ISSN 0012-2661, Differential Equations, 2007, Vol. 43, No. 3, pp. 346-356. (© Pleiades Publishing, Ltd., 2007.
Original Russian Text (© M.V. Topunov, 2007, published in Differentsial’nye Uravneniya, 2007, Vol. 43, No. 3, pp. 335-344.

ORDINARY DIFFERENTIAL EQUATIONS

On the Existence of a Smooth Solution
of a Multidimensional Boundary Value Problem

M. V. Topunov

Institute of Control Science, Russian Academy of Sciences, Moscow, Russia
Received April 18, 2005

DOI: 10.1134/S0012266107030056

1. STATEMENT OF THE PROBLEM

Various considerations related to problems in control theory often lead to nonlinear boundary
value problems of the form

B+ Y Y ak(2)4z =0, z(0)=0, z(1)=1 k=1...m, (1)
i=1 j=1
with the additional condition

0 < z(s) <1, 0<s<1, k=1,...,m, (2)

where af;(2), 7,4,k = 1,...,m, are smooth scalar functions.
Problem (1), (2) is a generalization of the multidimensional boundary value problem

L4 a;(2)45=0,  z(0)=0, z1)=1, j=1,...,m, (3)
i=1
with the additional condition (2), where a;;(z), i,j = 1,...,m, are smooth scalar functions. Suffi-

cient conditions for the existence of a smooth solution of this problem were obtained in [1].

Problem (3), (2) arises in [2] when characterizing optimal control switching points as zeros of
some functions for a class of control systems satisfying certain conditions. This problem also arises
in [3] in the study of convexity conditions for the attainability set of a smooth control system
linear in the phase variables.

In Section 2, we arrive at a boundary value problem of the form (1), (2) in the analysis of
sufficient conditions for the convexity of an image of a convex polygon.

2. ON THE CONVEXITY OF AN IMAGE OF A CONVEX POLYGON

Theorems establishing conditions for the image of a convex set under a smooth mapping to be
convex [4] have numerous applications in various control and optimization problems. For example,
the two-point time optimization problem for the smooth nonlinear control system

' = f(z,u), xr € R, u(-) € Dy,

where Dy is the set of bounded measurable functions ranging in a convex compact polygon U C R™,
has a solution provided that the set §(z) = {f(x,u), v € U} is convex [5, pp. 203-204].
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Let U C RY be a convex compact polygon, and let f : U — R" be a smooth mapping of class
C? satisfying the following condition: there exist smooth functionals bfj : U — R such that

9 5;( (w;, w Z bk, " (4)

where wy,...,w,, m < N, are linearly independent vectors tangent to edges I'y,...,I",, of the
polygon U and such that spang {wy,...,w,,} = spang U.

Take arbitrary points u,v € U. Since U is convex, it readily follows that there exist linearly
independent vectors 0y, ..., w,, tangent to edges I'y,...,I[",, of U and such that the m-dimensional
parallelepiped II with opposite vertices u and v and with edges parallel to w, ..., w,, is contained
inU

Therefore, f(U) is convex if there exist smooth scalar functions «;(s),. .., a,,(s) satisfying the
inequalities

ukgak’(s)gvk’a OSSSL k‘:l,...,m, (5)

the boundary conditions

and the relation
where

By differentiating relation (6) twice with respect to s, by introducing the notation

m
o = Z a;(s)w;
j=1

for brevity, and by using (4), we obtain the chain of relations

e (S d[of(er) &
0—@ (;aij) —@( 6’u, ;Oéj’u)j

of (@)~ o Pf (@) (N~ o N
:TZ;akwk—'_W ;aiwi,;ajwj

m o * mom o2 *

k=1 i=1 j=1
m ) 8f(oz*) m m m 8f(06*)~

=D gt 3> > bl (a7) dudy =g —
k=1 i=1 j=1 k=1
m ) m m 8f (Oé*) B

_Z<ak+ZZb] ozog) 9 Wy,
k=1 i=1 j=1

which leads to the boundary value problem
G+ Y bE(@)dud; =0, o(0) =up,  op(l)=v, k=1,...,m. (7)
i=1 j=1
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One can readily see that if u, = v, for some p, then
a,(s) = u, = const

and the dimension of system (7) can be reduced; therefore, we assume that u, # vy, k= 1,...,m.

