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WTEPALMOHHBbIA METO[, PELLEHUA CUCTEM
MATPUYHbIX YPABHEHUN

3103una H.JO.!

(Apzamacckuit nonumexnuueckuit uncmumym, Apzamac)
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(Canxm-Ilemepbypeckuti 20cyoapcmeenHblil YHU8epcumen
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B oOannoti cmamve npoanaruszupoeaHo umepayuoHHoe peuieHue
cucmem mampuunvlx ypasuenuu Cunveecmpa. Paspaboman u
Peanu306an peKypCUGHulll - AlI2OPUMM PEUeHUs. CUCTEM MAMpPUYHbBIX
YPAGHeHUII.

KiroueBsie crioBa: MaTpuyHble ypaBHeHHs CHIIBBECTpa, WTe-
PaLMOHHBIE METO/Ibl, PEKYPCUBHBII aIrOPUTM PEIICHUSL.

1. BeedeHue

Teopust MaTPHIl ¥ MATPHYHBIE YPABHEHUS JABHO BOILIN B YHCIIO
OCHOBHBIX MHCTPYMEHTOB, MCIOJIB3YEMBIX PA3JIMYHBIMH MaTeMaTH-
YEeCKMMH JIMCUMIUIMHAMH. B TO K€ BpeMs OHHM CaMd SBISFOTCS
IUTOJIOTBOPHON 00JaCThIO HCCICIOBaHMNA. MaTpudHbIe ypaBHCHHUS
HEOOXOMMMBI TPAKTHYCCKH B JIIOOOW 00JAaCTH MaTeMaTHKU —
nuddepeHIatbHble YPaBHEHHUs, TEOPH BEPOATHOCTH M CTATHCTHKA,
TEOpHsl ONTHMH3AIMK — M MPAKTHYECKH BO BCEX €€ MPUIOKEHHSIX
—  NPUIOKEHHSA K TEOPETHYECKON u HPHUKJIaHOM
SKOHOMHKE, HHKEHEPHBIM JUCIMILUIMHAM MM UCCIIEI0BAHMIO Olle-
parmii [1].
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Jlo HemaBHETO BpeMeHH HeoOxomuMass HH(DOPMAITUS TI0 TIpUMe-
HEHHIO U PEIIEHUIO MAaTPUYHBIX YPaBHCHHMH MOSABIATIACH PEIKO WIH
He nosBisuIack BooOme. ITo Mepe Toro kak poc MHTEpEC K IMPUKIA-
HOW MaTeMaTHKE U TEOPUU MATpHll, ITUM TeMaM IIOCBSINAJIOCh BCE
Oomplie JMTEpaTypbl M MaTpUYHBIC YPaBHEHUS HAXOOWIHM CBOE
INPUMEHEHUS] BO MHOTUX OOJIACTSIX MaTEMaTUKU.

CymectByeT 00IbLIOE YHUCIO UTEPALMOHHBIX METOAOB AT pe-
IICHUS] MAaTPUYHBIX YpaBHEHUH, HampuMep, TaKHe KaK METOJbI
Slkobu u I'aycca-3etinens.

B manHO# paboTe pacCMOTpeH HWTEPalMOHHBIN METOJ pelleHHS
CHCTEM MaTpU4HbIX ypaBHeHUH CuibBecTpa, KOTOpPbIE IPUMEHSIOT-
Csl BO MHOTHX CHCTEMax YIpPaBJCHUS, a TAaKKe B aHAJU3€ YCTONUU-
BOCTH. MeToll peaqn3oBaH B CHUCTEME KOMIIBIOTEPHOH MaTeMaTHKH
MATLAB.

2. MmepayuoHHbIe MeEMOObLI peweHuUs1 cucmem
MampuyYHbIX ypaeHeHul

PaccmoTpuM sMHEHOE ypaBHEHUE BH/IA:
(1) Ax=b, AeR™, beR",
rae A=|aj| — 3TO TMOTHOpaHroBas MaTpPHIA C HEHYJIEBBIMH JHAro-
HaJILHBIMH 3JIeMEHTaMK M X€R" — HEU3BECTHBIN BEKTOD.

