Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Mathematical and Computer Modelling 49 (2009) 2061-2072

=
Contents lists available at ScienceDirect  MATHEMATICAL
MobELTING
Mathematical and Computer Modelling
journal homepage: www.elsevier.com/locate/mcm o

Algorithms for special cases of the single machine total tardiness
problem and an application to the even-odd partition problem
Alexander A. Lazarev?, Frank Werner"*
2 [nstitute of Control Sciences of the Russian Academy of Sciences, Profsoyuznaya street 65, 117997 Moscow, Russia
b Fakultdt fiir Mathematik, Otto-von-Guericke-Universitit Magdeburg, PSF 4120, 39016 Magdeburg, Germany
ARTICLE INFO ABSTRACT
ATfiCl_e history: The scheduling problem of minimizing total tardiness on a single machine is known to be
Received 7 September 2008 NP-hard in the ordinary sense. In this paper, we consider the special case of the problem
Received in revised form 9 October 2008 when the processing times p; and the due dates d; of the jobs j, j € N = {1,2,...,n},
Accepted 5 January 2009 are oppositely ordered: py > p, > --- > pyandd; < dy < --- < dp. Itis

- shown that already this special case is NP-hard in the ordinary sense, too. The set of
Is(é?ﬁ‘évcﬁ:ﬁ; jobs N is partitioned into k, 1 < k < n, subsets M1, Ma, ..., My, M, [ M, = ¥ for
Single mafhine v # pu,N =M UMMy, such that max;jeu, |di — dj| < minjey, p; for each
Total tardiness v = 1,2,...,k We propose algorithms which solve the problem: in O(kn Y _ p;) time if
Even-odd partition 1 < k < n;in O(n?) time if k = n; and in O(n?) time if max;jcy |d; — d;| < 1. The
NP-hardness polynomial algorithms do neither require the conditions p; > p, > --- > p, mentioned

above nor integer processing times to construct an optimal schedule. Finally, we apply the
idea of the presented algorithm for the case k = 1 to the even-odd partition problem.
© 20009 Elsevier Ltd. All rights reserved.

1. Introduction

In the paper, we consider the problem of minimizing total tardiness for a set N = {1, 2, ..., n} of n independent jobs
on a single machine. Processing of the jobs may start no earlier than time t, € R when all jobs are assumed to be available.
The machine can process at most one job at any time, and preemptions of the processing of a job are forbidden. For any
jobj € N, a processing time p; € Z* and a due date d; € R are given. A schedule 7 is defined as a permutation of the

set of jobs N. Let Cj(;r) be the completion time of job j in schedule 7. This means that, for example, if 7 = (j1,j2, ..., Jn),
then G, (r) = tp + Zf:] pi, k = 1,2,...,n. The total tardiness problem requires the construction of a schedule 7* that
minimizes

F(r) = ZTj(n) = Zmax{o, G(m) —dj},
j=1 j=1

where Tj(7) denotes the tardiness of job j in schedule 7.

It has been proved that this single machine problem is NP-hard in the ordinary sense by means of a polynomial reduction
from the NP-complete even-odd partition problem to special cases of the total tardiness problem (see [1-3]). The total
tardiness problem has been studied by Emmons [4] who proposed the following rule: if for two jobs i, j € N, we have p; < p;
and d; < d;, then there exists an optimal schedule, where job i is processed before job j. Lawler [5] proved a decomposition
theorem and proposed a pseudo-polynomial time algorithm that constructs an optimal schedule in O(n* }_ p;) time. This
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algorithm was also used as a base for developing a fully polynomial approximation scheme with complexity O(n’ /¢) [6].
The decomposition property of the total tardiness problem gives an idea to generate rules which reduce the complexity of
the decomposition algorithm. Some decomposition rules have been introduced in [7-10]. Szwarc et al. [10-13] have given
algorithms based on the known decomposition rules and bounds for the optimal tardiness value. This algorithm has solved
test instances with up ton = 500 jobs. As far as heuristic algorithms are concerned, Brucker et al. [ 14] presented an iterated
local search algorithm for the total tardiness problem which they tested on problems with up to 1000 jobs. Several other
heuristic algorithms have been given even for more general problems including e.g. job weights [ 15] or sequence-dependent
setup times [16]. For a more extensive literature survey, we refer the reader to [3,17,18].

After introducing some basic concepts in Section 2, we discuss decomposition properties of the problem in Section 3.
Section 4 is the main section and devoted to algorithms for all subcases of oppositely ordered processing times and due
dates,i.e.p; > p; > --- > ppandd; < d, < --- < d,. In Section 5, we present a new polynomially solvable case of the
problem when max; jeny |d; — d;j| < 1. Finally, in Section 6 we use the idea of algorithm B-1 presented in Section 4 for the
solution of the NP-complete even-odd partition problem.

The even-odd partition (EOP) problem is as follows: Given a set of 2n positive integers B = {bq, by, ..., ban}, b; > biyq,
i=1,2,...,2n — 1.Is there a partition of B into two subsets B; and B, such that } , .z bi = >, 5, bi and such that for
eachi, i=1,2,...,n,subset By (and hence, B, too) contains exactly one number of {b,;_1, by;}?

The time complexity of the canonical algorithm presented in this paper for the solution of the classical even-odd partition
problem is O(né), where § = % Z?:l(bZi_1 — by;). This complexity does not exceed the complexity of known algorithms
particularly developed for the solution of the even-odd partition problem. Moreover, the property underlying the canonical
algorithm and developed for a schedule of the total tardiness problem has a general character and can be applied to many
other combinatorial problems, too.

2. Preliminaries and notations

We denote by I = ({pj, diljen, to) an instance with the set of jobs N, the processing times p;, the due dates d;, and a given
starting time t, of the machine. We denote the initial instance I by the pair {N, t}.

