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1. INTRODUCTION

Let us consider the smooth control system
&= f(x,u), zeM, u()eDy, (1)

where M is a smooth C'**-manifold regularly imbedded in R", ®y the admissible control set of all
bounded measurable functions of time t taking values in a convex compact polyhedron U C R™,
and f: M x U — R" is a smooth mapping (of the class C?).

In a broad sense (see [1]), the control problem is reduced to studying the properties of the
input-output mapping

u(-) = Fo r(u), (2)

where F,, 7(u) is the point of the phase space to which the control system (1) passes from the
initial point g € M in time 7" > 0 under the action of an admissible control u(-) € ®y. A main
difficulty in studying nonlinear control systems (1) is that, unlike for linear systems, an explicit
representation for the input-output mapping for nonlinear systems cannot be easily found.

The class that is next in complexity to linear systems is formed by smooth control systems of
constant rank [2, 3]. Precisely they are close to linear control systems. System (1) is said to a
smooth control system of constant rank if, for any point zg € M and any T' > 0, the rank of
mapping (2) does not depend on u(-) € Dy (but may depend on xg € M and T > 0).

Sufficient conditions under which system (1) is of constant rank, the so-called bang-band prin-
ciple, are formulated in [2]. System (1) satisfies the bang-bang principle if, for any point (xg,ug) €
M x R™ there exists a neighborhood V' such that (zg,up) € V and the bilinear mappings

ag(z,u;-,-) : R™ x R™ — R™,
smoothly dependent on x and u such that

é%adaf(x,u)w(v,w) = Z <(a§(ﬂc,u;v,w))* <adﬁf(x,u)w> ) , a=0,1,...,

U
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934 TOPUNOV

for all (z,u) € V and v,w € R™, where adfg = [f, g] is a commutator of smooth vector fields and
a* is an element of the adjoint of the space of vectors a.

Smooth control systems are investigated in [4-7]. The geometry of the reachable set of a quasi-
commutative bilinear is studied in [4] and its results are generalized to the class of bilinear constant-
rank control systems in [5] and to the class of smooth control systems that are linear in phase
variables in [6]. Sufficient conditions for the embeddability of the reachable set of smooth constant-
rank control systems that are linear in phase variables are formulated in [7] . Related problems of
control systems are described in [8-12].

In this paper, we introduce and study a class of smooth constant-rank control systems different
from quasi-commutative systems, viz., y-commutative bilinear systems. We shall investigate the
properties of the coefficients of a p-commutative system and derive an explicit representation for
the input-output mapping of a pu-commutative scalar control system. These properties are helpful
in studying the properties of the system, particularly the geometry of its reachable set.

2. FORMULATION OF THE PROBLEM

Let us consider the bilinear control system

m
T = <A+ZuiBi> z, zeR" u()=(u,...,un) €Dy, (3)
i=1
where A and B;, i = 1,...,m, are constant n X n matrices and Dy is the admissible control set

of all bounded measurable vector functions of time ¢ with values in a convex compact polyhedron
UcCR™.
The bang-bang principle for system (3), according to [3], takes the form
[Bi,ad*ABj] = Y Y afad*ABg, aZfe€R, ij=1,....m, k=01, (4)
a=0p=1
where
ad’AB = B,
adAB = [A,B] = AB — BA,
ad*T1AB = [A,ad*AB], k=1,2,....

The simplest class of smooth constant-rank control systems is the class of commutative systems.
A bilinear control system (3) is said to be commutative if it satisfies the commutativity conditions

[A,BZ]:O, [BZ',BJ']:O, i,jzl,...,m.

Obviously, its input-output mapping can be represented in the form

T
FxO,T(u) - eTAHe 0 Zo, ’U,() = (ulv"'vum) € Dy.

i=1

A far more complicated class of smooth constant-rank control systems is the class of quasi-
commutative systems. A bilinear control system (3) is said to be quasi-commutative if it satisfies
the quasi-commutativity conditions

[Bi,ad*AB;] =0, 4,j=1,....m, k=0,1,....
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A CLASS OF p-COMMUTATIVE BILINEAR CONTROL SYSTEMS 935

According to [13, 4], its input-output mapping can be represented as

T m
" [ €244 3™ Byu,i(6) do
Fpor(u) = el Aeo i=1 zo, u() = (ur,...,un) € Dy.

A bilinear control system (3) is said to be p-commutative if it satisfies the p-commutative
conditions

m
ad®ABjad’AB; = Y pfad*™PABy, uf €R, ij=1,....m, o,B=01,.... (5)

As will be shown below, the p-commutative conditions (5) are obviously encountered in studying
the input-output mapping of system (3).

Theorem 1. The p-commutative system (3), (5) is a control system of constant rank.