We set
ar(s) = up + (v, — ug) zx(s), k=1,...,m;

then problem (7) acquires the form (1), where

ko pk (vi — ;) (v; — uy)
@i = Vi Vi — Ug

, i, 75, k=1,...,m.

The additional conditions (5) acquire the form (2).
In Section 3, we derive sufficient conditions for the existence of a smooth solution of the boundary
value problem (1) with the additional condition (2).

3. MAIN THEOREM

Theorem. The boundary value problem (1) has a C? solution satisfying conditions (2) if the

functions afj(z), 1,5,k =1,...,m, satisfy the system of differential equations
8@% k k .
aZp :bip (apj+ajp)7 k#pu /L7jvk7p:]-7"'7m7 (8)
where b;;(2), 1,5 =1,...,m, are smooth functions satisfying the system of differential equations
0b; . .
aZj :bipbpj7 j?ép7 Zu.]7p:17°°°7m' (9)
P

Proof. We seek a solution of problem (1) with conditions (2) as a solution of the boundary
value problem

oY biu(2)as =0, z%((0)=0, z1)=1, k=1...,m, (10)
i=1
with smooth functions b;.(2), i,k =1,...,m.
By [1], system (10) has a solution satisfying conditions (2) if
b,

a—zp:bipbpk" k#p’ i7k,p:1’...’m.

In view of (10), system (1) acquires the form

m m

=Y bi(2)EE+ Y zm:afj(z)zizj =0, k=1,...,m,

i=1 i=1 j=1

or

Z (Z CLZ(Z)Z‘TJ' - bzk(z)zk> Z,L == 0, k= ]., e, M.

i=1 \j=1

The resulting relations hold for
Zafj(z)zj = bir(2)Zx, Lk=1...,m. (11)
j=1
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As was shown in [1], there exist smooth functions \; (zx), £ = 1,...,m, such that the solution
of system (10) satisfies the system

Ze 4+ A (22) 22 = 0, 2:(0) = 0, ze(1) = 1, k=1,...,m; (12)
moreover,
Me(z) =) bi(2)2,  k=1,....m. (13)
=1

Obviously, it follows from system (12) that

2k

z, = C), exp —/)\k(f)df , C,, = const # 0, k=1,...,m. (14)

0

From (11) and (13), we have

m m Zzz
)\k(zk)zzzafj( ) 22]7 k:]-u 7m7
i=1 j=1 k
or, in view of (14) and the notation
i (zk) = /)‘k(é.)dfv k= 17 SRR (15)
0
we obtain
8 C,, C,\
ZZ ab (=) exp {2 (20) — i (2) =1y ()}, k=1,..,m.  (16)
i=1 j=1 )‘k
We arrive at the system of Pfaff equation with multidimensional time,
Ox; : .
6—2:fij(tl,...,tn,xl,...,xm), i=1,...,m, j=1,...,n.

By [6, p. 175], a necessary and sufficient condition for the consistency of this system providing
the existence and uniqueness of the solution for arbitrary initial conditions in the domain of the
functions f;;(t, ) is given by the relations

afzk_i_zafzk ; 8fz] Zaf”fpk’? i:l,...,m, k,jzl,...,n. (17)

For system (16), relations (17) become

0, Ok
— 4+ =~ =0 k k,p=1,... 18
8Zp + 8”1)7[) ) #pa , D ) ,m, ( )

where

Ye2Hk T Hi T k=1,....,m.

T = Z Z @i

i=1 j=1

m m
CA C)\ k
Z
Ak
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Since

a’)/k . C)\ C)\ 80, ( ) Y
o D T os, ’

M~ OnCh, . 2puk— i — i
i

m m 8ak m C)\

C\,Ch, 2 — (a; +at al, ===elr™hs | e = (),
S e (U ) S
k # p7 k:7p = ]'7 A 7m7

and hold for

dal. n
= (a’;j + a?p) Za’? Z2As ghphts k # p, i,5,k,p=1,...,m. (19)
P

By (11), (14), and (15), we have

therefore, relation (19) becomes

8@% k k ..
B :bip (apj+ajp)7 k7ép7 Za]vkapzlv"'vm'
P

The proof of the theorem is complete.