Furthermore, we introduce a parametric instance as follows. Let d;(t) = d; — d, + t — to be the parameterized due date
for job j € N. Without loss of generality, we assume d; < d, < --- < dp, so thatd;(t) < --- < d,(t) holds for any real t.
For the set N, = {k, k+ 1, ..., n} of jobs which is given foreachk = n,n— 1, ..., 1, the parametric instance is denoted by
I (t) = ({pj, d;j(t) }jen, 0). Let ;' (t) and F; (t) be an optimal schedule and the optimal value of the total tardiness function
for the instance I(t). Let {rr} denote the set of jobs processed in the schedule 7. In the following, we use the notation
m = (1, j, M), where w1 and 7, are subschedules of 7 such that 71 and 7, contain the preceding and succeeding jobs of j
and the sequence of jobs in both subschedules is the same as in 7. As a generalization, we may also use two particular jobs
to describe a sequence in the form = = (74, i, 712, j, 7r3). If the processing of a job i precedes the processing of a job j in a
schedule 7, which implies G;(7r) < C;(;r), the notation (i — j) is used. In a more general form, the notation (i — j — k),
is used to describe precedence relations between three jobs in the schedule 7.

An instance can be modified by changing the due dates. Let us consider the two instances I = ({pj, di}jen. to> and

I = ({p]’-, di}jen. t{,). These instances are called equivalent if any optimal schedule for I is also optimal for I’ and vice versa.
Hence, the sets of optimal schedules for both instances are equal. One can show that, ifp]’. =pj, d]’» =dj+7,jeN,ty=to+T,
where 7 is an arbitrary real constant, then I and I’ are equivalent. This follows from

Tj(r) =max{0,to+ > Pi+pj_dj}

i:(i—))x

= max{O,t0+r+ Z pi+pj—(dj+r)}
i:(i—>j)x

for each schedule 7 and each job j € N. This means that the starting time of each instance can be assumed to be t; = 0.
Moreover, if p} = apj, d]( = ad;, and t; = aty for an arbitrary constant & > 0, the instances I and I are also equivalent.

Without loss of generality, we assume that the due dates belong to the interval [tg, to + 2}7:1 p;] due to the following
reasons. For any given instance I, let us construct an instance I’, where p]’. = Dj d]’. = min{max({to, d;}, to + Z?:l pi} and
ty = to. If we have d; > to + 2?21 p; for job j, then de = tp + ZL pi, and job j is early in each schedule. Hence, j can
be processed on the last position in all optimal schedules for both instances I and I'. If d; < t,, then job j is tardy in each
schedule 7z, which implies d; < Gj(;r) so that d]’. = max{ty, d;} = to. In this case, according to [5], any optimal schedule for
I’ is also an optimal one for I.

3. Decomposition property

A decomposition property of the problem has been studied by Lawler [5]. Assume that the set N of jobs is ordered such
thatd;, < d < .-+ < d, ifdj = dj;q, then p; < pj;q. Let j* denote the job with the largest processing time in N,
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ie. j* = argmaxjen{d; : pj = maxien p;}, and let Sy = to + Z]kzl pj, k = 1,2,..., n. Lawler has proved that there exists
an optimal schedule 7 *, where for some position k > j* in the schedule, we have: (j — j*),+ holds for allj < k,j # j*,
and (j* — j),+ holds for all j > k. Lawler has also proposed a decomposition-based algorithm. We illustrate the idea of this
algorithm in terms of the initial instance I = {N, ty}. For each k > j*, the algorithm constructs an optimal schedule in which
set N' = {1, ..., k}\ {j*} of jobs is scheduled before j*, and set N = {k + 1, ..., n} is scheduled after j*. Jobs of N’ are to
be scheduled optimally with the starting time t' = tg, and the jobs of N” with the starting time t” = S. This means that
instance I is decomposed into two subinstances I’ = {N’, t’} and I” = {N”, t”}. The best of the constructed schedules for
each k > j* is an optimal schedule for the initial instance.

This approach determines an optimal schedule in O(n* > p;) time. Later, some decomposition rules have been proposed
which allow one to reduce the number of positions k on which j* is sequenced. These rules have been introduced by Potts
and van Wassenhove [7], Lazarev [8], Chang et al. [9], and Szwarc [10].

For an instance {N, t}, let us define the set L(N, t) of all positions k > j* such that:

- dj+p; < Scholds forallj* + 1 <j < k;
- Sk < dg41,

where additionally d,,, := +oo0 is defined. Then the following theorem holds.

Decomposition Theorem ([5,7,10]). There exists an optimal schedule 7 *, where for some k € L(N, t), (j — j*).= holds for all
jobsje {1,2,...,k}\ {j*} and (j* — j).+ holds for all jobsj € {k+1,...,n}.

The decomposition property of the problem suggests the following recursive procedure Sequence(N’,t’) which
constructs an optimal schedule for the set N’ C N of jobs starting at time t’ > t,. To simplify notation, we present the
formal description of the procedure in terms of the initial instance {N, ty}.

Sequence (N, t)
1: LetN = {j],jz, . ,jn};
2: if N = () then
3:  m*:=empty schedule;
4: else
Find job j* in N and the set L = L(N, t);
forallk € Ldo
N = (i, ....0d\ U} t:=t:N":={jks1, ... Jn), 7=
i, = (Sequence (N', t"), j*, Sequence (N”,t"));
end for
10:  m*:=arg minge {F (1)},
11: end if
12: return 7%,
Decomposition Algorithm: 7* := Sequence (N, t;).

This decomposition algorithm can be improved by more recent decomposition rules (see Chang et al. [9]) and bounds for

the optimal value (see Szwarc et al. [ 12,13]). However, the decomposition algorithm in the above formulation is sufficient for

the following investigations. We note that algorithms (analogue to the above decomposition algorithm) with a complexity
n— . . . . . .
of 0(n2 7 ~1) operations using additional rules by Chang et al. for canonical instances have been given (see e.g. Gafarov

and Lazarev [2,3]). Among the canonical instances, there is a class of subinstances, denoted by B-F (when in all n! schedules
exactly k jobs are tardy) for which an algorithm with the complexity O(n?) has been constructed [3,19].

©O© 00 N o U

4. Algorithms for oppositely ordered processing times and due dates
Let us assume that the processing times and due dates are oppositely ordered:

p1=p2=+ = Dn, 1)
di <dy <--- <dy,.

