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Abstract—Consideration was given to stability of an affine family of uncertain polynomials
defined by two real or one complex parameter, the rest of the parameters characterizing inde-
terminacy. On the plane of family parameters, a domain was established where the uncertain
polynomials are stable. The method of robust D-decomposition was used. For the cases where
the uncertain parameters are real and bounded in the Euclidean norm or are complex and
bounded in the [, norm, expressions for the boundary of these domains were obtained.
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1. INTRODUCTION

Stability of the linear stationary system coincides with stability of its characteristic polynomial.
If all parameters of a system and, consequently, the coefficients of the characteristic polynomial are
known precisely, then it is possible to judge about stability by performing a single calculation of the
roots and check of their location. Verification of stability at modification of the system parameters
is the next step in the stability studies. There are two distinct approaches.

The first approach lies in determining a set of points in the space of parameters under which the
system is stable. This problem was completely solved by Yu.l. Neimark for the one-dimensional and
two-dimensional cases [1, 2]. Moreover, his method of D-decomposition describes decomposition of
the entire parameter space into domains with the same number of stable roots of the characteristic
polynomial.

The second approach is concerned with the study of system robustness. It checks whether the
system will retain stability if its parameters are unknown and belong to a certain set, but are
constant. These parameters are often referred to as “uncertainties.” The Kharitonov theorem with
its counterparts concerning the robust stability of the interval polynomials and the Tsypkin—Polyak
locus used under the interval and ellipsoidal constraints on the polynomial coefficients [3-5] are the
best-known results of this kind.

In their attempt to merge both approaches. B.T. Polyak and N.P. Petrov in 1991 formulated and
for some special cases solved the problem of robust D-decomposition [6] which is as follows: among
all parameters at first two real or one complex parameter are specified, the rest of them being
uncertain, but norm-bounded. It is required to construct on the plane of the specified parameters
a set whose polynomial is stable under any admissible values of the uncertain parameters. We note
that this decomposition of the parameters into two classes is characteristic of design of the robust
controllers of a given structure.

! This work was supported in part by the Russian Foundation for Basic Research, project nos. 05-01-00114, 05-
08-01177, and the Program for Basic Research of the Presidium of the Russian Academy of Sciences, project
no. 19.
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ROBUST D-DECOMPOSITION 1879

The present paper generalizes the method of robust D-decomposition to the affine polynomial
family. The uncertain parameters are real and bounded in the Euclidean norm or complex and
bounded in the [,-norm. The problem of robust D-decomposition is formulated and solved in
Section 2 for two specified real parameters and in Section 3 for one complex parameter. Examples
of solutions are given in Section 4. In summary the conclusions are set forth, and an approach to
more complicated problems is presented.

2. ROBUST D-DECOMPOSITION FOR TWO REAL PARAMETERS
2.1. Parametric Polynomial Family

We recall the principles of D-decomposition [1, 2]. Let a polynomial of degree n be linearly
dependent on two real parameters 7 and v making up the family

G(s,7,v) = 7P(s) + vQ(s) + R(s), (1)

where P(s), Q(s), and R(s) are fixed polynomials.

Polynomial (1) is referred to as D-stable if all its n roots are stable, that is, lie within the
stability domain D**** ¢ C. The complement to the closure D*!*" will be denoted by D¢,

The open left half-plane {s : Res < 0} and the exterior of the unit circle {s : |s| > 1} are
the stability domains, respectively, for the continuous-time and discrete-time systems [5]. We may
simply distinguish stability in the continuous and discrete sense.

Definition 1. For the polynomial G like (1), by the D-decomposition in the parameters (7, v)
for the stability domain D*!% is meant the separation of the parameter space (1,v) into the sets
D(k) (0 < k < n) defined by the number of stable roots:

D(k) = {(T, v) : G(s,7,v) has k roots in D**® and n — k roots in ]D)“”St}.

We consider below stability in the continuous sense, provided that it is not stipulated otherwise.
The discrete case leads to the same results, some distinctions being mentioned in Remark 3 at the
end of this subsection.

Let us see what happens to the polynomial roots if the parameters (7,v) go from the domain
D(k) to the domain D(i) (k # 4). If at that the degree of the polynomial G(s,7,v) remains
invariable, then its roots depend continuously on the parameters and the transition from D(k) to
D(i) is accompanied by the transition of several roots through the imaginary axis. By definition,
those parameters (7, v) for which the degree G becomes smaller than n do not belong to any domain
of D-decomposition.