4. EXAMPLES

The theorem implies that studying the existence of a smooth solution of the original multidi-
mensional boundary value problem (1) essentially amounts to the analysis of systems (8) and (9) of
differential equations. This analysis is not very difficult, and we carry it out for system (9) by way
of example. In the two-dimensional case, the system will be solved completely, and in the general
case, we indicate a sufficiently wide family of solutions.

First, we restrict our considerations to the two-dimensional case

—8;21 = biabar, 87112 = b11b12, 87221 = baoban, 87212 = by1b1a. (20)

From the second and third equations of the system, we obtain

ul U2

b1y = G (uy) exp /bn (& ug) d o, by1 = F (uy) exp /b22 (u1,m)dn (21)
0 0
and substitute these expressions into the first and fourth equations:

w1 Uz

= I (u1) G (u2) exp /bn (faUQ)d§+/b22 (ui,m)dn ¢, 1=1,2,

0 0

Ous_;
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or
82 Ul Ul u2
[ o) s = P ) G (wyexp { [ b (€uade + [ bas (unman
8u18u2
0 0 0
82 u ul U
/b22 (u1,m)dn = F (u1) G (usz) exp /bn (&, ug) d€ + /b22 (u1,m)dn
8U18U2
0 0 0
By adding and subtracting the resulting relations term by term, we obtain
82 uy u
el D L L
0 0
= 2F (uy) G (uz) exp /bu (&, ug) d€ +/b22 (uy,m)dn
0 0
and also

Uy

? b
D1 0uy /bn (&, uz) d€ — /522 (u1,m)dn | =0,
0

0

which implies that

ul

Equation (22) has the form
Wyyuy = 2F (uq) G (ug) v,

where
Ul u2

w = w (uy, uy) :/b11 (&, ug) df"‘/bm (u1,m) dn.

0 0

In Eq. (24), we pass to the new variables

m—/F@% @—Jawm

in which the equation becomes
w
Wy, a0, = 2€7.

By [7, p. 174], the general solution of the differential equation
Zpy = ae?, a, A € R,

has the form

z Yy
2 A
2(x,y) = f@) +9(y) Xln k/ef(g)df—l—;—k/eg(")dn :

A

0 0

where f(x) and g(y) are arbitrary functions and k € R.
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Consequently, Eq. (27) has the solution

Uy Uz

1
w (U, Uz) = @ () + ¢ (4z) —2In k/e@(f)dﬁﬁ-g/ew(")dn ,
0 0

where 4, and 4y are given by (26). Then relation (25) acquires the form

Ul u

[ (uyde+ [ b tumyan

0 0
uy ug Jo P F(&)de 1 Jo'? G(n)dn
= ( / F(§)d§) + ( / G(n)dn) —2In |k / e d¢ + - / M|,
0 0 0 0

which, together with (23), implies that

()

[ () ag = AL I {w (7F<5)d5) o (fG(n)dn)] /2

0

Jo't F(&)de Jo' G(n)dn
—In|k / e?©d¢ + % / e?Mdn|, (28)
0 0
[ g = - I !so ( / F(é)d§> o ( / G(n)dn) ] /2
0 0 0
Jo't F(€)de J¢'% G(nydn
—In|k / e?©d¢ + % / e’Mdn| . (29)
0 0

By differentiating relations (28) and (29) with respect to u; and wu,, respectively, we find by,
and b22 :

o= ()

w Jo't F(€)dé ) J2 G(n)dn
— kexp {@ (/ F(f)df)} F (u1)/ (k / e?©dg + Z / ew(")dn) ,  (30)
0 0 0

0

1 Uz Jo't F(&)de . f&2 G(n)dn
— 7 exp {¢ (/ G(W)dn)} G(Ug)/ <k / e?©dg + ; / ew(n)dn> . (31)
0 0
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From (21), (28) and (29), we obtain

uy

bu=G<u2>exp{A(“I)+B<“2)}exp o [Fee)+ 7G(77)d77 /2

2
Jo E(&)de ) o' G(mydn -
x | k / e?©d¢ + Z / e’ dn , (32)
0 0
A(uy) + B(u ' 7
b = F () exp { - AL B o o | [ rierte ) o ( [ Gnan)] /2
0 0
Jot F(&)de ) o' G(nydn -
x | k / e?©dg + z / e’ dnp . (33)
0 0

Thus the solutions of system (9) are given by the functions (30)—(33), where A, B, F, G, ¢, and
1 are arbitrary scalar functions and k£ € R.