In Section 6 (where we deal with the even-odd partition problem), we will show that the above special case of the total
tardiness problem is NP-hard in the ordinary sense. Given an arbitrary instance I, let us consider a partition of the set N of
jobs into k subsets M1, My, ..., My such that max;jes, |di — dj| < minjey, pj for eachv = 1,2, ..., k. Obviously, this
partition can be done in polynomial time, namely with O(n) operations. We introduce three algorithms, namely B-1, B-k
and B-n, to solve all subcases of (1) differing in the number k of subsets .M, given by the partition. Algorithm B-1 finds an
optimal schedule for the case k = 1in O(n)_ p;) time, algorithm B-k for 1 < k < nin O(kn)_ p;) time, algorithm B-n
for k = nin O(n?), and algorithm C-1 (presented in Section 5) for the case when dpe — dmin < 1in O(n?) time, t00 (dpin
denotes the minimal and d,;,o, the maximal due date). We note that algorithms B-n and C-1 do neither require the conditions
p1 > p2 > - -+ > p, nor integer processing times to construct an optimal schedule.
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For a partition of set N, we use the following notations. The symbol v is used for indexing the subsets M C N, and y (j)
denotes the index of the subset that contains jobj € N,i.e.j € M, holds by definition. In what follows, we use the notations

o, B, to denote the jobs with the smallest and largest numbers of the subset M,, v = 1,2, ...,k ie. M, = {a,, ..., B}
withe, < --- < B, ora, = B, (i.e. the set M, consists only of one element).
Let us consider the following procedure which partitions the set of jobs N into k subsets M1, Ma, . .., My, My, [ M, = @

forv # p,and N = My [J Mz |- -+ | My, such that max;jey, |di — dj| < minjey, pj foreachv = 1,2,... k. Sucha
partition can be done in several ways, we present the following one:
Partitioning Procedure

Lk:=1oa:=1;

2: forj=2,3,...,ndo

3. ifd; — d,, > p;then

4: ri=j— ik =k+ 1,0 :=];
5: endif

6: end for

7

B =m M, ={oy,a,+1,...,8,L,bv=1,2,... k.
The procedure runs in O(n) time. As an example, if N = {1, 2,3},p; = 10,p, = 10,p3 = 2,dy = 7,d, = 9,d3 = 10,
then the procedure constructs the two subsets M; = {1, 2} and M, = {3}.

4.1. Properties of an optimal schedule

First, we prove two lemmas which establish properties of an optimal schedule provided that conditions (1) hold. The first
lemma determines triples (i, j, k) of jobs such that there exists an optimal schedule 7z* in which job k is processed either
before or after jobs i and j. Then a schedule ;r, which does not have this property, can be eliminated from the search for an
optimal schedule, i.e. F(r) > F(x™).

Lemma 1. Assume that conditions (1) hold. Then there exists an optimal schedule 7w* such that for all triples {i, j, k} with
k < min{i, j} and {i, j} € M,, we have (k — i — j)+ or (i = j — k).

Proof. Suppose that schedule w = (i, i, 710, k, 73, j, 714) is optimal. Without lost of generality, we assume that (i — j),.
Consider the two schedules 7’ = (q, 7o, k, i, 713, j, m4) and 7" = (7q, i, 73, j, 73, k, 74). In the following, we show that
either F(7’) < F(ir) or F(w”) < F(7) holds.

Since k < min{i, j}, it follows that p, > p;, px > p;, di < d;, and di < d;. Let us consider the following three cases (see
Fig. 1).
Case 1: Ci(7r) < di (see Fig. 1a). For schedule 7/, we have C;(7’) = C¢(r) < dy < d; and both jobs i and k are early in both
schedules v and 7. Notice that for each q € {m,}, we have Cy(7") < C;(r). This implies F(nr") < F(x).
Case 2: Cx(r) > dy and C(r) < d; (see Fig. 1b). Hence, job k is tardy in , i.e. we have Ti(;r) > 0. Since |d; — dj| <
min{p;, pj} < prxand Gy(7r) < d;, it follows that Gi(7w) < Ci(7) — px < d; — px < d;. This means that jobiis early in 7, i.e. we
have T;(;r) = 0. Due to C;(") = Ci () and C(7t") = Cr(;r) — p;, we have

F(z") — F(r) < max{0, Ce(7) — di} + max{0, Cy(7w) — pi — di} — (Cu(7w) — die) < 0.

If we have in the above maximum terms Ci(7r) — d; > 0 and Cy(7r) — p; — dx > 0, then G, (1) — p; — d; < 0 such that
inequalities C,(r) < d;and |d; — d;| < p; hold.
Case 3: Cy(;r) > dy and Ci(w) > d; (see Fig. 1c). Hence, jobs k and j are tardy in schedule 7 and job k is tardy in schedule
7. Additionally, we have Tj(z") = max{0, Cy(r) — px + p; — d;}. Therefore, F(x”) — F(;r) < max{0, Cy(7) — px + pj —
d} + G() — di — Ce() + di — G(r) + d; < max{0, Ge(r) — pe + py — dj} — C(m) + dj < 0.

Finally, if F(r') = F(x) or F(r”) = F(m), then either 7’ or 7" is an optimal schedule, too. If F(7') < F(x) or
F(”) < F(ir), then we have a contradiction to the optimality of 7. This means that there is no optimal schedule * such
that (i — k — j),, and each optimal schedule has the property stated in the lemma. This completes the proof. O

From this lemma, the following observation is obtained. ConsiderasetQ = {q, q+1, ..., r}of jobs such thatd, —d; < p,
and k < g. Then there exists an optimal schedule in which job k is processed either before or after all jobs in Q.

Lemma 2. Assume that conditions (1) hold. Then there exists an optimal schedule t* such that for each pair {k, j} with k < j,
we have (k — j)+ or (k+ 1) = k).

Proof. This proofis similar to that of the previous lemma. Suppose that schedule 7 = (74, j, 72, k, w3, k+ 1, m4) is optimal.
Consider the two schedules 7’ = (74, 72, k, j, 73, k+1, m4) and 7”7 = (71, j, 7o, k+ 1, 73, k, 74). In what follows, we show
that either F(z’) < F(r) or F(z”) < F(7r) holds.

