92
YOK 519.176
BBK 22.176

ANTOPUTM BETBFI?I U TPAHUL B 3A0AYE Ob
ONMTUMAINbHOU CBA3bIBAIOLLIEU CETU!

I'uns B.H.2, Ty6ko M.B.?
(Vupeoicoenue Poccuiickoti akademuu nayx Uncmumym npoonem
ynpaenenus um. B.A. Tpaneznuxosa PAH, Mockea)

Paccmampusaemess modens onmumusayuu cesazvléaroujeli. cemu 8
VCA0BUSX M.H. «A0OUMUBHOUY QYHKYUU 3ampam, Ko20a CMoUMOCHib
sepuiulbl, 000a6I1eMOl 0I5l MAPUPYMUZAYUU NOMOKO8 MeNCOY (DUK-
CUPOBAHHBIMU OCHOBHBIMU BEPULUHAMU, 3ABUCUM OM KOTUYECTBA C65l-
3etl IO BEPUIUHBL U OM CYMMAPHO20 00beMa NPOMeKaioue2o yepes
Hee nomoxka. /[ ukcuposantol 0pesosUOHOU MONOLO2UU GePULUH-
KOMMYMAmopos npeoiazaemcs aieopumm eemeeti u epanuy 0 no-
UCKA ONMUMALLHO20 PACHpedeseHUusi OCHOBHbIX 8ePUIUH HO KOMMY-
mupyiowum gepuiunam. Fcnonv3yemas aneopummom HUICHSSL OYeHKA
3ampam cemu OCHOBAHA HA HENPEPBIBHON PENaKcayuu u JUHeapusa-
Yuu 3a0ayu, a maKdice Ha pe3yibmamax aieedpaudecKkol meopuu epa-

¢os.

KoroueBsie ciioBa: ONTUMU3AINA CTPYKTYPbI, CBA3BIBAIOIIAA CCTh,
HWXHHUEC OLCHKH, aJITOPUTM BCTBCH U rpaHUIl.

BeedeHue

MHorue mpHUpOAHBIE U WUCKYCCTBEHHBIE CHCTEMBI HMEIOT CeTe-
BYIO CTPYKTypy. Hac OKpyXaroT ceTh — CETH CBSI3H, TPAHCIIOPTHEIC
CEeTH, COIMAJIbHBIE CETH U MHOTHE Apyrue. DPPeKTUBHOCTh QPYHKITH-
OHHPOBAHUS CETU B OONBIION CTEIICHU OMpPECISIeTCS €€ CTPOCHUEM.

! Paboma ewinonnena npu ¢unarncosoii noddepoicke POOU, zpanm Nel3-
07-00491a

2 Bacunuii Huxonaesuu I'uns, unocenep (vasikos@yandex.ru)

3 Muxaun Braoumupoeuu Iy6Ko, Kauoudam MeXHUYECKUX Hayx,
(mgoubko@mail.ru)
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B cBs3u ¢ 5TUM BO3HHKAET 3a7a4ya ONTHUMH3AIUN BHYTPEHHEU CTPYK-
TYpHI CETH.

B [1, 2] Oblia mpeuioskeHa MOJIENb OIITUMU3AIUY CBS3bIBAIOIICH
ceTu. 3amaqa COCTOUT B TMOCTPOSHUH CBS3BIBAIONICH CETH B COOT-
BETCTBHH C IOTPEOHOCTAMHU B CBs3HM. B pamkax 3Tod Momenau OBLIH
MIPENTIOKCHB HIDKHUE OIICHKH 3aTpaT CETHU IS YacTHOTO Cirydas
(YyHKIIUM 3aTpaT: TaK Ha3bIBaMOH aIIUTHUBHOW (QYHKIHH. OTH
OILICHKMA OCHOBaHBI Ha pe3yyibTarax ajareOpanueckor Teopuu rpados.
OCOoOEHHOCTBIO OIICHOK SIBJIISICTCA TO, YTO OHH IOAXOIAT TOJBKO
IS 3aMKHYTOHM CE€TH, TO €CTh CETH, HE [OIYCKAaloIIeW IMOTOKOB,
BBIXOIISTITNX 32 €€ TPEACIThI.

B macrosmiem nokiame cTarhe OMHCHIBAIOTCS MOAM(PHUKAITIH
STUX OLICHOK, MO3BOJISIIOIINE HCIOIB30BaTh UX B alTOPUTME BETBEH
U rpaHul. Takke IpepIaraeTcsi CXxeMa ajlrOpUTMa BETBEH M T'paHUI]
JUIS HaXOXKJICHUST ONTUMAJILHOTO pacIpe/ielieHdss OCHOBHBIX BEPILIUH
10 JOTIOJHUTEIBHBIM B CETH C 3aJJaHHOM TOITOJIOTHEM.

1. MocmaHoegka 3adayu

PaccmarpuBaemasi B HacTosmel paboTe MOCTAaHOBKA 3a7a4H SIB-
JISIETCS YaCTHBIM CIIy4aeM MPEAIoKEHHOH B [ 1] modenu ceszvisarouyeti
cemu.