Therefore, at least one of the following two conditions is satisfied for each point (7,7) on the

boundary I' = |J 09D(k) between the domains of D-decomposition:
k=0...n

(1) The degree G drops
TPn + Vqn + 75 = 0, (2)

where p,, Gn, T, are the coefficients of the polynomials ]5, @, and R for s™; some of them being,
possibly, zero.
(2) G has a purely imaginary root:

G(s,7,v) =0, Res=0. (3)
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The last equation is called the basic equation of D-decomposition or simply the basic equation.
It demonstrates the principle of elimination of zero: only those parameters for which polynomial (1)
does not vanish on the imaginary axis belong to the domains D(k).

The D-decomposition can be realized by specifying all those parameters (7, v) for which the root
of the polynomial é(s, 7,v) lies on the imaginary axis. The necessary and sufficient conditions for
membership of the point (7, v) to the boundary of D-decomposition are given by Egs. (2) and (3) [2].

It is only natural to take the real variable w and select all points of the imaginary axis by means
of the substitution s = jw (s = /¥, w € [0,2m) for the discrete case). Then, the basic equation
goes over to

G(w,7v) =TPWw) +rQw) + R(w) =0, w € (—o0,+00), (4)
where P(w) = P(jw), Q) = Q(jw), R(w) = R(jw).
This complex equation corresponds to a system of two equations (for the imaginary and real
parts) that can be conveniently set down in the vector form as

T(w)z = —r(w), (5)
where
. | ReP(w) ReQ(w) T . | ReR(w)
T(w) = Im P(w) Im Q(w) ] CrT [ v ] @)= [ Im R(w) ] ’ (6)

For a fixed w, the set of solutions of system (5) can be
(1) a point if det T'(w) # 0;
(2) an empty set if rank T'(w) < rank [T'(w) r(w)];
(3) a straight line if rank T'(w) = rank [T'(w) r
(4) the entire plane if rank [T(w) r(w)] = 0.
The union of these sets in all w € (—o00,+00) and also solution of Eq. (2) provide the set I'
performing D-decomposition. As a rule, I' consists of one curve and more than one straight line
corresponding to Case 3. If the fourth case is realized at least for one w, then all sets D(k) are

empty (the polynomials P(w),Q(w), R(w) have a general real root; in distinction to the robust
variant, this case can be readily identified).

Remark 1. If the polynomials P(s), Q(s), R(s) have real coefficients, then it is sufficient that the
variable w in the basic Eq. (4) belongs to the interval [0, 00), w = 0 defining a special line. Without
loss of generality we consider namely such polynomials.

2.2. Family of the Uncertain Polynomials

We introduce an additional vector parameter a € R’ (or a € C*) in the polynomial G of the
form (1) and consider the set of polynomials {G(s,7,v,a) : a € A}, where A is some subset of the
parameter space.

In the main case, we assume that a is involved only in one polynomial, namely, in R:

G(s,1,v,a) = 715(8) + V@(s) + ]jz(s, a). (7)

We note nonequivalence of the parameters 7, v, and a. The two first scalars (or one complex
parameter, see Section 3) are regarded as the controlled parameters. The fact that there are only
two parameters allows one to make efficient use of the graphic methods; however, for the same
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ROBUST D-DECOMPOSITION 1881

reason the number of the controlled parameters cannot exceed two. The parameters a; and the
set A characterize the error description, time-constant perturbation, or uncertainty of the nominal
system. In what follows, the term “uncertainty” will be applied to a proper.

We make an explanation about the ambiguity of notation: on the one hand, é(S,T, v,a) may
be regarded as the set {G.,,(s,a) : a € A} of polynomials that are parametric in (7,v); on
the other hand, it is possible to consider the parametric family (in 7,7) of uncertain polynomi-
als G A(s,7,v) in the context of the problem of robust design and boundedness of a. We recall
that by the uncertain polynomial is meant a set of polynomials, in the case under consideration,
G Als) = {é (s,a) : a € A}. In the context of applying the robust D-decomposition to the controller
design, we make use of the last variant.