According to (1), we have py > pxy+1 > pjand dy < di41 < d;. We consider the following three cases.
Case 1: C,(7) < dy. Hence, both jobs j and k are early in both schedules 7 and 7’. Therefore, we have F(xr’) < F (7).
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Fig. 1. The three cases in the proof of Lemma 1. The symbols d’ and d” denote the values of the due dates such that the corresponding jobs {i, j, k} are early
or tardy in the schedules 7’ (subfigure b) and 7" (subfigure c).

Case 2: Cy(w) > dy and Cy() < di41. Due to dyy1 < dj, we have Cj(7') = Cy(7) < dy41 < d;. Therefore,
F(r') — F(r) < max{0, C() — pj — di} — (Ge(7r) — di) < 0.

Case 3: Ci () > di and Cy(;t) > dyr1. Due to py > pri1, we have Ci(7”) = Cyr1(r) and Gy 1(r”) < Ci(or). Therefore,
F(r") — F() < max{0, Cgt1 (") — diy1} + dies1 — Ge(r) < 0.

Finally, if F(t") = F(;t) or F(t”") = F(sr), then 7t/ or " is an optimal schedule, too. If F(r") < F(;r) or F(r”) < F(ir), then
we have a contradiction to the optimality of 7z. This means that there is no optimal schedule 7 such that j — k — (k=+1)),
and each optimal schedule has the property stated in the lemma. This completes the proof. O

If § > k— (k+ 1)), for some schedule & and jobs k, j with k > j, then schedule 7 can be eliminated from the search
for an optimal schedule.

According to (1), we have d{(t) < dy(t) < --- < d,(t) for the parameterized due dates, where t € R is arbitrary. The
instances I (t) and ({pj, di}jen, t{,) are equivalent if t; = d, — t + t (see Section 2). In particular, I;(t) is equivalent to the
initial instance I if t = d,,. We use these parametric instances in the process of constructing an optimal schedule for the
initial instance.

Let 7r;/ (t) be an optimal schedule for the instance I (t). Suppose that optimal schedules 7/, , (t) have been constructed
for the parametric instance I 1(t) at each point t, and suppose that d, — dy11 < pp, i.e. k = 1. Due to Lemma 1, job k need
to be considered only on two possible positions in an optimal schedule for the instance I (t): before and after all jobs from
Ni11. Therefore, 7t (t) is the best of the two schedules (k, 7, ; (t — px)) and (777 (£), k). To construct the first schedule, we
need to use the schedule 7/, , (t — pi) since, when job k is sequenced on the first position, we increase the starting time of
the jobs of set Ny, 1 by the value py. For the parametric instance, such an increase in the starting times can be described by
a decrease in the parameterized due dates d;(t) for all j € Ny41. Moreover, the calculation of the values F; (t) by comparing
the schedules (k, 7", ;(t — py)) and (77, (t), k) does not require O(n) time, but only O(1) time. Clearly, the total tardiness
values of these schedules are max{0, px — di(t)} + F¢,;(t — px) and F;, ; (t) + max{0, Zfzk p; — di(t)}, respectively. This
discussion illustrates the basic idea of our approach: concerning the partition of N into the subsets M, the schedules 7} (t)
are constructed in the order k = n,n — 1, ..., 1 at each integer point t based on the schedules nj* (t) forj > k. Notice that
my(t) = (n) and F;(t) = max{0, p, — t + to}. Since the initial instance I is equivalent to the instance I;(t) if t = d,, an
optimal schedule for I is given by 7} (d,). This allows us to consider only those instances, where d, is an integer value. If
d, ¢ Z,then we construct and solve the instance I’ = ({pj, d}}jeN, t()), where d]’. =dj—Aty=to—Aand A =d, — |dn].
In this case, I’ is equivalent to I and d, € Z.

Ift < to + minjey pj, then for the parametric instance ({pj, d;(t)}jen. O) we have d;(t) < d,(t) =t —to < p, <pj, j€N.
This means that all jobs are tardy in each schedule and the SPT schedule is optimal for this instance. If t > t; + 2 Z}‘Zl P,
then we have t + Z};l pi=to+2 Z}; pj+d, —djduetod, —d; < ]'.]:1 p;. This implies

n
Y op<di—di+t—to=di(t) <dj(t), jeN.
j=1

Therefore, in each schedule all jobs are early, i.e. all schedules are optimal, and the optimal total tardiness value is equal to
0. The above reasons imply that, without loss of optimality, we can eliminate the following points t from the consideration:
t > d, since an optimal schedule for the initial instance is obtained by means of point t = d,; t < ty since at these points
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optimal schedules are known (namely the SPT schedules) for all I (t) and they can be constructed before the algorithm
starts.
Sincety < d, <ty + Z};l pj, it follows that we need to look among all integer points in the interval [to; d,,] of a length

not more than )\ ; p;.

4.2. Algorithm B-1

In this subsection, we consider a subcase of case (1) with

p1r=pP2=":* = Dn,
di <dp < -+ < dn, (2)
d, —dy < pa.

Hence,d; <d, <---<d, <dy+ppandk = 1,i.e. M; = N.

In this case, we can eliminate schedule 7 from the consideration, if there exists a job k € N such that (i — k — j), for
alli,je {k+1,k+ 2,...,n}due to Lemma 1. Based on this property, we propose the following algorithm B-1.
Algorithm B-1
: wp(t) := (n), Fi(t) := max{0, p, — t + to};

2. fork=n—1,n—-2,...,1do

3wl i= (kg (6 — )t = (L (), k)

4 F(r') := max{0, py — di(t)} + Fy 1 (t — po);

50 F(m?) := Ff(t) + max{0, Z?:,(pj — di(t)};
6

7

8

—

Fi(t) ;= min{F ("), F(r?)}; 7} (¢t) := argmin{F (z '), F(r?)};
: end for
: return the schedule 7} (d,) and its total tardiness value FJ (d).

Notice that lines 1 and 3-6 of the algorithm have to be performed for each integer t from the interval [tg, ty + Z]';] p;l.
From the above discussion, we obtain the following theorem.
Theorem 1. Algorithm B-1 constructs an optimal schedule for case (2) in O(n)_ p;) time.

We consider function F} (t) which has the following properties:

e it is continuous and monotonously non-increasing;
e it is a piecewise linear function;
e inequality

Fi(t —e) —F;(t) <ne

holds forany t € Rand € > 0;
e there are no more than 2"* break points.