[TycTs 3amano mHoxcecmeo ochosuvix eepuiun W = {1,...,n},
KOTOpbIe HEOOXOOMMO COCAWHHTH Kananamu ceésasu. Uepes L €
[0, +00) 0603HauMM 06BEeM MOTOKA (MHGOPMAIIMOHHOTO HITH MaTepH-
aJILHOTO), KOTOPBIH JOJDKEH MPOTeKaTh MEXAy BepumHamu w € W
uw € W, auepes R = (Tww )y =1 — MaTpuLy 00BEMOB. Ecimn
z(w,w") > 0, GymeM roBOPHUTb, YTO BEPUIMHBI W U W' UCHbIMbIEAIOM
nompeOHOCMb 8 CEA3U.

HemnocpencTBeHHO COCIMHATH BCE Maphbl BEPLIMH, MCIBITHIBAKO-
e MOTPeOHOCTh B CBSI3U, MOXKET OKa3aThCsl HAKIIAJBIM, W OJM3KHUE
MOTOKH TPYNITUPYIOTCS B OJHOM KaHaJe CBSI3H.

[MycTb G — IpocTOit HEOPUEHTHPOBAHHEIM rpad G' ¢ MHOKECTBOM
BepumH V (G). s npousBonbHO# Bepumusl v € V (G) 0603HaunM
uepes di(v) cmenens Bepumasl v B rpade G, TO ecTh

XI BCEPOCCUMCKAS IIKOJIA-KOH®EPEHIIUS MOJIOJIBIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMM”



94
KOJIMYECTBO MHIMICHTHBIX eil pebep. Ecnmu dg(v) = 1, Bepumna
v € V(G) nasbiBaercs sucsiueil.

Onpenenenue 1. Ilpocmoii Heopuenmupogannviii epagp H ¢
MHodcecmeom eepuiun Vi u mroocecmeom oye Er 6yoem nazvieamo
CA3BIBAIOULCIL CEMbIO HAO MHONCECMBOM OCHOGHbIX éepuiun W, eciu
epagh H ceazen, W C Vi u ocnosnvie sepuiuiivbl A61810MCA BUCAYUU-
mu, mo ecmo di(w) =1 oz ecex w € W.

Bepruuast maoxectBa My = Vi \W Gynem Has3biBath 00noiHu-
menvHbiMy. JIOTOTHUTENBHBIC BEPIIUHBI 3aHHUMAIOTCS MapIIpyTH3a-
1ueit moTokoB. byieM cuuTarh, 4TO OCHOBHBIC BEPIIMHBI HE 001 1at0T
CHOCOOHOCTBIO K MapIIpyTHU3alliU, UMEHHO IOATOMY B CBS3bIBAIOIICH
CETH OHU SIBJISIFOTCS BHUCSYUMU BEpPIIMHAMHU.

JloOaBneHre KaXKIOW MONMOJHUTEIBLHON BepIUHBI m € My B
CBAI3BIBAIOILYIO ceTh F BiedeT HeKoTopsie 3arparsl c(m, H), u 3a-
mpamei csspiBatoweit cetn (H) = MM c(m, H) cxnajpisaior-
Csl U3 3aTpar JIOMOJHUTEIbHBIX BEPIIIAH.

Omnpenenenune 2. Cssazvleaiouum O0epesoM HA3LIBACMCS CE5A3bl-
sarowas cemov He3 yukios. MHoocecmeo cea3v18aouux 0epedvbes HAo
MHOdICECMBOM OCHOBHbIX sepuiur W o6osnayum uepes T (W).

B nipousBonbHOM cBsi3biBatomem aepese 1 € T (W) cymectsy-
€T €IMHCTBEHHBIA IMyTh MEXAY KaKIOH Mapoil OCHOBHBIX BEPIIMH,
MO3TOMY CYMMapHbIii 00beM MOTOKa x7(m) uepes 0Oy IOMoi-
HUTEJBHYIO BepmuHy m € My cBasbiBaromero aepesa 1’ MOIHO-
CTBIO ONpEENAETCS CTPYKTYpOit jepeBa. [t KpaTrkocTu 0603HaYMM

d := dp(m). Ecnmu u3 T ynanuth BepUIMHY M W MHIHUICHTHBIC €if
pebpa, moayyuM d KOMIIOHEHT CBsi3HOCTH. Eciim 0003Ha4uThH uepes
S1, ..., 8¢ € W MHOXeCTBa OCHOBHBIX BEPIIHH B KXKIOW U3 ATHX d

KOMITOHCHT, TO JICTKO BUJACTH, YTO CyMMapHLIﬁ IIOTOK 4Y€pe3 BEPUINHY

M B CBA3BIBAIOIIEM ICPECBC T 3anuceIBaeTCS Kak
d

(1) xT(m): Z xww’_z Z Toww' s

w,weW i=1 w,w’'€s;
TO €CTb YE€PE3 BEPIIUHY 1M TCKYT BCEC IOTOKH KPOME TE€X, YTO TEKYT

BHYTPU KOMIIOHEHT CBSI3HOCTH, Ha KOTOPBIE yIaJ€HUE BEPLIUHBI 110
pasouBaet nepeso 1.
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Onpeneaenune 3. Dyuxyuio 3ampam gepuiuHvl OyOem HA3b16aMb
A0OUMUBHOL, eciu 051 NPOU3BOAbHOU BePUIUHBL T, CEA3bIBAIOUe20 Oe-
pesa T ona 3anucwieaemes kak ¢(m,T) = c1(dp(m)) + ca(zp(m)),
20e c1(+) u co() — nexomopule neompuyamenvhvie Gynkyuu, a T (m)
onpeoensiemcs svipadiceruem (1).