[Mycts GyeR™ — marpuIia, KOTOPYIO HEOOXOAUMO ONIPEENHUTh,
U nycth £>0— [UIMHA 1Iara Wik MHOKHUTEIb CXOJUMOCTH. bosbiioe
CeMEICTBO UTEPAIIMOHHBIX METOJI0B MOXKHO MPEJICTaBUTh CIIEIYIO-
mum obpasom [2]:

(2)  x(k)=x(k-1)+ G [b—Ax(k-1)] k=123,....

Teopema 1. JIias WTepallioHHOTO airoputMa (2), Mpemnoso-
*®um, uto cuctema (1) umeer eauncTBeHHOE penienue. Toraa urepa-
ronnoe perreHne X(K) B BbIpaxkeHuu (2) CXOAUTCS K TOYHOMY
pemenuto X (T.e. )I(im X(K) = X) npu J1r00BIX HAaYaJIbHBIX 3HAYCHHUSIX

—>00

X(0), ecim cymectByet ¢>0, He3aBucsuiee oT K, Takoe, YTO BBIIOJ-
HseTcs ycinoBue [2]:
(3) wu(GAT(GA) +4 <(G,A" +(G,A) mus Beex K.
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Ecim matpuna (G A) +(GiA) MOTOKUTEIBHO OMpeaeiIeHa, TO
MHOXKHTEIb CXOIUMOCTH MOKHO TOJYYHTh M3 CIIEAYIOIIET0 COOT-
Homrenus [2]:
_ Znn|GAT + (G R)

Zrex (G AT (G A

e Amax(Amax) — MakcuManbHOe (MHHHMAJIbHOE) COOCTBEHHOE 3Ha-
YeHHe.

Cnencreue. Ecim G=A', Torna rpapeHTHbIH HTEPALHOHHBIIT
anroput™ [2]:
@) x(k)=x(k =) + zA"[b— Ax(k -1)] k=1,2,3,...,

0< Iu1s Beex K,

0<,u<#wzu0<,u<i2,
Anax [AA] Al

npuBOAUT K TOMY, 9rto lim x(K) = X. 3nech ||X||2 = tr[XX T ]
X—>00

ITpUMeHMM HepapXUUYecKuil IPUHIUN UAeHTH(DUKALMU I pe-
IIEHUs CUCTEMbI MATPHYHBIX ypaBHeHui CUIbBeCTpa:
(5) {AX +YB=C,

DX +YE=F.

rie A, DeR™", B, EeR™ u C, FeR™" 3anmanHble TOCTOSHHBIC
matpunpl; X, YeR™" — HensBecTHBIE MAaTPHULIBL.

BaezieM 0603HaueHue: 11 AByX Matpu X u Y pasmepa MXN:

X =[x, X510 X, € R™T,

col[X]=]x %,...%,] »

col[X,Y]= {i‘;’l[[ﬁﬂ cRZ™ -

Jlemma. Cuctema (5) UMeeT eJMHCTBEHHOE pereHue [2]:
(6) col[X,Y]=S;ollC,F],
TOT/Ia ¥ TOJIBKO TOT/1a, KOT/Ia MaTpuLa

S, ::|:In ®A B-_lr_ ® Im:| c R(Zmn)x(Zmn)

I.®D E'®I,

ABJISIETCS. HEBBIPOXKACHHOM M COOTBETCTBYIOLIEE OJHOPOJHOE Mart-
puynoe ypaBHenue (AX+YB=0, DX+YE=0) umeer emuHCTBEHHOE
pemrenue: X=Y=0.