Definition 2. For the polynomial family G(s,7,v,a), by the robust D-decomposition meant are
the sets D(k)(0 < k < n) in each of which the numbers of stable and unstable roots are the same
for all admissible uncertainties:

D(k) = { ~ has k roots in the left half-plane } ’

and n — k roots in the right half-plane Va € A

that is, in each domain D(k) the uncertain polynomial G A(s,7,v) has the degree n and precisely
k stable roots.

By analogy with the conventional D-decomposition, we consider the set T corresponding to
reduction of the polynomial degree (compare with Eq. (2)):

Ts = {(7—7 V) S TDn + Vn +77n(a) =0,a€ A}
Stated differently, T is the solution of the inclusion
TPn + Vn € —T An, (8)

where 74, = {Fy(a) : a € A} is the set of values of the coefficient at s™ of the uncertain polyno-
mial R 4.
By means of the principle of elimination of zero we get the basic equation of robust D-decom-
position (counterpart of (3), the substitution s = jw in the continuous case)
TP(w) +vQw)+ R(w,a) =0, a€ A, 9)

which is a family of equations in the parameter w. We put it down in terms of sets:

TP(w) +vQw) € —Ra(w),

Ra(w) = {R(w,a) :a € A}, w € [0,00), (10)

and denote by T (w) its solution for (7, ). The totality of these solutions in all w makes up the set
To= U 7Y(w). Geometrically speaking, T (w) is a planar figure, and Y is the area swept by it.
w€[0,00)

Lemma 1. The sets D(k) and Y = Yq|JYs exhaust the space of parameters (1,v):

TODk) =0, 0<k<n,

D@E)(\D(k) =0, i#k, (11)
T |J D(k)=R>
0<k<n
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The proof follows directly from Definition 2 and Egs. (8) and (9).

Therefore, the set T which divides the domains of the robust D-decomposition D(k) is made up
in part by the set Ts and the area Y swept by the geometrical figure Y (w). Speaking nonrigorously,
the set T is obtained by “smearing” the curve I' of the ordinary D-decomposition into a band (see
also the examples in Section 4).

In contrast to the case of uncertainty-free D-decomposition, it is not the set Y itself but its
boundary dY that bounds the domains of robust D-decomposition. Therefore, the problem is
solved by constructing this boundary and specifying among the domains that of stability.

Examples where R(w) is a polygon and circle corresponding to the interval norm for the real
and complex uncertainties can be found in [6]. In the next section we consider a more general case
where R(w) is an ellipse.

Besides the family of the form (7), it is possible to consider the case where the uncertain
polynomial is with one of the parameters used to construct the D-decomposition. We will prove that
this case comes to that considered above. Without loss of generality we consider the parameter

and, correspondingly, the uncertainty of the form P(w,a),a € A. The points v = —% eR
represent the solution of the basic equation

TP(w,a) + vQ(w) + R(w) =0, a€ A, (12)
on the line 7 = 0 (we recall that R(w) and Q(w) are the complex-valued polynomials). For

v
T # 0, we change the variables 7 = —, U = —, and after renotation Eq. (12) is rearranged in the
T

pu
aforementioned form (9):

TR(w) + 7Q(w) + P(w,a) =0, a€ A.

We note that the transformation (7,v) < (7, 7) drives the straight (in particular, special) lines to
straight lines.

The cases where there is uncertainty simultaneously in two or more polynomials P(w), Q(w), R(w)
technically are much more difficult, but similar in the procedural terms. A method of determination
of the sufficient results is mentioned in conclusion.

2.3. l,-bounded Uncertainties
Let the uncertain polynomial G by defined by the affine family

4

G(s,7,v,a) = TP(s) + vQ(s) + Ro(s) + ZaiRi(s), 5 = jw, (13)
i=1
where a = (a;), i =1,..., ¢ is the vector of real or complex parameters bounded in the [,-norm by

a positive number 7: ||a||, < . Here and below, the symbol of norm without a subscript denotes
the Euclidean norm, and with it, the /,-norm.