The proof of Theorem 1 is given in the Appendix.

3. PROPERTIES OF THE COEFFICIENTS OF A p-COMMUTATIVE SYSTEM

The coefficients ,uz k:v a,f=0,1,...,4,7,k=1,2,...,m, in relations (5) are called the pu-coeffi-
cients of system (3), (5) (or coefficients of the p-commutative system (3), (5)). They have certain
important properties.

Theorem 2. If
rank{ado‘+ﬁ+1ABl, ad*“ P HIAB,. ... ,ad‘”"g“ABm} =m,
then
pon = st e B=0,1,., dgk=1,...m
Theorem 3. If
rank{ad’AB;,ad?ABs,...,ad’?AB,,} =m

then
M?]k Z sz’i q7 20717'”7 i7j7k:17"'7m7

where G are binomial coefficients.
Theorem 4. If
rank{ad® PV AB;, ad* PtV AB,y, ... ad*TP T AB,,} = m

then
ﬁé B ats, E: Bty B
+ + -
M%k:u‘(]qu 7= H?kq ’YH];]N a7ﬁ7’y:07]—7"'7 Z7]apaq:17"'7m'
k=1

The proofs of Theorems 2-4 are given in the Appendix.

According to these theorem, the internal relations between p-coefficients of a bilinear system
in general are rather complicated. Nevertheless, in the next section, we shall derive a direct
representation for the “structure” of a system with scalar control.
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4. COEFFICIENTS OF A u-COMMUTATIVE SYSTEM WITH SCALAR CONTROL

Let us consider a p-commutative system with scalar control
t=(A4+uB)z, zeR", u()eDy, (6)

where A and B are constant n x n matrices and Dy is the admissible control set of all bounded
measurable scalar functions of time t¢.
Since the conditions for the py-commutativity of system (6) are

ad®ABad®AB = p*%ad**PAB, u*® eR, «,8=0,1,.... (7)

Theorems 2—4 take the following form.
Theorem 2. If ad®*PTYAB #£ 0, then

Ma’B:Ma+1”B—|—HQ7ﬂ+1’ a?/B:07]'7""

Theorem 3'. If ad”? AB # 0, then
P
MOO — Z Cguq,p*q’ p=0,1,...,
q=0

where C are binomial coefficients.

Theorem 4'. If ad®*P*YAB +£ 0, then

PP Pt = PP By = 0,1,

The last theorem implies the following obvious corollaries.

Corollary 1. If ad®TPAB +# 0, then

uaﬂ(uoa—uo’mrﬂ):o, a,f=0,1,...,
pB (petP0 — % =0, a,4=0,1,...,
:U’a[@(:u’ao - MOﬁ) = 07 Oé,/B = 07 17 cee e

Corollary 2. If ad*AB # 0, then

P (u® — %) =0, a=0,1,...,
p (™ = p) =0,

1,

These results directly imply that the class of y-commutative bilinear systems with scalar control
decomposes into a class of left py-commutative bilinear systems satisfying the condition

00
af __ 12 ﬁ =0 _
1 —{ 0. B0, a,8=0,1,..., (8)
and a class of right p-commutative bilinear systems satisfying the condition
00
af __ wee, = 0 _
L —{ 0. a0, a,=0,1,.... 9)
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It is easily seen that if 4% = 0, then a p-commutative system with scalar control degenerates to a
quasi-commutative system.

If the p-coefficients are represented as a triangular table

,uoo
(10 10!
,u20 ,u11 ,u02
130 12! e 1103
then this table takes the form
1100
,UOO 0
/J’OO 0 0
,uOO 0 0 0
for “left” systems, and the form
1100
0 MOO
0 0 /J’OO
0 0 0 ,uOO

for “right” systems.
If

a =min{a, ad*AB #0},

then these tables contain (@ + 1) nonzero rows.

5. FUNDAMENTAL MATRIX OF A u-COMMUTATIVE SCALAR CONTROL SYSTEM

Let Qf(P) be the fundamental matriz (matrizant) of the matrix differential equation

dX
— = P(t)X
R i

with initial condition X (0) = E, where F is a unit matrix.
According to [3, 14],

QL (A) = E+/A(ﬁ)dﬁ —|—/A(71)dn/A(Tg)dTg T (10)
0 0 0

Q4(A) = e, A= const, (11)

Q(A+ B) = Oh(A)0% (A (4)B), (12)

where

AdAB = A 'BA.
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938 TOPUNOV

The input-output mapping for system (3) can obviously be represented as

Fpot(u) = 96 (A + ZBZUZ> xo, u() = (u1,...,um) € Dy,

i=1
and for a bilinear scalar control system (6) as

Frot(u) = Q4 (A+ Bu)xg, u(-) € Dy.