CornacHo HepapxuyecKoMy MPUHLMITYY HASHTH(UKALUH, CHC-
Tema (5) pa3buBaeTcs Ha JIBE MOJCUCTEMBI U 3aTE€M, OCHOBBIBAsACH Ha
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NPUHIIMIIE TIOWCKA TPAJUCHTA, OMPENENISIOTCS MapamMeTpbl KaxJIou
moJcucTeMsI [2].
Ompenenum 2 MaTPHIIBL:
0wl
8) b,:=[C-AX, F-DX].
3atem u3 (5) moiydyaeM JBE MOJACUCTEMBI:

A
s Ao

S,: Y[B, E]=b,.

[Tycte X(K) 1 Y(K) — mpubamkeHHbIe WM UTEPAIIMOHHBIC pellie-
Hust X 1 Y, cBsA3aHHBIE ¢ TIOJCHCTEMaMu S; U S;. Mcmonb3ys mpuH-
[WIT TIOMCKA TPaJHUCHTa, NPUXOJUM K CICAYIOIIUM PEKYpPCHBHBIM
ypaBHEHHsM [2]:

©) x()= x(k_1)+,{ﬂ {bl _mx(k _1)},

(10) Y(k)=Y(k-1)+ pufb, -Y(k-2)B, E]fB, EJ.

3neck 1>0— 3TO0 BenMUMHA Iara UTEpalUd WIM MHOXHTEIb
CXOIMMOCTH, KOTOpPBIH onpexensercss Huxe. [loacrasnss (7) B (9) u
(8) B (10) mosyuum [2]:

(11) X()=xk ’”“‘[SHE :ing}x(k 71)}:
_ X(k71)+ﬂ[AT[C—YB—AX(k—1)}

D||F-YE-DX(k-1)
(12)Y(k): Y(k-1)+ u{lc - AX, F-DX]-Y(k-1)B, EJ[B, E] =
=Y(k-1)+u[C-AX -Y(k-1)B, F-DX -Y(k-2E]B, ET.

[Tockonpky BhIpaskeHue B mpaBoit yactu (11) u (12) comepxur
HEM3BECTHBIE MaTpulbl-napaMeTpsl X U Y, HEBO3MOXXHO HCIOJb30-
BaTh anroput™ B (11) u (12). CornacHo uepapxudeckomMy HpUHLIUITY
uneHTuukanuy, HeusBecTHole nepemennble X B (11) mw Y B (12)
3amensitoTes ux oneHkamu X(K-1) u Y(k-1) B moment (k-1). Orcrona
noiyyaeM urepaunonssie pemenns X(k) n X(K) mis cucremsr ypas-
Henuit CuibBectpa (5) [2]:

(13) x )= x _1)+/{AT {c ~AX(k-1)-Y(k 71)5}

D| |F-DX(k-1)-Y(k-1)E
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(14) Yy()=Y(k-1)+
+ulC-AX(k-1)-Y(k-1)B, F-DXx(k-1)-Y(k-1E][B, EJ.

MHOXHTEb CXOAUMOCTH MOKET OBITh BHIOpaH U3 ycioBust [2]:
(15) O<u< 2 .

“ AP 18I + [T + e

YrtoObl mHMIManu3upoBath anroput™, npumem X(0)=Y(0)=0
WM BelleCTBeHHYI0 Matpuiy, Hampumep, X(0)=Y(0)=10°1,,,, rae
1nxn — MaTpUIIa MXN, SIEMEHTHI KOTOPOW pPaBHbI SANHHMIIE.

Teopema 2. Ecnu cuctema ypaBHennii CunbBectpa (5) umeer
eMHCTBeHHOE pereHne X U Y, TO st TF0ObIX HadyallbHBIX 3HAYCHUIT
urepanuonnsie pemenus X(K) u Y(K) monyuaembie ¢ MOMOIIbEO

anroput™a (13)—(14), cxoasrcs k pemrenusm X u Y [2]:
lim X (k)= X, l!imY(k):Y.

k—0

st TOro 4ToOBI YIYUIIUTH CXOJIUMOCTh, OOBIYHO BBIOMPAOT
0O0JIBIION MHOXHTENb CXOJUMOCTH f/, KOTOPBII TPHBOIUT K BBICO-
koii ckopoctu cxomumoctd X(K) k X, Y(K) k Y; HO Takoe GoJbiioe 4
MOXKET HapylIaTh yCJOBUE 3TOH TeopeMbl. OOBIYHO CYIIECTBYET
HEKOTOpOEe JydIllee f TaKOe, YTO JOCTUTAETCS BBICOKAs CKOPOCTH
CXOJIMMOCTH.