Let us consider the set
y4
Ra(w) = {Ro(w) + ZaiRi(w) Hallp <7, a; € IF}, (14)
i=1

where the parameter field F is either R (the real case) or C (the complex case); the norm index p
belongs to the interval [1,00). We fix w. Then, R 4(w) is the set of values of the linear function in
the parameters a € A; here and below, the dependence on w is omitted if w is fixed and does not
affect the results.
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Lemma 2. The set R 4 of the form (14) is
(1) a circle if a; € C, p € [1,00),
Ra={z:llz=rol <7IRl,, =€ R?}, (15)

where ¢ = p/(p — 1), the vector R = (R;), mo = —[Re Ro, Im Ro]T;
(2) an ellipse if a; € R, p =2,

» {7“ c(r—ro)TM Y r —rg) <y, 7 € RQ} , det(M) #£0 (16)
A p—
{ro+xw: [x| <A x €R}, det(M) =0,
where used are the matriz
4 4
> (Re R;)? ZReRImRi
M= | : (17)
EReR Im R; Z(ImR)
its normalized eigenvector w corresponding to the mazimal eigenvalue \, and ro=—[Re Ry, Im Ry|™*.

Here and below, the complex plane is identified with R%. The lemma is proved in the Appendix.

In the general case, the ellipse is defined by a nonnegative definite matrix M, the center ry, and
the number p:

Raw) = {r: (r = o))" M(w) " (r = ro(w)) < p(w)?} .

With regard for the notation (6), the solution of the basic equation of the robust D-decomposition
(10) is as follows:

T(w) = {&: (T()z = ro(@)"M(w) " (T()z = ro(w)) < p(w)*} (18)

If the matrix T'(w) is nondegenerate, the set of T (w) satisfying (10) is an ellipse as well; otherwise,
Y (w) is empty or is a band. These cases will be discussed separately.

An expression for the boundaries T, which also are the boundaries of the domains of D-decom-
position D(k), can be readily established using the following data of the differential geometry [7].
The points of the envelope of the parametric family of curves defined by the equation F(x,y,k) =0
(x,y are the coordinates and k is the parameter), must satisfy the equation system

F(z,y,k) =0
OF (x,y,k) _0 (19)
ok ’

Let us formulate a theorem about construction of the boundaries of the robust D-decomposition
for the real parameters.

Theorem 1. If the matrices T'(w) and M (w) are nondegenerate, then the points of the boundary
of the robust D-decomposition for the polynomial G(s,T,v,a) of the form (13) are the solutions of
the system

{ (Tx — To)TM\(Tx — 1) = p? det(M\) (20)

— — — —~\/
e (TTMT) x —2(rf MT) 2 + (rd Mro)!, = (p2 det(M)) :
w
for the vector v = (1,v)T, w € [0, 00).
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The notation of (6) is used for the matriz T and the vector ry, the matrices M and M are related
by

1
-l e | oma _ 1 Ma2 —Mi2 | . ;M\ _ %]\’4\
My Mas det(M) | —miz  may | det(M) det (M)

By Lemma 2, M is either the identity matriz or has the form (17), and p is equal to ||R|, or 1
depending on the uncertainty a.

The proof follows immediately from the substitution of the expression for the ellipse family (18)
in the envelope Egs. (19).

In the nondegenerate case, the established system of two equations (each of which has at most
the order of two) of two variables has at most four solutions providing the envelopes of the ellipse
family (18) which are part of the boundary of Tq. The remaining part of the boundary of Tg
is defined by the same w for which one or two matrices T'(w) and M (w) degenerate or one of the
derivatives does not exist in (20).

Let us consider in more detail the special cases of degeneration of the matrices T" and M.

(1) T(w) = 0, det M (w) = 0. If there is a number x such that ro + yw = 0, |x| < pV/A, where w
is a nonzero normalized eigenvector of the matrix M corresponding to its maximum eigenvalue A,
then T (w) = R% and Y = {@}. If there exists such a number at least for one w € [0, 00), then all the
domains D(k) will be empty as in the case of D-decomposition for the nonperturbed polynomials.
If there is no such y, then T(w) = {0}.

(2) T(w) = 0, det M(w) # 0. If 1§ M~1rg > p?, then it follows from (18) that Y(w) = {0}, and
ro(w)T M (w)~trg(w) < p(w)? implies that YT (w) = R2. As in the previous case, at least one w for
which Y (w) = R? suffices for emptiness of all D(k).