In particular, if b1, = 0, then, obviously,

U2

b1 =bny (U1) ) b1y =0, by = F (U1) €xp /bzz(n)dﬁ > bao = by (Uz) )

0
and if by; = 0, then, in a similar way,

Ul

bi1 = b1y (U1) ) bio =G (Uz) €xp /bn(f)df > by =0, bao = bay (Uz)

0
Now consider the multidimensional case. By setting k& =i in system (9), we obtain
0ibij = biibij, i # 7,

or

Further, by setting k = j and j = 7 in system (9), we obtain
8jbii = bijbji7 Z 7& j (35)
By substituting relation (34) into the resulting equation, we obtain
6% In ‘bij’ = bijbjia 7 7& j (36)
The permutation of the indices ¢ and j in this relation gives
6% In ‘bji’ = bijbjia 7 7& j (37)
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The difference of relations (36) and (37) gives

@

%

2 o . -
9% In by | 0, i#J

2
= 8”- In

and their sum gives

81‘23' In [bj;bij| = 2bi;byi, i # .

In particular, it follows from (38) that

(the symbol 4; indicates that u; is not in present in the list of arguments); i.e.,
bji = by Fy (@) Gi (@), i #J.
By substituting (40) into (39), we obtain the equation
0% In |by;| = 02, Fy (;) G (),
which, in particular, has the solution

) -1
u;

bij = /Fj () d€ —l—/Gi (4;) dn + R (4;,4;) , i
0

0

Then it follows from (40) that

-1

bji = Fj (1;) G; (1) /Fg (1;) d€ +/Gi (@;) dn + R (1, 1,) ; i J
0 0

By (34), we have
u; w —1
b = —Gh (1)) /Fj (i) de + /Gi (i) dn + R (i, ;) |
0 0
therefore, from (35), we have
2

_F () / F, (i) de + / G, (i) dy + R (4. 4,)
0 0

Uj -2

= I} (4;) G; () /Fj (ﬁi)dé‘i‘/Gz‘ (@) dn + R (;,1;) ) i # 7,
0 0

which implies the identity

DIFFERENTIAL EQUATIONS Vol. 43 No. 3
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(44)
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By (44), relations (41)—(43) acquire the form

-1

b= |~k [ B @)+ R |
0
Uj -1
bij = _ui"i'/FJ(ﬁi)df‘i'R(awaJ) ’ i # 3,
0
Uj -t
b]z:_FJ (uz) _uz'i'/Fj(at)df—i_R(a“aﬂ) ’ Z#J

355

(45)

(46)

(47)

By exchanging the indices ¢ and j in (46) and by comparing the resulting relation with (47),

we obtain

Uj Uq

_ui—i'/Fj (@) d€ + R (0, 0;) = —F} () —uj+/ﬂ(aj)d§+R(ai,aj) L i

0 0
After the differentiation with respect to wu;, the last relation implies that
F; (4;) = ¢; = const, i # 7;

ie.,
bii = (_ui + CjUj + R(ﬁi,ﬁj))_l

Since the index j on the right-hand side is arbitrary, we have

-1
bii = <—’U,i + Z CrU + COHSt) .

ki

It remains to note that b;; = b;; by (46) and (45) and b;; = —c;b; by (46) and (47). Finally,

-1
bij = bi = <—Ui + chuk + CO) s

ki

or

k

-1
bij = bi = —C; (Z CrUg + Co) .

Some properties of systems (8) and (9) were considered in [2] (see also [8]).

5. CONCLUDING REMARKS

Let us introduce the connection determined by the Christoffel symbols
Ffj = afy(2).
For the connection (48), the torsion tensor I'f;; = T'f; — I'¥; has the form T'f ) = a, — aj,.
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The Riemann curvature tensor [9, p. 362] given by the relation

—Rk. = 9 —ir’urr”r’“—rprk

q;ij 8 qj 8 J 9]~ pt qi- pj

(where p is a summation index) acquires the form

L

0 . 0 ;
koo
Rq i 9y a{zk Oz qk + aqp pk - aqpapk
— bqi (agk + a’ki) - bl]] ( ]k + akj) + a’qp ;)k aqpa’pk for i ;é j
0 for i=j.

Therefore, the connection (48) is flat if

bqi (a’zk—i_a’kz Zaqp Aper i # J, i,J,k,g=1,...,m
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