3. MpozpammHas peanusayusi

Jns peuieHusi cucTeMbl MaTpUUHBIX ypaBHeHHH CuilbBecTpa
ObUT pa3paboTaH alTOPUTM, OCHOBAHHBIM Ha PEKYPCHBHBIX (OpPMY-
nax (13)-(14).

OcHoBHast ujies alropuT™Ma COCTOUT B TOM, YTOOBI paccMaTpu-
BaTh HeusBecTHbie Matpullbl X(K-1) u Y(k-1) kak mapamerpsl cucTe-
Mbl, 1 nodyuuth utepaiponnsie pemerus X(K), Y(k), mpumenss
HepapXUUYCSCKUHN MPUHIMI UAeHTUUKAIKK. [ HAarISqHOW JAEMOH-
CTpaIlii CXOJAMMOCTH JITOPUTMa HEOOXOJMMO MOCTPOUTH rpaduk
OTHOCHTEIIbHOM HTEePaMOHHON OomMOKH AK) Npu pa3HbIX 3HAYCHH-
X TIapaMeTpa L.

PaccMmoTpuM npuMep, WUTIOCTPUPYIOMIKE paboTy OIMHCaHHOTO
anroputma. IIpenmnonoxum, 4ro CHUCTEMa MAaTPUYHBIX YpaBHEHMI
CunbBecTpa Ipe/icTaBlieHa B CIICAYIOIIEM BH/IE:
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AX+YB=C U DX+YE=F,
rae

A{ 2,00 1.00} B:[l.OO -o.zo] c :{13.20 10.60]
-1.00 2.00 0.20 1.00 0.60 8.40
D:[—Z.OO 70.50] E:[—I.OO —3.00} F :{—9.50 —18.00}
050  2.00 200 -4.00 1600 350
Torma equHCTBEHHBIME pereHusIMA X U Y u3 (6) SABISIOTCS:
X {xu xﬂzr.oo 3.00] Y{y“ ylz}:{ 2.00 1.00]
X1 X5 | |3.00 4.00 Va1 Y2 | |—-200 3.00

B kadecTBe HAYAIBHBIX 3HAYEHUN BO3EMEM X(O)=Y(O)=1O'612X2,
0<u<2/| A" +[8|" +[of" +[E] |-213847-

PesynbTarhl pabOThl MPOrpaMMbl, a WMEHHO HTEPAIHOHHBIC
perrenust X(K) u Y(k) mokaszansl B Tabnuiax 1, 2, a xapaktep u3me-
HEHUS OTHOCUTEIFHOW UTEPAIMOHHOW OMIHUOKHN O, PACCYNTAHHOU TIO
bopmyne

5 Jx(m—xzw(k)—vz

[ v

Y TIpeJICTaBIieH Ha pucyHKe | u B Tabnmie 3.