(3) rank T'(w) = 1, det M(w) # 0. In this case, Eq. (18) describes the band

T(w) ={z:2=puTf+nv, p€p,ps], n€ (00, +00)},

where f and v are the singular vectors of the matrix T'(w) corresponding, respectively, to the
nonzero and zero singular values (they make up the basis) and p; and ps are the real solutions of
the equation

(fTTTMfle) 02— 2 (rngle) p+ I M g — p? = 0.

If there are no real roots, then the set Y(w) is empty.

(4) det T'(w) # 0, det M(w) = 0. The ellipse R 4 degenerates into the segment (16), the same
happens also to YT (w):

T(w) = {77 (ro +xw) : [x| < pVA},

where w is the normalized eigenvector of the matrix M corresponding to its maximum eigenvalue
(possibly, zero, which comprises the case of M = 0).

(5) rank T(w) = 1, det M(w) = 0. Let f and v be the singular vectors of the matrix 7'(w)
corresponding, respectively, to the nonzero and zero eigenvalues, the first vector being normalized
so that the norm of the vector u = T'f is equal to 1; w is the normalized eigenvector of the matrix
M (w) corresponding to its maximum eigenvalue A. Three variants are possible here: empty set,
straight line, and band; || and }f denoting here collinearity and noncollinearity of the vectors:
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—u || w || o (band):
T(w) = {pu+nv:p € [ur,p2], n € (—o0,+0)},

where 1 2 = (ro,u) £ pvV/A and the subscripts 1,2 concern the vector components;
—u || w,ro Jf u (empty set), T(w) = {0};
—u ffw, (urreg — uarer) > pV A (urws — ugwy) (empty set), Y(w) = {0};
—u Y w, (u1ro2 — u2re1) < p\/X(ulwg — ugwi) (straight line):

w1re2 — WaTo1

T(w)z{uu+nv:u= , ?76(—007+00)}-

ULTW9 — U2W1

Finally, if for some w the derivative of the second equation of system (20) is not defined (for
example, p(w) may be nonsmooth), then the right and left limits in w are used to construct the
envelope. An arc of the ellipse (18) corresponding to this value of w can be added to the common
boundary 0T q.

Remark 2. If the parameter vector a is bounded in the weighted norm ||(a;)||* = ||(ai/c)ll,
a; > 0, then replacement of the polynomials R;(w) by R;(w) = «;R;(w) reduces this case to the
previously considered one. Obviously,

¢ ¢
{ZaiRz(w) Hlall® < ’Y} = {Zazf%(@ Hlall < v} :
i=1 i=1

Remark 3. In the case of discrete stability, (i) the substitution s = /% is used and (ii) variation of
the degree of the polynomial does not lead to instability. Therefore, the condition (8) for reduction
of the polynomial degree may be discarded, and its corresponding set T, may be regarded as empty.

3. ROBUST D-DECOMPOSITION FOR THE COMPLEX PARAMETER
The case of robust D-decomposition for one complex parameter 7

4

G(s,m a) =7D(s) + Ro(s) + > a;Ri(s) (21)
i=1
is reduced to the case (13) of two real parameters by means of the substitution 7 = Ren, v = Im,
P(s) = D(s), Q(s) = jD(s)-

For the complex parameter m, it is only natural to consider only the complex uncertainties like
lall, < v (a € C%p € [1,00)). Then, according to Lemma 2, the set of values of the family
{Z a;iRi(s) : ||all, < 'y} is the circle (15). The following theorem defines explicitly the boundaries
of the domains D(k).

Theorem 2. The boundaries Y of the robust D-decomposition for the complex parameter m of
the polynomial

4

Wﬁ(s) + Eo(s) + Z aiéi(s) (22)
=1

with uncertainty a € C%, ||all, < v in the continuous sense (s = jw) are described as follows:

T = {0}, if Jw €[0,00) : D(w) =0, [Ro(w)| < p(w),

23
0T C 0TqJOYs, otherwise, (23)
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where
oYq = {Wo(w) = p(w)dmo(w) [dp( )ijm] o ()/’)i‘ ,(w)e‘ ]lz "’ }
U{r:|m —mo(w)| = p(w) : mo(w)’ = |p(w)’| = 0},
oY, = {w : \min - %n\ = II?nIIq} ;
where ﬂo(w);_%)((ﬁ))7 p(w)=|R]lq, q:%, dm(w);—’:;gz;:,; dp(w) = ‘750(8)/, » Tn=(Tin);

|
dn, Ton and Tin are the coefficients at s of the polynomials D(s), Ro(s), and R; (s), D(w) = ( w),
Rl(w) = Rz(jw)

The theorem is proved in the Appendix.