Let us study the structure of the fundamental matrix (A + Bu) of system (6). According
o (11) and (12),

Qb (A + Bu) = Q5 (A)Q (AAQY(A) Bu) = Q) (Ade? Bu) = Qb (e7%294 Buy)

et ( i (=1F dpABepu) = "05(Q(0)),

p=0 p'

where
Q9) = i (—p1')p ad?ABU (0), v0(0) = 0Pu, p=0,1,....
p=0
Then
6 0o 1 00 1P 0
o) [a@ic=> “lavan o)y, Sl awan [0
—0 - P
0 p p 0
> L (—1 1Pk ;
=») ( k;') d*4Bv" (0) ((p_) o A" FAB / 7, (€) de
p=0 k=0 0
= ~ 1 K am @ O
= Y g ABad 4By 0 / v, (&) de
= ! ! /
00 6
:Z(_ll)padPAsz:ngvp*k O / v,(€) de = Z( %)padpABuI(,l)(H),
p=0 p: k=0 0 p=0 p:
where

%
p
D) =Y Chubr 0 (0) / v € de, p=0,1,....
0

k=0
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Similarly, we obtain

% %
S — (—1)P 1
0) | Q(&)d¢ dPABy(0) Y ~—-ad”AB | vV (&) dé
/ / Z i S aras [
-\ kABL® GO L— h (1)
_ (G
> z:: AR (0) = ed?FAD 0/ vV, (€) de
. p -l 1 k p—Fk (0) / (1)
:,;)(_1) > gy ABad Ay (e)o/ypk(g) de
0o 6
= (—pl')padp Asz: cgukvp—ky,go)(e) / Vgljk £)dé = Z dPABy(2>(9)
p=0 : k=0 0 .

where

0
p
2 0) = > it o) [ ds p=0.1..,
0

k=0

etc. Hence, according to (10), we obtain

t t
2(Q(0)) = F + Z U wap [ 0w+ Z "adPAB [hoydo+.
P 0 P 0

_E+Z adpAB/Z () ( d9—E+Z adpAB/M do,

where
M) = S 06), p=0.1.....
5=0
and
OPu, s =
)= > Cifu’“’p’“v;io)w)f VoD@ de, s=1.2,.
The functions My(#), p = 0,1,..., are called the components of the fundamental matrix of

system (6). Note that

:ZVéS)(Q):Véo)(H)—FZV _gpu+zzck kp—k (0 )
s=0

6
s=1 s=1k=0 0/
0
0

p 0 [e%e] P
= 0Pu + Z Cﬁuk’p*kulgo)(é?) / Z Vlgi;l)(f) d¢ = 0Pu + Z Cguk’p*ku,(ﬁo) (9)
0

k=0 s=1 k=0

ie.,

0
p
My(6) = 0Pu+ S CEpbr=ky 0 (g) / M, (€)de, p=0,1,.... (13)
k=0 )
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Hence
0
My(6) = u (1 + ,uOO/MO(f) dg) :
0
Consequently,
0
u%0 [ u(€)dg
My(0) =ue o (14)
For a “left” system (6), according to (8), from (13) we obtain
0
M, (6) = 0" (1 +u°0/Mo(5) df) . p=0,1,...,
0
or, by virtue of (14),
0
0 [ u(€)de
M,(0) = 6Pue 0 , p=0,1,.... (15)
For a “right” system (6), according to (9), from (13) we obtain
0
M,(0) = u (HP—I—MOO/Mp(f)d{) ., p=0,1,....
0
Hence
0
K% [ u(€)dg
ue 0 , p=0
My(0) = 0 £ (16)
p0 [u(©)de o —u% [ u(n)dn
ue 0 f(&P)e 0 ¢, p=1,2....
0
6. AN EXAMPLE
Let us consider a two-dimensional bilinear scalar-control system
I +
T T <, (17)
xh = (d + bu)xo,
where
a,b,c,d =const, a,b#0, c#d.
Moreover,

a=(5a)m=(05)
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BQ_<8 ZS>_I)B,

adaAB_<O a(e—d) ) a=1,2 ...,

It is easily seen that

0 0
BadO‘AB—<8 8), a=1,2,...,
(adaAB)B:<8 “b(cad) ):badO‘AB, a=12 ..

ad*ABad’AB = (0 0), a,B=1,2...,

[B,ad“AB] = <8 _ab(co_d) ) a=1,2,....

Hence system (17) is neither quasi-commutative, nor commutative. It is a “left” p-commutative
system with coefficients

b, =0
af __ ) _
“ —{0’ 320, a,0=0,1,....

