y, a Z(F) — cepru-
(rkaTamu, 0GeCIeIHBAIONMMA HIDKHIE TpaHuisl f* > — tr Fy Z(F).
Crerens cyGonTumanbHocTH Kaxaoro y(F), rakum oGpasom, e mpe-
BBIIIAET COOTBETCTBYIOIIET0 MHTEPBAlIA JBOHCTBEHHOCTH:

Ty — o <) = Ty oty By 2R,

Onucannas B [1, 2] TexHHKa TpaHChOpMAIlUH TMPUMEHUMA H
K OOBCOMHEHHON TpSIMOMN-IBONCTBEHHOW 3amade. Paccmorpum mpo-
creiimuii ciyyaid. [lycTs BEKTOpHI = 1 y(2) UMEIOT OTMHAKOBYIO pa3-

MEpHOCTb, 1 Marpuia Skobu J = ( gi’; )ij HEBBIPOXKJICHA. YUNTHIBAs,

410 €¢; = diyi fly) m F; = d%ﬁF(y), U IPUMEHSA TPaHC(HOPMAILIHIO
y = y(z), 3amumiem (13) B craemyromeM BHe:

h* = min, ztr F(y(z))Z,

F(y(z)) = 0,

Z >0,

Vetr F(y(z))Z = Vi f(y(x)),
reR" Z=27"eRV™

Hogas 3anuch orpaHUuYeHU B BUJIE pABEHCTB BO3MOXHA B CHITY TOTO,
gto ([1], memma 2)

Vaetr F(y(e)Z = J'Vytr F(y)Z = J'V, f(y) = Vaf (y(2)).

B T0 Bpems kak B (13) koaddurpienTs! 1 MpaBas 4acTh CUCTEMBI ypaB-
HeHHil (OTHOCHTENbHO Hem3BecTHOH Z) V, tr F(y)Z = V, f(y) sB-
JSIOTCS KOHCTaHTaMH, Ul cucTeMbl V. tr F(y(z))Z = Vi f(y(x))
3710 y*e He Tak. C Apyroil CTOpOHBI, MOCKONIBKY J — HEBBIPOXKJICHHAS
KBaJ[paTHas MaTpHIla, JaHHbIC OTPAHHUYCHUS 3aJAI0T OJHO U TO XK
HOANPOCTPAHCTBO, HE 3aBHCSILEE OT .

Pasnoxxum Z 1o mpousBonbHOMY Oazucy G, ¢ =
1,2,..., n("; U nmpocTpaHCTBA CHMMETPHYHBIX 7 X 7-MATPHIL
7 = ' G;z;. Oba BapuaHTa OrpaHMYEHUI B BHIE PABEHCTB MOKHO
npeacTaButh B Buse Ayz = by u A,z = by, rie

Ay = [tr <£F(y(w))> Gj]ij’ Ay = [tr ((fyiF(y)> G]} i
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b= o (W”L b -

z = [z

d

dTﬁ (y)] ’

i

BosBpamascs k (3), Mbl BUAMM, YTO CTPYKTypa TaKOH CHCTEMBI
MMEET CYLIECTBEHHOE OTIIMYHe: MAaTPHUIB! F' () OMHOPOIHBI IO OTHO-
LICHUIO K Y, HO MIPH 3TOM OJHA U3 HEM3BECTHBIX (PAKTHUECKU HCKIIIO-
YCHA M3 3a/1a49M JIOTOJIHUTEIBHBIM OTpaHMYCHHUEM Yo = 1. BBumy
3TOTO TepBasi CTpoka A, M HepBbIi 31eMeHT b, (COOTBETCTBYIOIIHE
Y[0]) AOJDKHBI OBITH yaaneHbl. [l 5TOro 10CTaT04HO YMHOXHTB CIIEBA
A, nby Ha l/yl WM, DKBUBajleHTHO, A, U b, Ha Vj (tme M L po-
M3BONBHAS MATPHIA MAKCUMATBHOTO paHra Takas, uro MM = 0):