The next case where the uncertainty exists in the polynomial l~7(s) is already irreducible to the
real case. However, the basic equation

J4
T <D0(w) + ZaiDi(w)> + R(w) =0, wel0,00), [al,<1, (24)
i=1

can be solved either by passing to 7 = 1/7 similar to the case of two real parameters or using the
circular arithmetics [8]. We present the second method.

Definition 3. By the circular number C(c, p) is meant the set of complex numbers
Clc,0) ={z:]z—c| <0 2,ceC}.
The operations over the circular numbers are understood as the set calculus:

b1C(c1, 01) + b2C(ca, 02) = {b121 + bazo : 21 € C(c1,01), 22 € C(c2, 02) }, b1,b2 € C,
0(01791)

= C(c1,01)C  (c2, _{ﬂ:zECC, , 20 € C(ca, }, < leol.
C(c2, 02) (c1, 01)C™ (€2, 02) PR (c1,01),22 € C(c2,02) ¢, 02 < |2

The solutions of Eq. (24) are as follows:
T(w) = ~Rw)C™ (Do), [D@)]q), w € [0,00).

Inversion of the circular number provides also the circular number C~*(c, 0) = (|c|? — 0*)71C(@, o),
where the overline denotes complex conjugation. The set Tq is generated by moving the circle
(I Do (W)= D(w)|2)~*C(—Ro(w)Do(w), [ D(w)]l¢), w € [0,00). Theorem 2 can be used to determine
its boundary.

4. EXAMPLES

Example 1. Let us consider the use of the robust D-decomposition for design of the PI controller.
There exists an uncertain system (based on Example 1 from [9]) with the transfer function G:

_ B (s—1(s—2)
Gl b1 b2) = T D s 4 s 1 1) (25)

(by — 1) +0.25(by — 1) < 0.01; by, by € R,
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Fig. 2. Robust D-decomposition for system (27).

where by, by are uncertain parameters. It is required to determine the set of all PI controllers like
v
C(s) = 7 + — stabilizing the system.
s
We renotate the uncertain parameters and come to the standard form (13) of the uncertain
characteristic polynomial:

75(s —1)(s —=2) +v(s—1)(s —2) + s(s + 1)(s*+ s+ 1) +0.1a15%(5 + 1) +0.2a25*(s + 1) = 0, (26)
||CLH2 < 1, ai = 10(b1 - 1), ag = 5(b2 - 1)
For w = 0, there is a single special line 7 = 0. The stability domain D(4) is shown in Fig. 1

where the dashed line represents the curve of D-decomposition of the system without uncertainties
(b =1,b =1).

Example 2. The case where the system is assumed to be defined precisely and the uncertainty
exist in the controller parameters (namely, in the proportional and integral units). The transfer
function of the closed-loop system is the same as in the example:

~ —1)(s—2
Gy = V=)
(s+1)(s2+s+1)

b
C(s, b1, b) = 7 (1+b1 +;2> + g

(27)

b2+ 03 <0.01; by,by eR.
Similar to the previous case, we compile the basic equation of the robust D-decomposition
7(s+0.1a1s 4+ 0.1ag)(s = 1)(s = 2) +v(s = 1)(s —2) + s(s + 1)(s* + s +1) =0, s = jw, (28)
”CLHQ < 1, al = 10b1, as = 10()2.
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Fig.3. Robust D-decomposition for the complex parameter.

As can be seen, it has the type of (12). By means of the transformations 7 = 1/7, v = v/7
(see the end of Section 2.2), the robust D-decomposition was constructed (Fig. 2, the stability
domain D(4)). The sector || < 10|v| corresponds to the special band |7| < 0.1 in the auxiliary
coordinates (7,7) for w = 0.