Then, according to (15), the components M,(6) of the fundamental matrix of system (17) are

)
b [ u()dé
My(0) = 6Pue © , p=0,1,....

7. CONCLUSIONS

A class of p-commutative bilinear systems, i.e., smooth constant-rank control systems, is stud-
ied. The properties of the coefficients of a y-commutative system and their interdependence are
investigated.

A p-commutative bilinear scalar control system is studied in detail. Using the dependence
between the coefficients, a system is decomposed into “right” and “left” subsystems.

A direct representation for the input-output mapping of a p-commutative bilinear scalar control
system is derived and used to study the properties of the system, particularly the geometry of its
reachable set. An example is given.

APPENDIX
Proof of Theorem 1. It is easily seen that the p-commutativity conditions (5) ensure the
bang-bang principle (4). Indeed, assuming in (5) that
a=0, /8 =D,
we obtain
m
Biad?AB; =Y it ad? ABy, (18)
k=1
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and assuming in (5) that

/8:07 o =p,

we obtain

(ad?AB;)B; = > pby ad? AB,.
k=1

Interchanging the subscripts ¢ and j in the last equality and subtracting from (18) term by term,
we obtain

m
[Bi,ad? AB;] = (i, — ubh,)ad” ABy,,
k=1

i.e., conditions (4) are satisfied for

k k _
gk H?jﬁ - :U'jzoﬁa a=Fk
B 0, a # k.

Therefore, the bang-bang principle (4) holds for system (3), (5). Consequently, the system is
controllable and of constant rank. This completes the proof of the theorem.

Proof of Theorem 2. Multiplying the equality

ad® AB;ad” AB; = Zu kad‘”"gABk
k=1

on the right and left by the matrix A, let us subtract the relations thus obtained term by term:

Aad® AB;ad” AB;j — (ad“AB; adﬁAB A= Z szkada+ﬂ+1ABk

but
Aad®AB;ad’ AB;j — (ad® AB;ad’ AB;) A
= Aad*AB;ad’ AB; — (ad®AB;ad’ AB;) A + (ad® AB;) Aad’ AB; — (ad®AB;) Aad’ AB;
= (Aad*AB; — (adAB;)A)ad’ AB; + ad*AB; (Aad’ AB; — (ad”AB;) A)
= [A,ad*AB;]ad’ AB; + ad®AB;[A,ad’ AB;] = ad®™ AB;ad’ AB; + ad® AB;ad’ ' AB;
_ Z NZO;—};I ﬁadaJrﬁJrlAB + Z ,u”,ﬁ-l—ladaJrﬁJrlABk _ Z(Mz]kl B + ,u”,ﬁ-f—l) da+ﬁ+1ABk.
k=1 k=1

Hence

m
S (1l = (gt + ) Jad™ P ARy = 0.
k=1

Since the matrices
ad“ P AR ad® P AB, .. ad*tPHLAB,,
are linearly independent, we obtain the unknown relation. This completes the proof of the theorem.
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Proof of Theorem 3. We prove by induction on p. For p = 0, we have the relation

Hijle = Hijk-

Assuming that this relation holds for p, let us show that it holds for p + 1. By Theorem 2,

P
00 __ p—q _ q(,9+1.p—q q,p—q+1
:U’Z]k - Z Mzgk Z C szk + 'LLZ )
=0
& +1 B +1 AR +1 B +1
_ q+1,p—q q,,9P—q q—1,4,p—q q,p—q
=D Cpul "+ Y Gl ZCp e T+ > Gl
q=0 q=0 = q=0
P

0.p+1 q—1 q\,,9p—a+1 p+1,0
Mzgk Z C +C 'uzjk: +'uijk:

p+1
— ,p+1 q,p— q+1 p+10 q,p—q+1
- zgk: Z +llu‘zjk zgk: Z +1Hz]k ’

demonstrating the relation holds. This completes the proof of the theorem.
Proof of Theorem 4. Let us multiply the equality

ad®AB;ad® ABj = Zu kadaJrﬁABk
on the right by ad”AB,,:

ad”AB;ad’ ABjad"AB, = Z piad® ™’ ABLad? AB,.

k=1
But
m
ad® AB;ad? ABjad " AB, = ad“AB; Y i ad® TV ABy, = Z Z p I ad AR,

k=1 k=1q=1

and

Z uzjkado‘+ﬁABkad7AB = Z Zufﬁuz;qﬁy do‘+’6+7ABq.
k=1qg=1
Hence

m m m
> < PN ATl DY A ) ad*"IAB, = 0.
qg=1 k=1

Since the matrices

ad® Pt ABy, ad®tPtYAB,, ... ad*tP Y AB,,
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are linearly independent, we obtain the unknown relation. This completes the proof of the theorem.
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