Hwmxe Oymem pemrats 3amady 00 ONTHMAbHOM CBS3BIBAIOIIEM
JepeBe IS aqAUTHBHOW (YHKLMHU 3aTpaT, KOTOPas COCTOHMT B IOHCKE
CBA3BIBAIOILETO IEPEBA C MUHUMAJIbHBIMU 3aTpaTaMH, TO €CTh JepeBa

(2) T € Argmingery)C(T) =

Argmingcryy [e1(dr(m)) + ca(zr(m))].

O4YeBUIHO, YTO AOCTATOYHO PAacCMaTPHUBATL TaKUe JNEpPeBbs 1 €
T (W), B KOTOpBIX MPOHM3BOJbHAS IOTMOIHUTEIbHAS BEPIIMHA M €
My wumeer crenenb drp(m) > 3. JIeWCTBHTENIBHO, €CIH BEpIIMHA
m € My BHUCSYasA, TO €€ MOXKHO yHAJUTh BMECTE C MHIMIACHTHBIM
pebpom, a B ciydae dg(m) = 2 ee MHUUICHTHBIC BEPIIMHBI MOXHO
COEIMHUTH HAIPAMYIO, TAKXKE YAAIUB 770 BMECTE C €€ UHIUICHTHBIMHU
pebpamu Oe3 HapyIICHUS CBSI3HOCTH JcpeBa.

B [1, 2] onuceiBaeTcs 6ojiee oOmas MOAEIb ONTUMHU3ALNN CBS-
3bpIBatOIEd ceTH. B HelapeBOBUIHOW CETH MEXIY Mapoll OCHOBHBIX
BEpIIMH MOXKET HMMETbCS HECKOJNBKO MyTEeH, W I OJHO3HAYHOTO
OTIpEJICIICHUsT  MOTOKOB  Yepe3  BEPIIMHBI CETH  HEOOXOAMMO
JIOTIOJTHUTEILHO BBOAWTH (DYHKITMHM MapIIPYTH3ALHU, ONPEISIIAIOIIHE
My Th, IO KOTOPOMY MIPOTEKAET TOTOK.

Opnako maxe Ooyiee TpocTas MOIEIH CBSI3BIBAIOIIECTO JcpeBa
MO3BOJISIET OMHUCHIBATH MHOTHE WHTEPECHBIE MPUKIATHBIE 3a7auu,
TakWe KaK ONTHUMHU3aNus WHAeKkca BuHepa mins rpada co B3BeNICH-
HBIMH BepIIMHaMU (cM. moapoOHee B [5]) WM ommMchIBaeMash HIDKE
3ama4da 00 ONTUMAIFHON AEKOMITO3UIIMY OU3HEC-TIPOIIECCOB.

2. Aneopumm eemeell u 2paHuy onmumu3ayuu
pacnpedesieHuUsi OCHO8HbIX 8ePUWUH MO
dononHumesnbHbIM

Jnst GUKCHPOBaHHOTO MHOXECTBA OCHOBHBIX BepIuH W u mar-
PHIBI CBSA3M R HAXOXKIEHHE ONTHMAIBHOTO CBA3BIBAIOIIETO AepeBa 1
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CBOAUTCA K OIIPCACIICHULO:

1) KonudecTBa HOMOJHUTEIBHBIX BEPIIUH ¢ B nepere 1,

2) Tomoyoruy JOTOIHUTEIBHBIX BEPIINH, TO €CTh HEKOTOPOTO
aepesa 1, ¢ muoxxectBoM Bepiund M = {1, ..., ¢},

3) Bexkropa k = (ki, ..., kq), £ae Ky, paBHO KOIMYECTBY OCHOBHBIX
BEPIIHH, HHIUCHTHBIX JOMOHUTEIBHON Bepiiae m € M,

4) PacnpeneneHus OCHOBHBIX BEpIIMH IO JIOMOIHHUTEIBHBIM, TO
€CTh TaKoro pa3OueHust MHOXecTBa I/ Ha Hemepecekaroumecs
noamuoxectBa Wy, ..., Wy, uto |W,| = kp,, m € M.

Hckomoe nepeso T' nomydaercs Jo0aBieHneM K aepeBy 1; MHO
skectBa BepmmH W 1 MHOXecTBa pedep mw, tne m € M, w € W,,.