Example 3. Let us consider the robust D-decomposition of the discrete polynomial (see Exam-
ple 2 from [10]):

25(1+0.1a1) +72° +1.5+0.1ag =0; 2z =¥,

29
la;| <1, a;€C, i=1,2. (29)

One can see from the D-decomposition in Fig. 3 that, in distinction to the original polynomial
a1 = 0, as = 0, the presence of uncertainty does not help in selecting the parameter 7w so as to
make exactly one root of polynomial (29) to lie within the unit circle (the D-decomposition without
uncertainties is denoted by the dashed line). The special lines and bands lack; in other respects, the
construction resembles the continuous case: the boundaries “follow” those of the nominal D-decom-
position of the domain D(k) (in particular, the stability domain D(6)) decreased as compared with
the D-decomposition without uncertainties.

5. CONCLUSIONS
The paper described the robust D-decomposition in two real parameters for the affine family of
~ ~ ~ 4 ~
polynomials 7P(s) + vQ(s) + Ro(s) + > a;R;(s) under [,-bounded uncertainties a;. Application
i=1

of the robust D-decomposition to the design of low-order controllers under uncertainties both in
the plant and controller was demonstrated.

Construction of the boundaries of the domains of D-decomposition was shown to be reducible
in this case to the solution of the fourth-order equations. The situations arising at occurrence of
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singularities were discussed in detail. Consideration was also given to the variant of uncertainty
not only in the polynomial R(s), but also in the polynomials P(s) or Q(s).

For the complex parameter, an explicit formula to construct the boundaries of the domains of
the robust D-decomposition was presented. Relationship between the robust D-decomposition and
the circular arithmetics was demonstrated.

If there are uncertainties at least in two polynomials involved in the polynomial under consid-
eration (in the complex case, for example)

I (ﬁo(s) +> aif)i(s)> + Ro(s) + > biRi(s),
=1 =1
Ha”pl < Vas Hme < Y, @€ Cna be Cma

then in terms of the circular arithmetics solution of the basic equation of the robust D-decompo-
sition Y (w) is representable as

T(w) = ~C(Ro(w), [|Rlle,)C ™" (Do(w), [ Dllqy )

where ¢1 = p1/(p1 — 1), g2 = p2/(p2 — 1). The quotient, as well as the product of two circular
numbers, has a complex form and is a Pascal snail, rather than a circular number. The precise
boundaries of the robust D-decomposition can be established from the two fourth-order systems,
but it is more convenient to determine an approximate solution if the circular number O(w) D T(w)
is taken at construction instead of Y(w) (see, for example, [8]).
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APPENDIX
Proof of Lemma 2. (1) It suffices to consider the case of Rg = 0,7 = 1:
l
R = {Z aiRi=a"R: ||a|l, <1,a4; € C,R; € C} . (A1)
i=1

Let us take the complex number ¢ which is equal in absolute value to unity and defines the direction
on the plane and determine the distance from the zero to the boundary of the set (A.1) along this
direction:

max Re (¢'a”R) = max Re ((cR)"a) = [eRl, = lel |[R]] =Rl (a2)

where ¢ = p/(p—1), a = (a;)T, R = (R;)". The asterisk denotes conjugation, and the overline, the
complex conjugation. The derivation of (A.2) made use of the definition of the dual norm and the
fact that an [,-norm with a corresponding index will be dual to the /,-norm [11]. The absolute value
of the vector is understood as the elementwise value. This distance is independent of ¢; therefore,
(A.1) defines a circle of radius || R||, centered at zero.

(2) Let us consider separately the real and imaginary parts of the set obeying (14). Obviously,
this set is an ellipse because it is a linear map of the /-dimensional sphere of the parameters A
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onto the two-dimensional space. Expression (16) in Lemma 2 is the notation of this ellipse using
the nonnegative definite matrix M = CC™, where C is the map matrix [12]:

| ReRy --- RelRy

¢= ImR; --- ImRy |’

Proof of Theorem 2. As was shown in Section 2, the boundary of the domains of robust D-decom-
position occurs in the union of the boundaries of the sets of solutions of the zero elimination equation
and the degree reduction equation. As applied to the polynomial with complex parameter (21),
the degree reduction equation similar to (8) for the real-parameter polynomial is as follows:

7y + Tan = 0, (A.3)

where 7 4,, is the set of values of the coefficients at s™ of the family of polynomials Eo(s) +> aiéi(s),
a € A. By Lemma 2, it is a circle of radius ||7,[|, centered at 7, where 7, is the vector of the
coefficients at s™ of the polynomials Ri,i=1,...,0. The boundary of the solutions of Eq. (A.3)
obeys the equation

oY, = {7r : ‘m?n + ’FOn’ = ”Fn”q} .

