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1. INTRODUCTION

Let us consider the smooth control system

ẋ = f(x, u), x ∈ M, u(·) ∈ DU , (1)

where M is a smooth C∞-manifold regularly imbedded in R
n, DU the admissible control set of all

bounded measurable functions of time t taking values in a convex compact polyhedron U ⊂ R
m,

and f : M× U → R
n is a smooth mapping (of the class C2).

In a broad sense (see [1]), the control problem is reduced to studying the properties of the
input-output mapping

u(·) �→ Fx0,T (u), (2)

where Fx0,T (u) is the point of the phase space to which the control system (1) passes from the
initial point x0 ∈ M in time T > 0 under the action of an admissible control u(·) ∈ DU . A main
difficulty in studying nonlinear control systems (1) is that, unlike for linear systems, an explicit
representation for the input-output mapping for nonlinear systems cannot be easily found.

The class that is next in complexity to linear systems is formed by smooth control systems of
constant rank [2, 3]. Precisely they are close to linear control systems. System (1) is said to a
smooth control system of constant rank if, for any point x0 ∈ M and any T > 0, the rank of
mapping (2) does not depend on u(·) ∈ DU (but may depend on x0 ∈ M and T > 0).

Sufficient conditions under which system (1) is of constant rank, the so-called bang-band prin-
ciple, are formulated in [2]. System (1) satisfies the bang-bang principle if, for any point (x0, u0) ∈
M× R

m, there exists a neighborhood V such that (x0, u0) ∈ V and the bilinear mappings

aα
β(x, u; ·, ·) : R

m × R
m → R

m,

smoothly dependent on x and u such that

∂

∂u
adαf(x, u)

∂f(x, u)
∂u

(v,w) =
α∑

β=0

(
(
aα

β(x, u; v,w)
)∗
(

adβf(x, u)
∂f(x, u)

∂u

)∗ )∗
, α = 0, 1, . . . ,
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934 TOPUNOV

for all (x, u) ∈ V and v,w ∈ R
m, where adfg = [f, g] is a commutator of smooth vector fields and

a∗ is an element of the adjoint of the space of vectors a.
Smooth control systems are investigated in [4–7]. The geometry of the reachable set of a quasi-

commutative bilinear is studied in [4] and its results are generalized to the class of bilinear constant-
rank control systems in [5] and to the class of smooth control systems that are linear in phase
variables in [6]. Sufficient conditions for the embeddability of the reachable set of smooth constant-
rank control systems that are linear in phase variables are formulated in [7] . Related problems of
control systems are described in [8–12].

In this paper, we introduce and study a class of smooth constant-rank control systems different
from quasi-commutative systems, viz., μ-commutative bilinear systems. We shall investigate the
properties of the coefficients of a μ-commutative system and derive an explicit representation for
the input-output mapping of a μ-commutative scalar control system. These properties are helpful
in studying the properties of the system, particularly the geometry of its reachable set.

2. FORMULATION OF THE PROBLEM

Let us consider the bilinear control system

ẋ =

(
A +

m∑

i=1

uiBi

)
x, x ∈ R

n, u(·) = (u1, . . . , um) ∈ DU , (3)

where A and Bi, i = 1, . . . ,m, are constant n × n matrices and DU is the admissible control set
of all bounded measurable vector functions of time t with values in a convex compact polyhedron
U ⊂ R

m.
The bang-bang principle for system (3), according to [3], takes the form

[Bi, adkABj ] =
k∑

α=0

m∑

β=1

aijk
αβ adαABβ, aijk

αβ ∈ R, i, j = 1, . . . ,m, k = 0, 1, . . . , (4)

where

ad0AB = B,

adAB = [A,B] = AB − BA,

adk+1AB = [A, adkAB], k = 1, 2, . . . .