[lomHOCTRIO 3aja4a 00 ONTHUMAFHOM CBSI3BIBAIOIIEM JIEpeBe
Ioka He perieHa. MOXHO MOKa3aTh, YTO OHA SIBISETCS 0000mIeHIEM
NP-tpynHo#t 3amaunm o MUHHUMaNbHOM k-pa3pese rpada [3]. B Ha-
CTOSIIIIEM JOKJIaJE MBI MPEeAjaracM aJrfOPUTM PELICHUs 3aJa4u dTara
4 — onpeeNeHIs ONTUMAILHOTO PACTIPEICIICHNST OCHOBHEBIX BEPIIUH IO
JIOTIOJTHUTEJIBHBIM [Tl (PUKCHPOBAHHOTO KOJIMYECTBA JIOMOJHUTEIBHBIX
BEpPILIMH ¢, 3aJJaHHOM HX TOMOJOTUU Tq U BEKTOpa «EMKOCTEM»
JIOTIONTHUTENIBHBIX BeplnH k. [lake oTa 3a1ada SBISETCS CIOXHOM,
IIOCKOJBbKY K HeW cBoputTcsa NP-nosiHasi B CHJIBHOM CMBICIE 3ajaya
[6] 06 ocTOBE OrpaHUYICHHON MPOIYCKHON CIIOCOOHOCTH.

I[.]'ISI MOUCKa ONITUMAJIBHOTO paClpeACICHNUA MBI IIpcajiaracM
HCII0JIb30BaTh aJIrOPUTM BETBEW U I'paHULL.

AnropuT™M BeTBEH W TpaHUIl MMEET CTPYKTypy JepeBa Haj
MHO>XKECTBOM BO3MOXKXHBIX peIHeHHﬁ. ITonck peUICHrUAg HAa4YUHACTCA C
KOpHS JlepeBa, U B KaXIOW BEpLIMHE MHOXXECTBO pa30MBaeTcsi Ha
HECKOJIBKO "acTeil. B oTiamuue ot momHOTrO mepebopa, 3TOT ajJropuTM
Ha OCHOBE CPaBHEHUSI BEIYHCIIIEMON HIDKHEH OLICHKHU € TEKYLLNM PeKopoom
— JyYIIUM HalJeHHBIM peIIeHHEM — OTCEKaeT BETKy (a BMecTe C
Hell ¥ vacTh nepeBa). TakuM 00Opa3oM YMEHBLIAECTCS KOJIHMYECTBO
IIPOBEPSAEMBIX PEILEHUM.
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a) 6)
Puc. 1. Tononoeus dononnumenvuvix eepuiur 00 (a) u nocie (6)
pacnpeoeieHusi OCHOBHLIX BEPULUH.

BerBnenue B mpeasaraeMoM HaMu ajarOpUTME OCYIIECTBISIETCS
BBEIOOPOM JIOTIOJIHUTENFHBIA BEPIIUHBI, Ha KOTOPYI Ha3HadaeTcs
OCHOBHAsl BeplIMHA. To ecTh Ha KaXJOM IlIare ajiropurMma i ode-
penHO!l OCHOBHOW BEpPIIMHBI MepeOuparoTcs JOMOTHHUTEIbHBIE
BEPLIMHBI, KOTOPHIM OHA €Ille MOKET ObITh Ha3HA4YeHa UCXOIS U3 yiKE
Ha3HAYEHHBIX BEPIINH U BEKTOpa k.

Takum 00pazom, MyTh OT KOpHS JiepeBa BETBJICHUH OO JHCTa
ONMCHIBAET paclpelesieHHe BCEX OCHOBHBIX BEpIIMH MO JOIOJIH-
nuTeNbHBIM. 11epBbIi MOTHOCTHIO OCTPOSHHBIM TAaKOH IyTh BHIOMpa-
eTCs B Ka4eCTBE peKkopod, a COOTBETCTBYIOIINE 3aTpaThl — B Ka4eCTBE
PEKOPIHOTO 3HAYCHISI 3aTpart. I cCoKpareH s Yrcia BEeTBICHUH (s
«OTCEUCHHS») WCIOJB3YETCS HIDKHSS OIEHKa 3aTpar CeTH, HMOCTpO-
€HHAasl C y4e€TOM TOr0, YTO PACIpPEAEICHUE YAaCTH OCHOBHBIX BEPIIHH
IO JTOTIOJTHUTEIBHBIM YK€ (PUKCHpoBaHO. ECTM HMKHAA OLIEHKa TIpe-
BBITIIACT PEKOPJI 3aTPaT, TO 3Ta BETBh “‘00pe3aeTcs”’, M majabHeHIIee

XI BCEPOCCUMCKAS IIKOJIA-KOH®EPEHIIUS MOJIOJIBIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMM”



98
BETBJICHUE HE Mpou3BonuTcs. VHavye nmpopoikaercs nepedop Homod-
HUTEIBHBIX BEPIINH I CIIeTyIomIeii OCHOBHON BEPIIUHBI U3 €Ile He
3a()UKCUPOBaHHBIX.

Ecnu ctonMocTh OdepeqHOro MOJIYYEHHOTO pemeHus (Harmom-
HUM, YTO PELICHHIO OJHO3HAYHO COOTBETCTBYET IyTh OT KOPHS IO
JHCTa JiepeBa BETBICHHI) MEHBIIIE YeM PEKOPJA 3aTpart, TO peKopa 00-
HOBJISIETCS] HOBBIM PELICHUEM.