Tabnuya 1. Hmepayuonnvie peuwrenus X(K)

K X11 X12 X21 X22

1 29333 | 2.8083 | 2.8417 | 24111

36 3.9921 | 2.9622 | 3.0046 | 3.9821

308 4.0000 | 3.0000 | 3.0000 | 4.0000

Tabnuya 2. Hmepayuonnvie peurenust Y (K)

K Y11 Y12 Y21 Y22

1 41433 | 3.6800 | -1.5322 | 1.4733

36 2.0015 | 1.0019 | -2.0025 | 2.9997

308 2.0000 | 1.0000 | -2.0000 | 3.0000
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Tabnuya 3. Umepayuonnas ouwubka 6

k 4=1/101.16 | 1=1/38.47 1=1/30 1=1/20
1 0.8840 0.7154 0.6521 0.5604
36 0.5742 0.5723 0.5719 0.5715
308 0.5714 0 0 0

W3 tabnuupl 3 BUIHO, YTO MPU YBEIHYEHUH K OIIMOKa yMEHb-
maercs u mpuommkaercs K 0. OTo mokaspiBaeT 3(PQPEKTUBHOCTH
aJIrOpUTMa.

D deKT n3MeHEeHHsT MHOXKUTENS CXOIUMOCTH £/ TIOKa3aH Ha PH-
cynke 1. YMeHbIIEHHE MHOXKHTENS CXOJUMOCTH f/ TIPUBOJHUT K
YBEIMYEHHIO CKOPOCTH CXOAMMOCTH aITOpUTMa, HO TIPH 3TOM BO3-
pactaer urepannoHHas ommOka (Tabn.3). Ecmm yBemuumrth 4 1O
1/20, TO wabmOmaeTCs HEYCTOWYWBAs CXOJMMOCTh aJIrOPUTMA
(puc.1). Taxum obpazom, OBLT OMPEAETEHO ONTUMAIEHOE 3HAUCHHE
MHOXHUTENS cxomaumoctu =1/38.47, mnpu KOTOPOM JIOCTHUTacTCs
MaKCcHUMaJlbHasi CKOPOCTh CXOJIMMOCTH aITOPUTMA.

m=1./101.16

.66
0.64
0.62
0.6 k--

068 |-~

0.56

Puc. 1. I'papuk usmenenus ommocumenbHou umepayuoHHoUu ouuoKuy
0 07151 cucmemul mampuunvix ypasuenuti Cunbeecmpa.
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4. 3aknroyeHue

B pesynbrare BeIOJHEHUS JaHHOW paOOThI OBLIM PEIIEHBI Clle-
JQYIOLINE 3a0a4H:
® [IPOaHAJM3UPOBAaH BBIBOA PEKYPPEHTHBIX COOTHOILUCHHUH IS

peLIeHNs MAaTPUYHBIX YPaBHEHU;
®  HCClleAyeMble aNrOpUTMbI ObUIM PEaTn30BaHbI B CHCTEME IIPO-

rpammupoBaanst MATLAB,;
"  IPOWLTIOCTPHPOBaHa 3G(HEKTUBHOCTH AITOPUTMA Ha TIPUMEDPE.

OCHOBHBIM JJOCTOMHCTBOM PAaCCMOTPEHHBIX aJIOPUTMOB SIBIISI-
€TCs UCIIOJIb30BaHUE MEHBIIEro KOJIMYEeCTBA MaMSTH, YeM CYIIECT-
BYIOIIE UHUCICHHbIE METOIbl. A HX peanu3anuss B CHCTEME
MATLAB mo3Bonmia 3HaYUTENFHO YHOPOCTHTb U COKPATUTH KOJ
IPOrPaMMBI.

NrepauuoHHblii METOA, MPEAJIOKEHHBIA JUIsI PELICHUSI CUCTEM
MaTPUYHBIX yPaBHEHUH, MOXET OBITh pAaCIIUpPEH Ui PEIIeHHS
JpyruxX JUHEWHBIX WIN HENWHEHHBIX MAaTPUYHBIX ypaBHEHUH, Ha-
npumep, ypaBHeHUs1 PUKKaTH.
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ITERATIVE METHODS FOR SOLVING MATRIX
EQUATIONS SYSTEMS
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Abstract: This article analyzed the iterative solution of systems of
matrix equations Sylvester. Developed and implemented a recursive
algorithm for solving systems of matrix equations.

Keywords: Sylvester matrix equations, iterative Methods,
recursive algorithm for solving.
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