The simplest class of smooth constant-rank control systems is the class of commutative systems.
A bilinear control system (3) is said to be commutative if it satisfies the commutativity conditions

[A,Bi] = 0, [Bi, Bj ] = 0, i, j = 1, . . . ,m.

Obviously, its input-output mapping can be represented in the form

Fx0,T (u) = eTA
m∏

i=1

e
Bi

T∫
0

ui(θ) dθ

x0, u(·) = (u1, . . . , um) ∈ DU .

A far more complicated class of smooth constant-rank control systems is the class of quasi-
commutative systems. A bilinear control system (3) is said to be quasi-commutative if it satisfies
the quasi-commutativity conditions

[Bi, adkABj ] = 0, i, j = 1, . . . ,m, k = 0, 1, . . . .
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A CLASS OF μ-COMMUTATIVE BILINEAR CONTROL SYSTEMS 935

According to [13, 4], its input-output mapping can be represented as

Fx0,T (u) = eTAe

T∫
0

e−θadA
m∑

i=1

Biui(θ) dθ

x0, u(·) = (u1, . . . , um) ∈ DU .

A bilinear control system (3) is said to be μ-commutative if it satisfies the μ-commutative
conditions

adαABiadβABj =
m∑

k=1

μαβ
ijkad

α+βABk, μαβ
ijk ∈ R, i, j = 1, . . . ,m, α, β = 0, 1, . . . . (5)

As will be shown below, the μ-commutative conditions (5) are obviously encountered in studying
the input-output mapping of system (3).

Theorem 1. The μ-commutative system (3), (5) is a control system of constant rank.

The proof of Theorem 1 is given in the Appendix.

3. PROPERTIES OF THE COEFFICIENTS OF A μ-COMMUTATIVE SYSTEM

The coefficients μαβ
ijk, α, β = 0, 1, . . . , i, j, k = 1, 2, . . . ,m, in relations (5) are called the μ-coeffi-

cients of system (3), (5) (or coefficients of the μ-commutative system (3), (5)). They have certain
important properties.

Theorem 2. If

rank
{
adα+β+1AB1, adα+β+1AB2, . . . , adα+β+1ABm

}
= m,

then

μαβ
ijk = μα+1,β

ijk + μα,β+1
ijk , α, β = 0, 1, . . . , i, j, k = 1, . . . ,m.

Theorem 3. If

rank
{
adpAB1, adpAB2, . . . , adpABm

}
= m,

then

μ00
ijk =

p∑

q=0

Cq
pμq,p−q

ijk , p = 0, 1, . . . , i, j, k = 1, . . . ,m,

where Cq
p are binomial coefficients.

Theorem 4. If

rank
{
adα+β+γAB1, adα+β+γAB2, . . . , adα+β+γABm

}
= m,

then
m∑

k=1

μαβ
ijkμ

α+β,γ
kpq =

m∑

k=1

μα,β+γ
ikq μβγ

jpk, α, β, γ = 0, 1, . . . , i, j, p, q = 1, . . . ,m.

The proofs of Theorems 2–4 are given in the Appendix.
According to these theorem, the internal relations between μ-coefficients of a bilinear system

in general are rather complicated. Nevertheless, in the next section, we shall derive a direct
representation for the “structure” of a system with scalar control.
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936 TOPUNOV

4. COEFFICIENTS OF A μ-COMMUTATIVE SYSTEM WITH SCALAR CONTROL

Let us consider a μ-commutative system with scalar control

ẋ = (A + uB)x, x ∈ R
n, u(·) ∈ DU , (6)

where A and B are constant n × n matrices and DU is the admissible control set of all bounded
measurable scalar functions of time t.

Since the conditions for the μ-commutativity of system (6) are

adαABadβAB = μαβadα+βAB, μαβ ∈ R, α, β = 0, 1, . . . . (7)

Theorems 2–4 take the following form.
Theorem 2′. If adα+β+1AB �= 0, then

μαβ = μα+1,β + μα,β+1, α, β = 0, 1, . . . .