B pesynbrare Takoro o0xoma JepeBa BETBICHUN pekopn Oymer
COOTBETCTBOBATh ONTHMAJILHOMY PAcIpeesICHUI0 OCHOBHBIX BEPILIMH
10 JIOTIOTTHUTENBHBIM.

3. HuxxHue oueHku 3ampam cesiabiearoujeli cemu

st paboTBI OTMCAHHOTO aNTOPUTMA BETBEHW W TpaHUI] TpeOyeT-
Cs CTPOUTH HWKHIOI OILIEHKY 3aTpaTr CBA3bIBarolero gepera. B [2]
ObUIM TIPEJIOKECHBI HIKHHE OIICHKH, OCHOBAaHHBIC Ha NMPUMCHCHUHU
anmapara anredpandeckoil Teopun rpadoB. OJHAKO HEMOCPEICTBEH-
HO MX HEJb35 UCIOIB30BaTh B AITOPUTME, TOCKOIBKY MPHU UX pacueTe
KPUTHYHO, YTO OI[EHHBaeMasi CeTh 3aMKHYTa, TO €CTh BCEe MTOTOKH TIPO-
TEKAIOT TOJILKO MEXIYy OCHOBHBIMU BEPIIWHAMH, MMPUHAJICKAIIMH
CETH, U SBIIOMIUXCS TPEIMETOM ONTHMHU3AITNH.

B anroputme e BeTBel U IpaHMIl paclpe/elieHUe YaCTH OCHOB-
HBIX BEpIINH yXe¢ 3a()UKCHPOBAHO, W TOTOKH MEXIy HUMH U €Ile
He 3a(QUKCUPOBAaHHBIMH BEPIIMHAMU MOXXHO HMHTEPIPETHPOBATh Kak
BHEIITHUE TTOTOKH, BTEKAOIINEC WITN BBHITECKAIOIIHE

Takum 00pa3zoM, HeoOXOIMMa HIDKHSSI OIIEHKa 3aTpaT CBS3bIBa-
IOIIEro JIepeBa, YYUTHIBAIONIAS TO, YTO PACIPEICICHHUE YacTh OC-
HOBHBIX BEPUIVH 1O JIOTIONHUTENHHBIM Yyke (uKcupoBaHo. [lockoms-
Ky Tpu (UKCHUPOBAHHOW TOIIOJIOTHM POYTEPOB M BeKTOpe k crere-
HU BCEX JOMOJHHUTENBHBIX BEPIIMH (PUKCHPOBAHBI, MOXXHO CUHTATh,
uTo moiexanias ontumusanuu ¢yuakims 3arpar C(T) = Cy(T) =

ZWGMT ca(zr(m)).

3.1. IMHEUHAS ®YHKI[HA 3ATPAT
BBenem uHaukaTopHyro Marpuny Y pasmepa m X ¢, 3JIE€MEHT
Ywm KOTOPOU paBEeH EAMHMIIEC €CIH BepmmHa w € W HHIuIeHTHA
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m € M, unaue paBeH Hy0. Ha 3Ty MaTpuily HajoXeHbl CIeIyIOIIHe
OTpaHUYCHUS:

Hy?.1, =k,

)Y -1, =1,,

3) Yyum € {0,1},w=1,...,n,m=1,...q.

3nechb 1,, - 3TO BEKTOP-CTONOCTI, COCTOSAIININ U3 N eAuHUIl. MHO-
YKECTBO MaTPHII, YIOBIETBOPSIOMINX 3TUM YCIOBHAM, 0003HAUNM Ye-
pe3 =.

ITockonmbky Ha KaXKIIOM IIare ajropuTMa BETBEH W TpaHUI] MO-
I'yT ObITh OCHOBHbBIC BEPIIMHBI KaK C (PUKCHPOBAHHBIM, TaK M C HE
(hMKCHPOBAHHBIM pacIpeeICHHeM Ha OTIOTHHUTEIbHBIC BEPIIUHBI,
Yo
Yy
MaTpuIia Y onmuchBaeT (PMKCUPOBAHHOE pacIipeesieH e ng 3ahuKcH-
POBaHHBIX BEPIIIHH, a 1] X ¢-MaTpula Y] — elle He 3auKCUPOBAaHHOE
pacrmpeneneHne OCTaBIIUXCS Ny := 1 — N BEPIINH.

PaccmoTpum ciydvait, xorna (yHKous co(-) JMHEHHA MO MOTO-
Ky. Torma, aHamoru4Ho [2], 3aTpaThl MPOU3BOJIHLHOTO CBA3BIBAIOILETO
nepesa 1’ MOXKHO OIICHUTh CHU3Y Kak

(3) Co(T) > min [q1; Rl — tr(Yg RooYo
1&€21

TO MPEACTaBUM MaTpully Y Kak Olo4Hyro Y = [ } 3mecy ng X g-

T T
+ QYO Ry Y7 + le RHYl)P],
Roo  Ro
Rio  Rn
P — 3T0 nmonoXxuTenpHO ompeneneHHas ¢ X g-MaTpHULa, SBISIOIasics
JOMONHEeHHeM Matpuibl D paccrosiauit rpada T, (to ects P = (¢ —

T
D11, — D).