h* = min, 7z tr F(y(x))Z,
Fy(z)) =0,

(14) Z 20,
<V9JC‘AI> z=uvlb,,

reR?, Z=27TeRrRV",

B nuHEHHBIX OrpaHWYEHUSX YyKa3aHHOW (OpMBI 3a7elCTBO-
BaHBI BCE aTOMBI, W TOMBITKA WX OOOOIICHWS HA CIydail WHO-
ro KOJHMYECTBA IOCIEOHHX (YTO DSKBHBAJEHTHO W3MEHEHUIO pa3-
MEPHOCTH I) HEM30€XKHO TNpuBelia Obl K H3MECHEHUIO pPa3MEpHO-
CTH COOTBETCTBYIOIIETO IOAIPOCTpaHCTBa. M30exkarb 3Toro mo3Bo-
JSeT aNbTepHATMBHAS (opMa orpaHuueHUil. B wacTHOCTH, MOXKHO
MOKa3aTh, YTO JJIS OJHOMEPHBIX 3aJa4, KOTIa & HMMEEeT CTPYKTY-

py z = [21 ... & p1 ... p|T, cuctema vV, tr F(y(x))Z =
k - k ~

vV, f(y(x)) oxeusanentna (1) tr F(y(2))Z = ()" f(y(2)),

k=1,...,n—2,tne £ — odun atoM ¢ BecoM p = 1. IIpu 3ToM, Kak

U paHee, 337jaBaeMO€ TaKOW CUCTEMON MOAIPOCTPAHCTBO HE 3aBUCUT
ot Z. JlanHas gopma coBMecTHMa ¢ JTIOOBIM KOJHMYECTBOM aTOMOB B
KoH(uUrypauuu.

IIponenypa pemeHus MONyYEHHOM 3aAadyd NPaKTUYECKH HICH-
TUYHA IpoLeAype pemeHus coorsercreyromei JIMH-penakcanuu B
IpsAMOU-TBOMCTBeHHON (Dopme. OCHOBHOE OTIMYWE 3aKIIOUACTCS B
UCTIONIB30BaHUM B (popMynax AJisi BBIYHMCICHHS HApaBICHUS CITyCKa
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rpajmenTa U MOAU(UIMPOBAHHOIO TecCHaHa g, W H, BMecTo gy ¥
H,: cm. (6) u (8). OTMeTHM, YTO CyHIECTBYIOT Pa3IHYHBIE BEPCHU
(dbopMyn 11l OnpeseNeHusl HalpaBJIeHus CIIycka Mo U 1o Z, cM.,
HampuMep, MeToAbl yMeHbIleHus noreHnuaia B [10]. B mpusenen-
HOM jajiee IpHUMepe HCIIOIb30BaH METOJ, COXPAHSIOIUI Halpasiie-
HUE CITycKa 1o = B B (8) 1 (OpMHUPYIONINI Ha €r0 OCHOBE HaIlpaB-
JICHHE CITyCKa 110 Z.

5. MNMpumep

PaccmoTpuM npumMep, perieHHsId B [1] IpsMbeIM MeTOAOM:
f* = mina?,
x
gi(z) =221 4422 —1>0.

I'paduku f(x) u g1(x) npusenenst Ha puc. 1. HepaBencrso g (x) >
0 3amaer 00OMACTh TOWCKA B BHIE JBYyX OTPE3KOB, Ha KOTOPHIX f(z)

¥IMeeT 0 OTHOMY JIOKaTEHOMY MHHEMYMY B Toukax +4/1 — v/2/2 ~
40,5412, COOTBETCTBEHHO.

Puc. 1. I'paguku f(z) u g1(x)

IMoctponM  TpaHcHOPMHUPOBAHHYIO  MPAMYIO-IABOMCTBEHHYIO
¢dopmy JIMH-penakcarmm ganHoi 3aga4n. Kak v B opuruHampHO#M pa-
6ote, pazmepsl Matpull B JIMH-penakcanuu onpenensiorcs napamer-
pamn di = [Sdeggi(z)] = 2 u k > max{[deg f(2)],d1} = 2.
Jnis muHUManeHOTO TIopsiaka k = 2 (u r = k + 1 = 3) cooTBETCTBY-
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romas JIMH-penakcamnus (3) umeer Bua

fr= min gy,

Yo Yn Y
Ms(y) = | ¥ Y2 Y3 | >0,
Y21 Y31 Y4
Mi(g1,y) = | =2y + 4y — ) | =0,

Yo = 1,
uny, B hopme (5),
f*=mincly,
)
Yo Y Y1 0 wyp
Y1 Y 0y

Yz Y0
0 0 0 —2y[4] + 4y[2] — y[o]

F(y) =

WV
o

vy =1,

o T
y = [yio) vy Vi) Vi Y Ysl) s
c=[001000]",

v, =[100000]".