Theorem 3′. If adpAB �= 0, then

μ00 =
p∑

q=0

Cq
pμq,p−q, p = 0, 1, . . . ,

where Cq
p are binomial coefficients.

Theorem 4′. If adα+β+γAB �= 0, then

μαβμα+β,γ = μα,β+γμβγ , α, β, γ = 0, 1, . . . .

The last theorem implies the following obvious corollaries.

Corollary 1. If adα+βAB �= 0, then

μαβ(μ0α − μ0,α+β) = 0, α, β = 0, 1, . . . ,

μαβ(μα+β,0 − μβ0) = 0, α, β = 0, 1, . . . ,

μαβ(μα0 − μ0β) = 0, α, β = 0, 1, . . . .

Corollary 2. If adαAB �= 0, then

μ0α(μ00 − μ0α) = 0, α = 0, 1, . . . ,

μα0(μα0 − μ00) = 0, α = 0, 1, . . . .

These results directly imply that the class of μ-commutative bilinear systems with scalar control
decomposes into a class of left μ-commutative bilinear systems satisfying the condition

μαβ =

{
μ00, β = 0
0, β �= 0,

α, β = 0, 1, . . . , (8)

and a class of right μ-commutative bilinear systems satisfying the condition

μαβ =

{
μ00, α = 0
0, α �= 0,

α, β = 0, 1, . . . . (9)
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It is easily seen that if μ00 = 0, then a μ-commutative system with scalar control degenerates to a
quasi-commutative system.

If the μ-coefficients are represented as a triangular table

μ00

μ10 μ01

μ20 μ11 μ02

μ30 μ21 μ12 μ03

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

then this table takes the form

μ00

μ00 0
μ00 0 0

μ00 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . ,

for “left” systems, and the form

μ00

0 μ00

0 0 μ00

0 0 0 μ00

. . . . . . . . . . . . . . . . . . . . . . . . ,

for “right” systems.
If

α̃ = min
{
α, adαAB �= 0

}
,

then these tables contain (α̃ + 1) nonzero rows.

5. FUNDAMENTAL MATRIX OF A μ-COMMUTATIVE SCALAR CONTROL SYSTEM

Let Ωt
0(P ) be the fundamental matrix (matrizant) of the matrix differential equation

dX

dt
= P (t)X

with initial condition X(0) = E, where E is a unit matrix.
According to [3, 14],

Ωt
0(A) = E +

t∫

0

A(τ1) dτ1 +
t∫

0

A(τ1) dτ1

τ1∫

0

A(τ2) dτ2 + . . . , (10)

Ωt
0(A) = eAt, A = const, (11)

Ωt
0(A + B) = Ωt

0(A)Ωt
0

(
AdΩθ

0

(
A)B

)
, (12)

where

AdAB = A−1BA.
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The input-output mapping for system (3) can obviously be represented as

Fx0,t(u) = Ωt
0

(
A +

m∑

i=1

Biui

)
x0, u(·) = (u1, . . . , um) ∈ DU ,

and for a bilinear scalar control system (6) as

Fx0,t(u) = Ωt
0

(
A + Bu

)
x0, u(·) ∈ DU .

Let us study the structure of the fundamental matrix Ωt
0

(
A + Bu

)
of system (6). According

to (11) and (12),

Ωt
0

(
A + Bu

)
= Ωt

0(A)Ωt
0

(
AdΩθ

0(A)Bu
)

= etAΩt
0

(
AdeθABu

)
= etAΩt

0

(
e−θadABu

)

= etAΩt
0

⎛

⎝
∞∑

p=0

(−1)p

p!
adpABθpu

⎞

⎠ = etAΩt
0

(
Q(θ)

)
,

where

Q(θ) =
∞∑

p=0

(−1)p

p!
adpABν(0)

p (θ), ν(0)
p (θ) = θpu, p = 0, 1, . . . .