[MockonbKy MHHAMYM CYMMBI HE TPEBBINIACT CYMMbBI MHUHUMY
MOB, TO HU)KHIOIO OLIeHKY A7 C'5 MOXKHO IIPEICTaBUTh KaK

4) Co(T) = q1LR1, — trYy RogYoP — max tr2Yy Ro1Y1 P
1€51

— max trY;! R Y, P.
i€z
Taxum 06pa30M, 3a7a4a HaXOXKIEHUS HIYKHEH OLICHKUA CBOIUTCS

K MaKCHMU3aIlUH JBYX claraeMbiXx u3 Gopmyisl (4).

me 1 = {Y1 : YoYi]T € E}, R = [ ], a Marpuna

XI BCEPOCCUMCKAS IIKOJIA-KOH®EPEHIIUS MOJIOJIBIX YUEHBIX
“YIIPABJIEHME BOJIbIIUMU CUCTEMAMM”



100
PaccmoTpuM nepBoe MakCUMHU3MPYEMOE cllaraeMoe:

(5) max tr2Yy Ry 1P < LBi(Yy) = max tr2Yy RnY1P,

Vi€ Y1€5,

e =1 — HeTpephIBHAs pellakcallisi MHOXeCTBa =1, TO €CTh 1 X ¢-
Marpuia Y; € =, TOIZa M TONBKO TOTZA, KOrIa

DY 1, =K =k-Y{] 1,

2) Y11, =1,,,

3) (Y1)wm € [0,1].

B Takom Buge (5) — 3T0 Kiaccuueckas TPaHCIOpPTHAs 3ajaua.
Orta 3a3/a4a JIMHEHHOTO MporpaMMHpoBaHus 3(h(HEeKTHBHO perraercs
COBPEMEHHBIMH MeTOlaMM Ul OonbiuX pasmepHocTell. Yepes Y|*
0003HaYNM pENICHHE, JOCTABIIONICe MAKCHMYM B TIpaBoi dacTH (5).

Ternepb paccMOTPUM BTOPOW MaKCHMU3HPYEMbBIH YJICH BBIpaxe-
Hus (4):

(6) max trY Ry, Y1 P.
YieZE,

st aT0it 3amaun B [2] ObLIa IpeUIoKeHa CIeayIomias OIeHKa, OCHO-
BaHHas Ha JPYToil pejakcalii MHOXECTBa =1 :
(7)  max trY{ R1Y1P < LBs(Yp) :=

Yiez,

p
= T 5
Y1:Y1T1r/rlliil(iag(k’) trY' R\ \Y1 P = z; Ni(R11)Ni(P),
Iie p — KOJMYECTBO JIOMOIHUTENBHBIX BEPIIHH, Y KOTOPBIX IOCTE
(UKCHPOBAHHOTO PaCIpeIeeHNsI OCHOBHBIX BEPIIMH OCTAJINCh «CBO-
OomHbIe» MecTa, \;(A) — i-0e Mo yObIBaHHUIO COOCTBEHHOE YHCIIO MaT-
puttet A, a P := diag(k')'/?Pdiag(k')'/?.

Takum 00pa3oM, BBIYHMCICHHE TaHHOW OLICHKH CBOAUTCS K Ha-
XOXK/ICHUIO COOCTBEHHBIX YHcel AByX MaTpuil. Yepes Y™ 0603HauNM
MaTpHIly, JOCTABISIONIYI0 MAKCUMyM B nipaBoii yactu (7). CoriacHo
[2], Y;* = U UL diag(K')'/2, tne Uy - ny X q MaTpuua, cTon6is ko-
TOPO#i — COOCTBEHHbIE BEKTOPa MaTpPHIbI R, YIOPsI04YeHHbIE 10 yObI-
BAHHIO COOTBETCTBYIOIINX COOCTBEHHBIX YUCelN, a Uy — ¢ X g-MaTpHIia,
CTONGIE! KOTOPOil — COBCTBEHHBIE BEKTOPA MAaTpHIbl P, Takke yIo-
PSIOYEHHBIE TI0 YOBIBAHUIO COOTBETCTBYIOLINX COOCTBEHHBIX YHCEIL.
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Breimummem ouneHky (4) ¢ MCHOIB30BAaHUEM OINMCAHHBIX BBIIIE
ouenok LB;(Yy) u LBy (Yp):

(8) Co(T) =

> q1'R1, — trY{f RooYoP — tr2Yy Ry Y P — trYy{f R11 Y1 P.

Bripakenue (8) maeT HIXKHIOIO OIEHKY 3aTpaT CETH €CIIH MaTpHU-
na Yy dukcupyer pacnpenencHue NepBhIX 7 OCHOBHBIX BEPIIMH IO
JOIIOJTHUTCIIBHBIM.