From lines 4—6 of algorithm B-1we can see that F;* (t) results from the two functions F (x ') and F (r?). We can analytically
find (and store) the break points of function F; (t). Thus, we do not need the integer conditions for the processing times. The
main idea of algorithm B-1-modified is to find and store the break points of function F; (t) in each of the n iterations.

4.3. Algorithm B-k

Assume that the following conditions hold:

di <dy <+ < dy,

P1=pP2 =" = Pn,
dﬁ] _dot] Spﬁ]’ o1 = ]7 (3)
dﬁz _daz Spﬂzv a2=ﬂ1+11

dﬂ]k - dot]k =< pﬂk’ :3]k =1n.

In these inequalities, o, and B, (which are given by the partitioning procedure) are assigned to subset M, = {«,, @, +
1,...,68,},v=1,2,...k Due to Lemmas 1 and 2, for case (3), we can eliminate each schedule 7 from the consideration,
for which the following condition holds: either there exists a job k such that (i - k — j), for somei,j € M,, where
y (k) < v and k < min{i, j}, or there exists a job k such that § — k — (k+ 1)), for somej > k.

Algorithm B-k is an extended version of algorithm B-1 for the case k > 1. In contrast to algorithm B-1, in each step we
need to check more than two positions for the current job k in an optimal schedule for I,(t). Notice that the number of
examined positions is less than or equal to k + 1. To describe the structure of schedule 7} (t), we use the following notation.
Let Gi(t) be an ordered set of the quadruples (r;, vi, P;, fi),i=1,...,8,2 = |G(t)| <k, where:
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(1) m; is a subschedule of 7} (t) such that
(@) T (t) = (m1, 72, . - -, TTg);
(b) k € {m};
(c) each subset M, C Ny is contained only in one subschedule;
(d) m; cannot be partitioned into two subschedules such that items (a), (b), (¢) hold for the new subschedules;
(2) vi = minjey{y (H);
(3) P; is the total processing time of 7;, i.e. P; = Zje{m} Dis
(4) f;is the total tardiness value of ;.

~— — — —

To construct an optimal schedule, we need to know the positions for job k in schedule 7}, ; (t) such that k is not processed
between two jobs from the same subset .M, and k is not processed between some job j > k and job k + 1. This property of
an optimal schedule can be maintained by analyzing schedule 7/ (t) in O(n) time in each step of the algorithm. However,
this can be done in O(k) time by collecting the information about m;; (t) from the previous steps of the algorithm.

Let Zq(X ) denote the sum Zf’:l X; for some indexed values X (we will also use the symbols P and f instead X). Let us
now describe the construction of an optimal schedule 7} (t) for I (t). We use the sets Gy41(t) which contain information
about the structure of schedule 77, , (t) at each point t. By Lemmas 1 and 2, the positions for k between the two jobs r, g can
be eliminated if r, g € {7;} forsome 1 <i < g, and 7; € 7, ;. Therefore, we have only g + 1 positions for job k: before all
jobs from Ny, 1, between each pair of subschedules 7;_; and 7;, and after all jobs from N ;. If the optimal position of job k
is between m;_; and 7, then 7/ (t) := (my, ..., w1, k, rr;fvi (t — Y ;_1(P) — px)). The schedule n;‘Ui (t =i 1(P) —py)is
an optimal schedule for the set of jobs {m;} | {mi+1} - - - U{7me}, since this set is equal to the set Mo, U UM, and
an optimal schedule for this set has already been constructed. Then the set Gi(t) is constructed in the following way. If k
is inserted between 7r;_; and ;, then all jobs with smaller indices can be processed before job k only if they are processed
before all jobs from Ny . This follows from Lemma 2. Therefore, we can join the jobs of the subschedules ¢, ..., 7;_1 into
a single subschedule of the set G, (t):

Gi(t) := {<<m,...,m_1,k>,y(k>,Z(P>+pk, > () + max {o, Z(P)+pk—dk<t>}>}
i1 i—1 i—1
JGa, (t - P - pk) :
i—1

Algorithm B-k

1: (1) := (n), Fy(t) := max{0, p, + to — t}, Ga(t) = {{mn(t), k, F;(t), pn)};
2: forv=kk—1,...,1do

3: fork=p8,,8,—1,...,0,k<n,do

4: fori=1,2,...,g+ 1do

5: = (mqy..., T 1, k, n&kvi (t—> 1(P)—pp);

6: F(r') := )", {(f) + max{0, >, ,(P) + px — di(t)}+
+F0¢v,~ (t— Zi_1(P) — Pk);

7: end for

s ifi=argming gy {F(T)) () = " Fe(t) := F(x");

o Glt) = {((m, e T K0 Y (P) i S (D)
max(0, X2y () + bk — O} U Gayy (¢ = Loy () = pi).

10: end for
11: end for
12: return schedule 7§ (d,) and its total tardiness value F(d,).

Notice that lines 1 and 4-9 of the algorithm have to be performed for each integer t from the interval [y, to + Z}’:] pil-
From the previous discussion, the following theorem is obtained.

Theorem 2. Algorithm B-k constructs an optimal schedule for case (3) in O(kn ) _ p;) time.

4.4. Algorithm B-n

Let us now suppose that the following conditions are satisfied:
dj—dj_1>pj, j=2,3,...,n. (4)

In this subsection, the processing times need not to be integer. An instance of case (1) belongs to this subcase if k =
n. The algorithm for this subcase is a modification of the decomposition algorithm introduced in Section 3 when job
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Jj* = argmaxjen{d; : pj = maxien pi} need to be sequenced only on one position in an optimal schedule. Let [T*(N, t) =
IT*(I) be the set of optimal schedules for the instance I with the set N of jobs processed from time t on and IT(N, t) = IT(I)
be a set of all n! possible schedules.

Next, we prove the major property of case (4). The notation of the lemma follows the notation for the decomposition
theorem given in Section 3.

Lemma 3. There exists an optimal schedule for case (4), where job j* is processed on the first position of set L(N, tg).