Now we set down the zero elimination condition for the polynomial with the complex parameter
(counterpart of (10) for the real parameters) after passing to the variable w:

4
mD(w) € —Rp(w) — ZaiRi(w),ai €C,|lalp, <1 (A4)
i=1
By Lemma 2, the set in the right-hand side of the inclusion is a circle. If D(w) = 0, then,
depending on whether this circle includes the origin or not, the set of solutions of (A.4) YT(w) will
be the entire complex plane or the empty set. The first variant leads to T = C (all domains of
the robust D-decomposition are empty and their boundary T = {(}). In the second variant, Y (w)
makes no contribution to Yo = [JY(w); therefore, these w are skipped. If D(w) # 0, then the
solutions of (A.4) make up a circle of the radius || R||,/|D(w)| centered at —Ry(w)/D(w). Then, the
boundary 0T q is the envelope of the parametric-in-w family of circles. Not all points of the envelope
belong to the boundary 9Yq because of self-intersections. In its turn, the union of the boundaries
does not coincide with the boundary T because of the intersections of the sets T and T,. Both
these remarks are reflected in the sign of inclusion in the expressions 0T C 9T (0T s.
Let us pass to the notation with real variables zo(w) = Re (—Rp(w)/D(w)), yo(w) = Im (—Rp(w)/
D(w)), p(w) = ||R(w)|lq/|D(w)|. Then, the points of the envelope are the solutions of the equation
system (see [7])

{(w—wd@?+%y—m@w2—MwV—0 )
2z — m0(w))20 ()’ — 20y — yo(w))y0 (@)’ — 2p(@)p(w)’ = 0. |

The first equation defines the circle; the second equation is its derivative with respect to the
family parameter. By introducing the auxiliary variable ¢, all solutions of the first system equation
may be set down as z = xg(w) — p(w) cos(¢), y = yo(w) — p(w)sin(¢). By substituting ¢ in the
second equation, we get cos(¢)xo(w) + sin(@)yo(w) = p(w)" if p # 0 or the identity if p = 0 (then,
r = zo(w),y = yo(w)). Another auxiliary variable ¢ such that

COS = 0 (W)/
R o LRI
sin (1)) IC)

T Vo) + po(w)?
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gives rise to the equation

o p(w)’
(@-9)= Vo (w)? + yo(w)?

A solution exists if only p(w)? < x9(w)? + yo(w)"?. In the case where z¢(w)’ = yo(w) = p(w) =0,
the second equation of system (A.5) becomes an identity, and the envelope includes the circle or
its part.

After simple trigonometrical developments, we get two solutions:

zo(w)p(w)’ Yo(@)vao(w)? +yo(w)”? — p(w)”

cos(¢) = 70(@)2 + ()2 + zo(w)"? + yo(w)"?
) — @) a0(w)Va@) T (@) = )
sin(¢) = ( )2 4 yo(w)" - zo(w)"? + yo(w)"

and the final envelope equations (two branches):

2o(W)p(w)" F yo(w)vxo(w)? + yo(w)”? — p(w)”?
o (w)" +yo( )?

() — pU0@)P(@) E 2o(w) Va0 )T+ yo(w)” = plw)”
y=1yow) —p 10(@)% 4 30(0) .

(A.6)

By returning to the complex coordinates, we obtain the equation of the circle of the family
{m:|m —m(w)| = p(w)}, where 7 = = + jy, mo(w) = zo(w) + jyo(w), and envelope (A.6) is set

down as
o mw) e ¢ (@) N
o(w) = p( )|7T0(w),| (|7T0(w),| + /1 (|7To(w)/|) )

This result coincides to within the notation of the variables with the expression for T from (23).

If 7 and a are the coefficients of the polynomial é(s) and consideration is given to the discrete
case of s = jw, then p(w)’ = 0 and the equation of the boundary of the D-decomposition becomes
simpler:

ﬂo(w)/
T = TTolWw
o) 3P T oy
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