Bocnomnp3yemcst Toil jxe TpaHchopMmanyei mIpoCTpaHCTBa MOHC-
Ka, 4TO U paHee:

T
m :Zpiq:g, §=0,1,...,2k+1,
=1

Tac x; U p; — HOBBIC HEM3BECTHLBIC, COCTABIIAIONIUE BEKTOP

r=[r122 . T pID2 o D)
Torma
Z?:l Di 0
F(y(z)) = : - : ,
0 . Z?:lpigl(xi)
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Z — cummerpuunas marpuia 4 x 4; v, =[000 11 1]T; B Ka4eCTBE

1
V- MOXHO B34Tb MaTpully

10000 0
[01000 0]
vy=,00 100 0.
00010 -1
[00001—1J

[loncraBum nanHble BeMYUHBI B (14) U pemnM MOIy4YeHHYIO 3a/1aqy
yKa3aHHBIM B MPEIbIAyIIeM Taparpade MeToaom.
B kxauecTBe Ha4aIHHOTO MPUOIIKEHHS BO3BMEM aTOMBI

1 =08 22 =1,0; 23=12; p1 =p2 =p3 =1/3.

HYCTL HavyaJbHOE 3HAYCHUE £ — IMPOM3BOJIbHAA IMOJIOXKUTEIIBHO OIIpEC-
ACJICHHAasA Marpuia, YAOBJICTBOPAIONIAsA JIMHCHHBIM OrpaHUYCHUSM,

Hanpumep:
5 0 -2 0
7 _ [ 01 00 -I
-2 0 2 0,
L 00 01 J
Anroput™ nenaet 5 cepuid mo 10 maroB, HauwHASA C (4t = 1 U YMEHb-
mast ;4 B 4 pa3a B KaxJIoH cienytommeit cepun. Ha puc. 2 npueneHsl
rpaduKky WHTEpBaJa JBOWCTBEHHOCTH, TPAEKTOPHH aTOMOB M HUX Be-
coB. MBI BUIUM, 4TO (KaK M IIPU PEIICHHUH 3aJadd B NpsIMOi dopme
B [1]) mBa aTomMa HaxomAT TIOOATBHBIE YKCTPEMYMBI B O0EHX JOITY-
CTUMBIX 00JIaCcTAX M NMPHOOPETarOT KOHEYHBIE Beca, a TPETUH aToM

TepsAEeT CBOIO 3HAYMMOCTb. [IpH 3TOM ypoBEeHb HHTEpBaIa JBOWCTBEH-
HOCTH CIIYXHT (OPMaIbHOMN TapaHTHEl TOYHOCTH pEIIeHHs.

6. 3aknroyeHue

B nmannOit paboTe MpoaeMOHCTPUPOBAHBI BO3MOKHOCTH TIPHMeE-
HEHHsI METOIa aTOMHOM ONTHMHU3ALUH K PEIIEHUIO 33/1a4 HEBBITYKIIO-
ro IporpaMMHpOBaHUs, B NEPBYO odepens, 3anad IIH u IIMH pas-
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Puc. 2. I'paguku Intr F(y(x))Z, x; u p;

JUYHOU pa3mepHOcTH. [lokasaHbl mogxonpl K TpaHCHOPMUPOBAHHIO
MPSIMBIX U TPSMBIX-IBOMCTBEHHBIX (hOPM 3aj1ad.
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SEARCH SPACE TRANSFORMATION IN PRIMAL
AND DUAL MATRIX INEQUALITY SYSTEMS

Vladimir Pozdyayev, Arzamas Polytechnical Institute of
R.E. Alekseev Nizhny Novgorod State Technical University,
Arzamas, Cand.Sc., associate professor (vpozdyayev@gmail.com).

Abstract: Multidimensional optimization problems with a polynomial
objective function and polynomial matrix inequality constraints are
considered. A transformation of the moment theory-based solution
method is presented, which allows to significantly reduce its
computational complexity while keeping the ability to solve problems
of the kind we are interested in. The basic scheme deals with 1D
polynomial problems and primal interior point methods, but it can be
generalized to non-polynomial problems, multidimensional problems,
and primal-dual interior point solution methods.

Keywords: nonlinear programming, matrix inequalities, polynomial
inequalities, moment theory.
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