Proof. LetL(N, ty) = {kq, ka, ..., kn},wherek; < k, < --- < ky.Consider two adjacent positions k; and k;; 1 of set L(N, tp).
In what follows, we use the notations @ = k; and 8 = ki1, S, = to + ZJ‘; pjand Sg =ty + Zle pj. Let my = (714, j*, 712)
and g = (7rq, j*, ;) be schedules, in which job j* is processed on the positions « and 8, respectively, and

o e IT*({1,..., )\ {i*}, to). m2 € IT*({ + 1, ..., 1}, Sy),
o i e IT*({1,.... BY\ {*}. to). 5 € IT*({B+ 1,....n}. Sp).

Let us consider the case dj= > S,. On the one hand, we have S, < dj+ < dy41 and dg + pg < Sg. Consequently,
dg — dj» < Sg — S,. On the other hand, due to conditions (4), we have dg — dj» > py41 + Pat2 + -+ +Pg = Sg — Su. This
contradiction implies |L(N, ty)| = 1 (the set L(N, ty) contains only one element k; and the lemma has been proved).

Next, let us consider the case dj < S,. Now, we show that 7; = (71, 7) where 7 = (¢ + 1, + 2, ..., B). We have
Se — Pj* + Pat+1 < So < dy41. Consequently, Ty 41(7T, So — pj+) = 0. Conditions (4) imply that Tj(w7, S, — pj) = 0 for all
j € {7}. Therefore, the jobs of set {¢+1, «+2, ..., B} can be processed on the last positions in rr{, i.e. we have | = (74, 7).

Let us now consider schedule 7" = (4, j*, 7/, ), where 7’ = (¢ +2, ¢+ 3, ..., B, « + 1). Since 7, is a schedule with
a minimum value of total tardiness among the schedules where job j* is processed on position o, we have F(m,) < F(x’).

The following arguments prove that F(r’) < F(swp). Since for all j € {7}, we have Tj(, S, — pj+) = 0 and thus

F(r') — F(JT/;) = A+ F(@',Sy),

where A = Tjp(7') — Tj(mp). Since djx < S,, it follows that job j* is tardy in both schedules 7’ and mg. Therefore,

A=— Z]/'S:oz+lpf =S¢ — 5.

Let us calculate the value F(/, S,). Due to (4) and S, < dy+1, we have Tj(w', Sy) = Oforallj € {« + 2, ..., B}. Due to
dy41 + Pat1 < Sg, we have To11(T', S¢) = Sg — dy41. Consequently, F(') — F(mg) = Sy — Sp + Sp — dy41 < 0.

We have shown that F(7,) < F(7') < F(m). Since  and g are arbitrary adjacent positions for job j*, we have

F(my,) < F(my,y) < -+ < F(m,).

This implies that for case (4), there exists an optimal schedule 77 * where job j* is processed on the first position of set L(N, tg).
O

We now present algorithm B-n which constructs an optimal schedule for case (4). The algorithm is a modification of the
decomposition algorithm given in Section 3 for the case when job j* is sequenced only on one position of set L(N, tg).

Lemma 4. There exists an optimal schedule for case (4), where job j* is processed on the first position of set L(N, tg).

Sequence B-n (N, t)
L.S:=t+p1+p2+---+pk=1,2,...,m;
2: Find j* and L(N, t); k* := argmin{k € L(N, t)};
3N ={1,...,k}\{j*};, t/:=t;N":={k*+1,...,n}); t":=S;
4: 7* := (Sequence B-n (N’, t’), j*, Sequence B-n (N”, t"));
5: return ",
Algorithm B-n: 7* := Sequence B-n (N, tp).
Thus, we obtain the following theorem.

Theorem 3. Algorithm B-n constructs an optimal schedule for case (4) in O(n?) time.

5. Algorithm C-1

In this section, we present another polynomially solvable special case of the total tardiness problem. Let us suppose that
the following conditions are satisfied:

di <dy <--- <dp,
d, —d; <1, (5)
ty € Z.

Again, the processing times need not to be integer. In the following algorithmic description, we denote by .44 the EDD
sequence composed of the jobs from the set N’ in each step of the algorithm.
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Algorithm C-1
1. S:=ty+ Z]’?:]pj, N =N, 7% =0, eqq := (1,2, ..., 10);
: whileN" ={jeN :S—p; <z} =0and N # ) do
: w* = (k, m*), where k := arg maxjen/{d; : pj = MaXien’ pi};
S: =85 —p, N := N\ {k}, Teqq := Teqq \ {k}; end while
: if N’ contains only one job, i.e. N’ = {j}, then = * := (j, 7*), stop;
: forallj € N'suchthatS —p; <z + 1do
: foralli € N'\ {j} do m;; := (7eqq \ {i, j}, i, j); end for; end for;
: " i= (7w, w*), where m := arg min;; F (7j;).
We obtain the following result.

0N O U AW N

Theorem 4. Algorithm C-1 constructs an optimal schedule for case (5) in O(n?) time.
6. Algorithm B-1 and the even-odd partition problem

In this section, we consider the even-odd partition problem. First, we introduce a modified even-odd partition problem
which is used to prove that the single machine total tardiness problem with oppositely ordered processing times and due
dates is NP-hard in the ordinary sense. Then we review some properties of an optimal schedule for the canonical scheduling
problem considered before. Moreover, Property B-1 is defined for a schedule 7. It is proved that, if there exists an optimal
schedule for an instance I which has this property, then algorithm B-1 constructs an optimal schedule for this instance (even
if the conditions (2) do not hold). At the end of this section, we show that algorithm B-1 can be used to solve the even-odd
partition problem by introducing an adequate modification, called algorithm B-1-canonical.

We note that Du and Leung [1] defined first canonical instances for problem 1 | )" Tj, and in [2], [3] other class of
canonical instances have been defined. In these papers, two classes of canonical schedules have been introduced:

e a DL canonical schedule for 3n + 1 jobs: one job is in the “center” of the schedule and n groups of 3 jobs are sequenced
before or after this job;

e an LG canonical schedule for 2n 4+ 1 jobs: one job is in the “center” and 2n jobs are sequenced before and after this
“center” job (n jobs before and n jobs after this job).