3.2. BBIIIYKJIAA ®YHKI[HA 3ATPAT

Jna cmyuast Beimykinoi ¢yHKnuu 3arpat B [1] OblT mpemioxeH
METO/] JINHEapHU3aLuH, IPX KOTOPOM (YHKIMHU 3aTpar KaKIOH IO0Mo-
HUTENBHON BEPIUIMHBI 3aMEHSAIOTCS KacarenbHbIMU. B TakoMm ciyuae
3aTpaThl CBA3BIBAIOIIETO AepeBa 1’ MOXKHO OLIEHUTh CHU3Y Kak:

A1,...,0q

9) Co(T) > C5 = max Y [ea([ch] ™ (am))—
=1

— apm[ch) Ham) + amlTR1, — max trYTRY P(a)],
€=

e P(«) — MONOXHUTENBHO ONMpEIeNeHHast ¢ X ¢-MaTpula, 3aBHCS-
Ias OT TONOJIOTHH IONOJHMUTENBHBIX BEpIIMH 1, M BEKTOpa o =
(a1, ..., (g) HAKJIOHOB KacaTeNbHbIX K (DyHKIUAM 3aTpar.

Kak u B ciyvae nuHEWHOW (QYHKIHK 3aTpat, IPEACTABUM MaT-
puny Y B Buzae AByx vacteil. Torma 3aBucdmiast or Y yacTb HIDKHEH
OLICHKH 3aTpaT CBSI3bIBAOIIETO JIepeBa 3aMHIIETCS KaK:

(10) trYTRY P(a) =

= tr[(YoRooYo + 2Yy Ro1Y1 + Y Ri1Y7) - P(a)].
OneHnBast 3TO BBIpaXXEHUE CBEPXY (IIOCKOIBKY OHO BXOIUT B (9)
C OTPHUIIATEIIHFHBEIM 3HAKOM) MOIy9dacM aHAJIOTHYHO JIMHCWHOMY CITY-
4aro:
(11) trYTRY P(a) < trYyRoo Yo P(a)+
+ max tr2Yy Ro1Y1P(a) + max trY; R;1 Y1 P(a).
Y1€5, Yi1€5;
Jlnst cnaraemMoro maxy, ez, 2trYy Ro1Y1P(a), kak u B TuHei-
HOM cllydae, IIojlydaeM TPaHCIOPTHYIO 3afiady, pelieHre KOTopoi Oy-
ieM 0603HauaTh Y,
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st BTOporo ke cnaraemoro B [1] maetcs onenka:

max trY{! R11Y1P(a) < trY{"™ Ry Y P(a),

Yiez,

rue Ylnl** = U1U2Tdiag(k:’)1/2, rae U; — ny X ¢ Marpuiia, CToJI0IbI
KOTOpOWl — HOPMHPOBAHHBIC Ha €IUHHUILY COOCTBCHHBIE BEKTOpA MaT-
purpl R, COOTBETCTBYIOLIME ¢ €€ HAUOONBIIMM COOCTBEHHBIM YHC-
J1aM, yIOpsI0YEHHBIM 110 YObIBaHUIO, a Uy — ¢ X ¢ Marpuiia, CToio-
bl KOTOPOH — HOPMHPOBaHHbIE Ha €IMHHIYYy COOCTBEHHBIC BEKTOPA
marpunsl P(o) = KY/2P(a) K2, rakke ynopsiouenusie 1o yobI-
BaHHUIO COOTBETCTBYIOIIMX MM COOCTBEHHBIX YHCE.
B uTore (9) npeBpataercs B:
q

(12) Co(T) > max D lea(les] ™ (am)) — am[cs] ™ (am)+
T =1

+ an 1T R1, — trYoRooYoP(a) — 2trYy Ro1 Y7 P(a)—

_ t?”}/lnl**Rll}/lnl**P(a)].

Takum o0pa3om, BeipaxkeHue (12) naeT HUKHIOK OIEHKY 3arpar
CeTH Ui M3BECTHOM JMHEapHu3aluy (BEKTOpa (v HAKJIOHOB Kacareib-
HBIX).

Jlnst ymydireHust KadecTBa JIMHEAPU3alUN UCITONIB3YEeTCs UTepa-
LIMOHHBIN TPOIIECC, KOTOPBIA HAYMHAETCS C (v, = 1,m € M, U Bek-
TOp JIMHEApHU3aluu U3MEHSIeTCs 1o (popmyre:

(13) ol =l + @(C’Z(:ﬁ(m)) — o),

I7Ie i — HoMep mmara, a x'(1m) — 3To olleHka 0GbeMa OTOKa Yepes3
BEPILIUHY 771, COOTBETCTBYIOIIAsl PEIICHUIO, IMONyYCHHOMY Ha i-M
mare. OHa BBIYUCIIACTCS IO GOpMyIIe

T
z'(m) = ap 1] R1,—tr[(Yo" RooYo+2Y] Rt Y™ +Y,"*)" Ry ") P, P,

rne P, — q x dr,(m)-marpuia, s1eMeHT KoTopoit (FPp,)m/; paBeH
€IMHULIE €CJIM JONOJHUTENbHAs BepinHa m’ € M mocTikuMma yepes
1-0€ pedpo, UHITUICHTHOE BEPIIUHE M.
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4. lNMpumep npuknadHbix 3aday