Then

Q(θ)
θ∫

0

Q(ξ) dξ =
∞∑

p=0

(−1)p

p!
adpABν(0)

p (θ)
∞∑

p=0

(−1)p

p!
adpAB

θ∫

0

ν(0)
p (ξ) dξ

=
∞∑

p=0

p∑

k=0

(−1)k

k!
adkABν

(0)
k (θ)

(−1)p−k

(p − k)!
adp−kAB

θ∫

0

ν
(0)
p−k(ξ) dξ

=
∞∑

p=0

(−1)p
p∑

k=0

1
k!(p − k)!

adkABadp−kABν
(0)
k (θ)

θ∫

0

ν
(0)
p−k(ξ) dξ

=
∞∑

p=0

(−1)p

p!
adpAB

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

ν
(0)
p−k(ξ) dξ =

∞∑

p=0

(−1)p

p!
adpABν(1)

p (θ),

where

ν(1)
p (θ) =

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

ν
(0)
p−k(ξ) dξ, p = 0, 1, . . . .
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Similarly, we obtain

Q(θ)
θ∫

0

Q(ξ) dξ

ξ∫

0

Q(η) dη =
∞∑

p=0

(−1)p

p!
adpABν(0)

p (θ)
∞∑

p=0

(−1)p

p!
adpAB

θ∫

0

ν(1)
p (ξ) dξ

=
∞∑

p=0

p∑

k=0

(−1)k

k!
adkABν

(0)
k (θ)

(−1)p−k

(p − k)!
adp−kAB

θ∫

0

ν
(1)
p−k(ξ) dξ

=
∞∑

p=0

(−1)p
p∑

k=0

1
k!(p − k)!

adkABadp−kABν
(0)
k (θ)

θ∫

0

ν
(1)
p−k(ξ) dξ

=
∞∑

p=0

(−1)p

p!
adpAB

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

ν
(1)
p−k(ξ) dξ =

∞∑

p=0

(−1)p

p!
adpABν(2)

p (θ),

where

ν(2)
p (θ) =

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

ν
(1)
p−k(ξ) dξ, p = 0, 1, . . . ,

etc. Hence, according to (10), we obtain

Ωt
0

(
Q(θ)

)
= E +

∞∑

p=0

(−1)p

p!
adpAB

t∫

0

ν(0)
p (θ) dθ +

∞∑

p=0

(−1)p

p!
adpAB

t∫

0

ν(1)
p (θ) dθ + . . .

= E +
∞∑

p=0

(−1)p

p!
adpAB

t∫

0

∞∑

s=0

ν(s)
p (θ) dθ = E +

∞∑

p=0

(−1)p

p!
adpAB

t∫

0

Mp(θ) dθ,

where

Mp(θ) =
∞∑

s=0

ν(s)
p (θ), p = 0, 1, . . . ,

and

ν(s)
p (θ) =

⎧
⎪⎨

⎪⎩

θpu, s = 0
p∑

k=0
Ck

p μk,p−kν
(0)
k (θ)

θ∫

0
ν

(s−1)
p−k (ξ) dξ, s = 1, 2, . . . .

The functions Mp(θ), p = 0, 1, . . . , are called the components of the fundamental matrix of
system (6). Note that

Mp(θ) =
∞∑

s=0

ν(s)
p (θ) = ν(0)

p (θ) +
∞∑

s=1

ν(s)
p (θ) = θpu +

∞∑

s=1

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

ν
(s−1)
p−k (ξ) dξ

= θpu +
p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

∞∑

s=1

ν
(s−1)
p−k (ξ) dξ = θpu +

p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

Mp−k(ξ) dξ,

i.e.,

Mp(θ) = θpu +
p∑

k=0

Ck
p μk,p−kν

(0)
k (θ)

θ∫

0

Mp−k(ξ) dξ, p = 0, 1, . . . . (13)
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Hence

M0(θ) = u

⎛

⎝1 + μ00

θ∫

0

M0(ξ) dξ

⎞

⎠ .