6.1. The even-odd partition problem and canonical LG instances

The even-odd partition (EOP) problem is as follows: Given a set of 2n positive integers B = {b1, by, ..., bas}, b; > bjy1,
i =1,2,...,2n — 1. Is there a partition of B into two subsets B; and B, such that ZbieBl b = Zb,»esz b; and such that
foreachi,i = 1,...,n, subset B; (and hence, B, too) contains exactly one number of {b,;_1, b,;}? The EOP problem is a
well-known NP-complete problem.
Letd; = byi_1—by, i=1,...,n,86 = 2?21 8;. Now we construct a modified even-odd partition problem. There is given
aset ofintegers A = {ay, as, . .., az,} with
ay, =M + b,
Gy = ayiyp +b, i=n—1,...,1, (6)
aZi—1=a2i+8i, i=Tl,...,1,
where b > né (for example, b = n%8)and M > n3b. Obviously, we have q; > aiyq1 foralli=1,2,...,2n — 1. Notice that
8;i = byi_1 — by = ayi_1 — ay;, i =1, ..., n. The modified problem is equivalent to the original one.

Lemma 5 ([2]). The original EOP problem has a solution if and only if the modified EOP problem does.

By means of the above instance of the EOP, we define a canonical LG instance of the total tardiness problem as follows.
We have 2n + 1 V-jobs Vi, Vo, V3, Vy, ..., Vi1, Vai, ..., Vau_1, Vou, Vanyq, renumberedas N = {1,2, ..., 2n,2n+ 1} and
satisfying the following conditions:

D1 > D2 > > P+,

di <dy <--- < dyy1,

dant1 — dv < Pant1,

Pant1 =M =n’b,

Pon = Pang1 + b = az,,

DPoi=Ppaigqz +b=ay, i=n-—1,...,1,

Pric1 =D+ 8i=ay_1, i=n,...,1, (7)
n
1
dypt1 = ;pzi + Pant1 + 53,
dyy = dapyq — 6,

dyy =dyip — (n—i)b+68, i=n—1,...,1,
dzl-i]:dZi—(n—i)(Si—S(Si, i=n,..-,1,
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Fig. 2. Due date pattern of the canonical LG instance.

whereb =n?5,0 < ¢ < %’? The due date pattern of the canonical LG instance with oppositely ordered processing times
and due dates is presented in Fig. 2.
LetL = % Z,»Zznl pi, thenwe have dy,, 1 = L+pan41 Since % Ziz:”] pi = 2?21 Dait+ %8. Notice that the canonical DL instances

from paper [1] do not correspond to case (7). From the above discussion, we have obtained the following result.

Theorem 5. The single machine total tardiness problem with oppositely ordered processing times and due dates is NP-hard in
the ordinary sense.

Next, we summarize two well-known properties from the literature.
Theorem 6 ([2]). For case (7), all optimal schedules are canonical LG schedules.

Theorem 7 ([2]). The modified EOP problem has a solution if and only if in an optimal canonical LG schedule, we have
Cony1(m) = dang1.

If pj € Z*, j € N, then the exact algorithm B-1 does not only solve case (2), but also the canonical DL instances [1] in
O(n)_p;) time.If p; ¢ Z*, j € N, then algorithm B-1-modified can also solve the canonical DL instances. So, we can also
find a solution for the non-integer even-odd partition and partition problems.

6.2. Property B-1

We say that a schedule ;v has Property B-1, if for each job k € N: either (k — j) holds for all jobsj € {k+ 1, ...,n}, or
(j — k) holds for all jobsj € {k+ 1, ..., n}.

As a consequence, a schedule r does not have Property B-1, if there exists a triple of jobs i, j, k € N such that (i — k — j),
and k < min(i, j}, i.e. some job is processed in 7 between two jobs with greater numbers.

Let ITg_1(I) be the set of schedules for the initial instance I = {N, to} which have Property B-1, and IT;_,(I) =
Ig_1(I) () IT*(I). For a schedule r, let xj(r) = 0ifj = n or there exists a jobi € {j + 1,...,n} such that (i — j),,
and xj(w) = 1 otherwise. For a schedule = € ITz_(I), we have x;(r) = 0 if the job j follows after all jobs from the set
{i+1,...,n}inm and x;(7r) = 1if a job j precedes all jobs from this set in 7. Therefore, we get the following result.

Lemma 6. If 1 ,(I) # ¥, then algorithm B-1 constructs an optimal schedule for I.

Hence, if we a priori know that there exists an optimal schedule which has Property B-1 for some instance I, then
algorithm B-1 finds an optimal schedule for I. As a practical matter, Lemma 6 has no importance since, to solve an instance [
by algorithm B-1, we need to know whether there exists some optimal schedule with Property B-1 or not. However, Lemma 6
allows us to use algorithm B-1 to solve the even-odd partition problem since Du and Leung [ 1] have shown that an instance
I corresponding to an instance of the even-odd partition problem has an optimal schedule with Property B-1.

Property B-1 has arather general character and can be used for the solution of many combinatorial problems, in particular
for the even-odd partition problem.

6.3. Modification of algorithm B-1 for the even—odd partition problem

Since a canonical schedule has Property B-1, it follows that algorithm B-1 finds a solution for the even-odd partition
problem. We construct a scheduling problem with 3n + 1 jobs: W, and n triples of jobs Vo;_1, Vo;, Wi, 1 < i < n. We
observe that each triple of jobs can be processed only in two ways (Voi_1 — W; — V)« and (V5; = W; — V5i_1)+ inan
optimal canonical schedule 7 *. We can use the following modification of algorithm B-1 for the canonical instances.
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Table 1

Special cases and algorithms.

Algorithm Conditions Complexity
P1=p2>--=2pn (%)

B-kk <n dy<d<---<dy (xx) O(kn>_p))
pj € 7+ (k * )

3 (), (),
B-1-modified
mo lﬁe dn - dl =< Pn

(), (), (3 %)

-1- 1 Pmin
B-1-canonical Flror, — G, < [ 0O( o
(), (%) 3
o fixed number of tardy jobs ()
B-n {dj = dj_1 > Dj, ] = 2, 3,..., n O(nz)
C-1 {dmax - dmin = 1 O(nz)
1]=T,
B-k
B-1 O(nkZp) B-n
O(nZp) i SIS S O(n?)
Cc-1
| P S d-diy2p;
j=2,..,n
O(nz) r-llll AN E NS EE SN SN SN EEENEEEEEEEES EEEEEEEEEEN .]I
I? l
B-F» 1
O(nﬁ) ].--.-I-I-l TR LR R LR R R et SRttty 1}

Fig. 3. The subcases of the problem.