OpHYM U3 IPUMEPOB MPUMEHEHHS 3TOr0 METO/A SBISIETCS aHa-
U3 Ou3Hec-mporeccoB. Bo Bpemsi OM3Hec-aHaNM3a MPOUCXOINT Jie-
MOMITO3UIIMS (YHKIUI TPEANPHUITHS, HauWHAs C CaMOro OOIIero
OIHCaHM MPOLECCOB BHYTPU KOMITAHWUHU U JIO0 DJIEMEHTAPHBIX (PyHK-
uuii. Takum 00pa3oM HoiydaeTcsi uepapxusi, B KOTOPOH BEpIIMHA CO-
JEpXKHUT ArarpamMmmy Mporecca co CBA3IMHU B QyHKIUAME. B mouepHux
BEpILUHAX COJCPKATCS JUAarpaMMbl IEKOMIIO3UPOBAHHBIX (DYHKIUH.

Jna 3amay OnsHec-aHamM3a BakHA TMPABUIIbHAS JAEKOMITO3UIIHSA
ATUX (YHKIUH, a IMEHHO YMEHBIIICHUE KOJIUYECTBA CBS3CH MEXIY
auarpaMMaMi. OTO TIO3BOJISIET 00ECHeYnTh OTOOpaXeHHE Ha OIHOW
JIuarpaMMe HanOolee TECHO CBSI3aHHBIX MEeXIy co0oi GyHKIui. Mu-
HUMU3AIMs 00IIETo Yncia CBSI3e MeXy ArarpaMMaMH B YCIOBHUSX
(hbMKCHPOBAHHOTO IIA0JIOHA ACKOMIIO3HMIMK (PYHKIHN (HampuMep, 10
7 QyHKIMI HA OHOW JMarpaMMme) CBOIUTCS K MUHHMHU3ALUHU a1~
THBHON (DYHKIMU [UIsl JTHHEWHOW (YHKIHMU 3aTpar Co(-) M MaTPHIBI
R, 3amaroniedl CBS3M MEXIY DIIEMCHTAPHBIMU (DYHKIIUSMH, COOTBET-
CTBYIOIIIUMHU OCHOBHBIM BEpITUHAM (CM. pHC. 2).

Puc. 2. Jlexomnosuyus 6uznec-npoyeccog
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s noucka >pQPEeKTHBHON JNEKOMITO3UIMH (YHKIIUHA MOXKET
OBITH MCIIOJIB30BAaH OMMCAHHBIA BBIIIE allTOPUTM.

5. 3aknoyeHue

Takum oOpa3oM, MBI TOJYYWUIM HIDKHHE OIICHKH 3arpat
CBSI3BIBAIOILETO JIepeBa ISl JIMHEHHON M BBIMYKJION (QyHKIUM 3aTpar
U OCHOBAaHHBIM Ha HUX AlTOPUTM BETBEH M TIpaHUI] TOUCKAa ONTH-
MaJIbHOTO PACIPEAEICHUSI OCHOBHBIX BEPIIUH IO JOINOIHUTEIbHBIM B
YCIOBUAX (PUKCUPOBAHHON TOIIOJIOTHH JAOTIOJIHUTENBHBIX BEPILIMH CETH
U BEKTOpa k «EMKOCTE» JOMOJIHUTEIbHBIX BEPIIHH.

B noxiaze MBI pacCKa)keM O pe3ylbTaraX YHUCIEHHOTO MO-
nenupoBaHus 3()(HEKTUBHOCTH ONKMCAHHOTO BBIIIEC AITOPUTMa BETBEH
U TPaHULL.

IlepciekTHBBI HMCCIEOOBAaHUI CBS3aHBl C MOBBILICHUEM 3(-
(PeKTUBHOCTH aNTOPUTMA BETBEW M TPAHMII, ITOBBIIICHHEM KadecTBa
HIDKHUX OLCHOK, a TaKXke pa3pabOTKOM ajIroputMa ONTUMM3ALUH
TOIOJIOTMH JIOTIOJIHUTEIIbHBIX BEPIIUH.
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BRANCH AND BOUND ALGORITHM FOR OPTIMAL
COMMUNICATION NETWORK CONSTRUCTION

Vasily Ginz, Moscow Institute of Physics and Technology, Moscow,
engineer (vasikos@yandex.ru).

Mikhail Goubko, Institute of Control Sciences of RAS, Moscow,
Cand. Sci., (mgoubko@mail.ru)

Abstract: We consider a recently suggested model of communication
network optimization. A communication network connects a fixed
collection of basic nodes through an arbitrary number of auxiliary
nodes, which manage information flows between basic nodes. We
contribute to the case of the, so called, additive cost function, when
the cost of an auxiliary node in a network depends on the node
degree and the total volume of information flowing throw this node.
For the fixed tree-shaped topology of auxiliary nodes we suggest a
branch-and-bound algorithm to find an optimal attachment of basic
nodes to auxiliary ones. The algorithm uses a special lower-bound
estimate of network cost, which is based on the continuous relaxation,
linearization of cost function, and some results of the algebraic graph
theory.

Keywords: structure optimization, communication network, lower-
bound estimate, branch-and-bound algorithm.
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