Consequently,

M0(θ) = ue
μ00

θ∫
0

u(ξ)dξ

. (14)

For a “left” system (6), according to (8), from (13) we obtain

Mp(θ) = θpu

⎛

⎝1 + μ00

θ∫

0

M0(ξ) dξ

⎞

⎠ , p = 0, 1, . . . ,

or, by virtue of (14),

Mp(θ) = θpue
μ00

θ∫
0

u(ξ)dξ

, p = 0, 1, . . . . (15)

For a “right” system (6), according to (9), from (13) we obtain

Mp(θ) = u

⎛

⎝θp + μ00

θ∫

0

Mp(ξ) dξ

⎞

⎠ , p = 0, 1, . . . .

Hence

Mp(θ) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ue
μ00

θ∫
0

u(ξ)dξ

, p = 0

ue
μ00

θ∫
0

u(ξ)dξ θ∫

0
(ξp)′e

−μ00
ξ∫
0

u(η)dη

dξ, p = 1, 2 . . . .

(16)

6. AN EXAMPLE

Let us consider a two-dimensional bilinear scalar-control system
{

x′
1 = cx1 + aux2

x′
2 = (d + bu)x2,

|u| � 1, (17)

where

a, b, c, d = const, a, b �= 0, c �= d.

Moreover,

A =

(
c 0
0 d

)
, B =

(
0 a
0 b

)
.
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It is easily seen that

B2 =

(
0 ab
0 b2

)
= bB,

adαAB =

(
0 a(c − d)α

0 0

)
, α = 1, 2, . . . ,

BadαAB =

(
0 0
0 0

)
, α = 1, 2, . . . ,

(
adαAB

)
B =

(
0 ab(c − d)α

0 0

)
= badαAB, α = 1, 2, . . . ,

adαABadβAB =

(
0 0
0 0

)
, α, β = 1, 2, . . . ,

[B, adαAB] =

(
0 −ab(c − d)α

0 0

)
, α = 1, 2, . . . .

Hence system (17) is neither quasi-commutative, nor commutative. It is a “left” μ-commutative
system with coefficients

μαβ =

{
b, β = 0
0, β �= 0,

α, β = 0, 1, . . . .

Then, according to (15), the components Mp(θ) of the fundamental matrix of system (17) are

Mp(θ) = θpue
b

θ∫
0

u(ξ)dξ

, p = 0, 1, . . . .

7. CONCLUSIONS

A class of μ-commutative bilinear systems, i.e., smooth constant-rank control systems, is stud-
ied. The properties of the coefficients of a μ-commutative system and their interdependence are
investigated.

A μ-commutative bilinear scalar control system is studied in detail. Using the dependence
between the coefficients, a system is decomposed into “right” and “left” subsystems.

A direct representation for the input-output mapping of a μ-commutative bilinear scalar control
system is derived and used to study the properties of the system, particularly the geometry of its
reachable set. An example is given.

APPENDIX

Proof of Theorem 1. It is easily seen that the μ-commutativity conditions (5) ensure the
bang-bang principle (4). Indeed, assuming in (5) that

α = 0, β = p,

we obtain

BiadpABj =
m∑

k=1

μ0p
ijkad

pABk, (18)
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942 TOPUNOV

and assuming in (5) that

β = 0, α = p,

we obtain

(
adpABi

)
Bj =

m∑

k=1

μp0
ijkad

pABk.

Interchanging the subscripts i and j in the last equality and subtracting from (18) term by term,
we obtain

[Bi, adpABj ] =
m∑

k=1

(
μ0p

ijk − μp0
jik

)
adpABk,

i.e., conditions (4) are satisfied for

aijk
αβ =

{
μ0k

ijβ − μk0
jiβ, α = k

0, α �= k.