Algorithm B-1-canonical
10 7,(t) := Why), Fu () := max{0, pw,,, — t};
2. fork=n—1,n—-2,...,1do
3 7= (Varer, Wi kg (8 — a1 — b)), Vap);
4 7%= (Vor, W, g1 (8 — G — Pwy)s Vais 1)
5. F(r') := max{0, axy—1 — dy,,_,(t)} + max{0, ax—1 + b — dw, (t)}+
Fep1(t — ag1 — b) +max{0, 31 (a1 + az; + b) — dv,, (D)};
6:  F(m?) := max{0, ay — dy,, (t)} + max{0, ax + b — dw, ()} +
Fiy1(t — azx — b) + max{0, Z}Lk(azjq + agj +b) —dy,,_, (O}
7:  Fe(t) := min{F (@), F(7?)}; me(t) := arg min{F (7 1), F(7?)};
8: end for
9: return schedule 71 (d,) and its total tardiness value F;(d,,).
Thus, we can present the following theorem.

Theorem 8. Algorithm B-1-canonical constructs an optimal canonical schedule (i.e. it solves instances of the even-odd partition
problem) in O(né) time where § = % 2?21 (ai—1 — ay).

For the canonical instances, we have ppin = pany1 = n°b = n°8,508 = p;’g"”, and the complexity of algorithm B-1-
canonical is 0(né) = O(%).

7. Concluding remarks

In this paper, we mainly considered the total tardiness problem with oppositely ordered processing times and due dates.
We presented pseudo-polynomial and polynomial algorithms for several cases. A simplified representation of the subcases
considered is shown in Fig. 3.

An overview on the results obtained is given in Table 1. If in the line B-1-modified additionally the integer condition ()
is considered, the complexity of algorithm B-1is O(n ) _ p;).
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Moreover, there is a parallel paper [20], where we deal with the application of Property B-1 to specific combinatorial
problems, namely to the knapsack and partition problems.

Acknowledgements

The authors are grateful to Drs Alexander Kvaratskhelia, Eugene Gafarov, Ruslan Sadykov, Andrei Tchernykh and
Professors Peter Brucker, Wlodzimierz Szwarc and Edwin Cheng for a useful discussion of results and constructive
comments.

This work was partially supported by DAAD (Deutscher Akademischer Austauschdienst: A/08/08679, Ref. 325) and by
Russian Funding Support of Scientific School (N-5833.2006.1).

References

[1] J. Du, ].Y.-T. Leung, Minimizing total tardiness on one processor is NP-hard, Math. Oper. Res. 15 (1990) 483-495.
[2] E.R. Gafarov, A.A. Lazarev, A special case of the single-machine total tardiness problem is NP-hard, J. Comput. System Sci. Int. 45 (3) (2006) 450-458.
[3] A.A. Lazarev, E.R. Gafarov, Theory of Scheduling. Minimizing Total Tardiness for a Single Machine, Dorodnicyn Computing Centre of the Russian
Academy of Sciences, Moscow, 2006 (in Russian).
[4] H. Emmons, One machine sequencing to minimizing certain function of job tardiness, Oper. Res. 17 (1969) 701-715.
[5] E.L. Lawler, A pseudopolynomial algorithm for sequencing jobs to minimize total tardiness, Ann. Discrete Math. 1 (1977) 331-342.
[6] E.L. Lawler, A fully polynomial approximation scheme for the total tardiness problem, Oper. Res. Lett. 1 (1982) 207-208.
[7] C.N. Potts, L.N. van Wassenhove, A decomposition algorithm for the single machine total tardiness problem, Oper. Res. Lett. 5 (1982) 177-182.
[8] A.A.Lazarev, Decomposition based algorithm for the total tardiness problem on a single machine, Investig. Appl. Math. 17 (1990) 71-78 (in Russian).
[9] S.Chang, Q. Lu, G. Tang, W. Yu, On decomposition of the total tardiness problem, Oper. Res. Lett. 17 (1995) 221-229.
[10] W. Szwarc, Single machine total tardiness problem revised, in: Creative and Innovate Approaches to the Science of Management, Quorum Books,
1993, pp. 407-419.
[11] W. Szwargc, S. Mikhopadhyay, Decomposition of the single machine total tardiness problem, Oper. Res. Lett. 19 (1996) 243-250.
[12] W. Szwarg, F. Della Croce, A. Grosso, Solution of the single machine total tardiness problem, J. Sched. 2 (1999) 55-71.
[13] W. Szwarc, A. Grosso, F. Della Croce, Algorithmic paradoxes of the single machine total tardiness problem, J. Sched. 4 (2001) 93-104.
[14] P. Brucker, J. Hurink, F. Werner, Improving local search heuristics for some scheduling problems - I, Discrete Appl. Math. 65 (1996) 97-122.
[15] A. Grosso, F. Della Croce, R. Tadei, An enhanced dynasearch neighborhood for the single-machine total weighted tardiness scheduling problem, Oper.
Res. Lett. 32 (2004) 68-72.
[16] P.M. Franca, A. Mendes, P. Moscato, A memetic algorithm for the total tardiness single machine scheduling problem, European J. Oper. Res. 132 (2001)
224-242.
[17] C.Koulamas, The total tardiness problem: review and extensions, Oper. Res. 42 (1994) 1025-1041.
[18] T.Sen, J.M. Sulek, P. Dileepan, Static scheduling research to minimize weighted and unweighted tardiness: A state-of-the-art survey, Int. J. Prod. Econ.
83(2003) 1-12.
[19] A.A. Lazarev, A.G. Kvaratskhelia, E.R. Gafarov, Algorithms for solving the NP-hard problem of minimizing total tardiness for a single machine, Dokl.
Math. 75 (1) (2007) 130-133.
[20] A.A. Lazarev, F. Werner, A graphical approach for solving NP-hard combinatorial problems, Preprint 15/08, Fakultdt fiir Mathematik, Otto-von-
Guericke-Universitat Magdeburg, 2008.