Therefore, the bang-bang principle (4) holds for system (3), (5). Consequently, the system is
controllable and of constant rank. This completes the proof of the theorem.

Proof of Theorem 2. Multiplying the equality

adαABiadβABj =
m∑

k=1

μαβ
ijkad

α+βABk

on the right and left by the matrix A, let us subtract the relations thus obtained term by term:

AadαABiadβABj −
(
adαABiadβABj

)
A =

m∑

k=1

μαβ
ijkad

α+β+1ABk,

but

AadαABiadβABj −
(
adαABiadβABj

)
A

= AadαABiadβABj −
(
adαABiadβABj

)
A +

(
adαABi

)
AadβABj −

(
adαABi

)
AadβABj

=
(
AadαABi −

(
adαABi

)
A
)
adβABj + adαABi

(
AadβABj −

(
adβABj

)
A
)

=
[
A, adαABi

]
adβABj + adαABi

[
A, adβABj

]
= adα+1ABiadβABj + adαABiadβ+1ABj

=
m∑

k=1

μα+1,β
ijk adα+β+1ABk +

m∑

k=1

μα,β+1
ijk adα+β+1ABk =

m∑

k=1

(
μα+1,β

ijk + μα,β+1
ijk

)
adα+β+1ABk.

Hence
m∑

k=1

(
μαβ

ijk −
(
μα+1,β

ijk + μα,β+1
ijk

))
adα+β+1ABk = 0.

Since the matrices

adα+β+1AB1, adα+β+1AB2, . . . , adα+β+1ABm

are linearly independent, we obtain the unknown relation. This completes the proof of the theorem.
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Proof of Theorem 3. We prove by induction on p. For p = 0, we have the relation

μ00
ijk = μ00

ijk.

Assuming that this relation holds for p, let us show that it holds for p + 1. By Theorem 2,

μ00
ijk =

p∑

q=0

Cq
pμq,p−q

ijk =
p∑

q=0

Cq
p

(
μq+1,p−q

ijk + μq,p−q+1
ijk

)

=
p∑

q=0

Cq
pμq+1,p−q

ijk +
p∑

q=0

Cq
pμq,p−q+1

ijk =
p+1∑

q=1

Cq−1
p μq,p−q+1

ijk +
p∑

q=0

Cq
pμq,p−q+1

ijk

= μ0,p+1
ijk +

p∑

q=1

(
Cq−1

p + Cq
p

)
μq,p−q+1

ijk + μp+1,0
ijk

= μ0,p+1
ijk +

p∑

q=1

Cq
p+1μ

q,p−q+1
ijk + μp+1,0

ijk =
p+1∑

q=0

Cq
p+1μ

q,p−q+1
ijk ,

demonstrating the relation holds. This completes the proof of the theorem.
Proof of Theorem 4. Let us multiply the equality

adαABiadβABj =
m∑

k=1

μαβ
ijkad

α+βABk

on the right by adγABp:

adαABiadβABjadγABp =
m∑

k=1

μαβ
ijkad

α+βABkadγABp.

But

adαABiadβABjadγABp = adαABi

m∑

k=1

μβγ
jpkad

β+γABk =
m∑

k=1

m∑

q=1

μβγ
jpkμ

α,β+γ
ikq adα+β+γABq,

and

m∑

k=1

μαβ
ijkad

α+βABkadγABp =
m∑

k=1

m∑

q=1

μαβ
ijkμ

α+β,γ
kpq adα+β+γABq.

Hence

m∑

q=1

(
m∑

k=1

μαβ
ijkμ

α+β,γ
kpq −

m∑

k=1

μα,β+γ
ikq μβγ

jpk

)
adα+β+γABq = 0.

Since the matrices

adα+β+γAB1, adα+β+γAB2, . . . , adα+β+γABm

are linearly independent, we obtain the unknown relation. This completes the proof of the theorem.
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