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Abstract—In guaranteed estimation of the states of dynamic systems under deterministic
bounded disturbances, use of made of outer ellipsoidal estimates that are optimal relative to the
volume and sum of squares of the semiaxes of the ellipsoid. The boundedness and convergence
of a sequence of such ellipsoids for stable discrete systems are investigated. The asymptotic
behavior of these estimates mostly depends on the minimality criterion chosen for the ellipsoid
dimension.

1. INTRODUCTION

Let us study the discrete-time linear stationary dynamic system described by the vector equation
g1 = Az + Bwg, k=0,1,2,.... (1)

Here z, € R™ is the phase vector of the system, wy € R™ is a perturbation vector, and A € R™"*"
and B € R™™ are real matrices of suitable dimension. We assume that external disturbances are
deterministic but bounded, i.e., the vectors wy, are unknown at any instant, but ||wg| < 1, where
|| - || is the Euclidean norm in the vector space. In such a deterministic approach, the main interest
consists of describing and constructing the reachability set for the system at instant k£ under certain
initial conditions. But this set may prove rather complicated in structure. Therefore, in the general
case, a simple and obvious approach, first developed in [1], is the approximation of the reachability
set by a class of domains of specific canonical form, in particular, the class of ellipsoids. Obviously,
these ellipsoids must be the least ellipsoids in some sense. The volume and the sum of squares of
the lengths of the semiaxes of the ellipsoid are used as an optimality criteria.

Let E(c,P) ={z € R": (z—c¢)"P~'(x —¢) < 1} be an ellipsoid in the space R", where c is
the center of the ellipsoid and P is a symmetric positive-definite matrix.

Let the vector xg at the initial instant belong to the ellipsoid Ey = E(cy, Py). Then the reach-
ability set Dy = {z € R": x9 € E(co, o)}, k = 0,1,2,..., of the linear system (1) is compact
and convex [2]. In [2, 3], guaranteed estimates for this ellipsoid in [2, 3] are constructed via ellip-
soidal approximation of the sum of two ellipsoids. The evolution of the parameters of the ellipsoid
Ey(ck, Py) describing the state of system (1) is defined by the equation

AP,AT  BBT
_|_
Yk L=

The parameter 7, depends on the minimality criterion chosen for the resultant ellipsoid. In partic-
ular [2, 3],

Ch+1 = Acy, Py = , 0<y <1 (2)

- in Det P, 3
e = arg  min Det Py (3)
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for the minimal volume of the ellipsoid, or
= min Tr P, 4
Tk = arg O<7i<1 k+1 (4)

for the minimal sum of squares of the lengths of semiaxes. The minimization problems (3) and (4)
have unique solutions. According to [4], other optimality criteria are in general better suited for
ellipsoidal estimation.

In studying the reachability sets of system (1) for z¢g € E(cg, Py), we must recall that a sequence
of reachability sets Dj converges if and only if the matrix A of the system is stable, i.e., only if
its spectral radius p(A) = |Ai(A)|max < 1. Then the limiting reachability set Do, can be described
exactly, for example, with the support function apparatus. The obvious question that arises here is
the asymptotic behavior of locally optimal ellipsoidal estimates of the reachability domains of stable
systems. Note that for p(A) > 1, the sequence of ellipsoids is unbounded due to the divergence of
the sequence {Dy}.

Such a problem for continuous linear dynamic systems is investigated in [2, 5, 6] concerned with
the equilibrium points of differential equations for locally optimal ellipsoids of stable systems (in
[2], only a variant of diagonal matrices of a system is studied). A concept of local optimality of
the ellipsoid E = E(t) is applied for minimizing the growth rate of some functional L = L(E)

d
at an arbitrary instant t, i.e., %L(E(t)) — min. The cases L = Tr(CQ) and L = DetQ,

where () is the matrix of the ellipsoid and C'is a fixed positive-definite matrix, are considered. In
particular, it is asserted that the equilibrium points are unique and locally stable if L(Q) = Tr (CQ).
If L(Q) = Det @, this assertion holds under more stringent conditions. Nevertheless, the general
global behavior of optimal ellipsoids for continuous stable systems is rather uncertain. For example,
it is not clear whether these systems would converge or be bounded.

In this paper, we study the limiting behavior of ellipsoids as k — oo for a stable linear discrete
dynamic system, using two criteria, viz., minimal volume (determinant of the matrix of the ellipsoid)
and minimal sum of the squares of the lengths of semiaxes (trace of the matrix of the ellipsoid).

2. APPROXIMATION BY THE DETERMINANT CRITERION

Let us consider the recurrent Eqgs. (2) for the parameters of the ellipsoid Ey = E(ck, Px)
describing the state of the dynamic system (1) in terms of the minimal volume of the ellipsoid
2, 3]:

AP, AT  BBT
_|_
Yk 1 —%

- - in Det P ;. 5
;= arg min Det Py (5)

Cht1 = Acg, Ppy1 =

In this approach, the ellipsoid may be rather flat, thereby may create difficulties if k is large.

Let the matrix A of the system be stable, i.e., its spectral radius p(A4) < 1. Then the sequence
of centers ¢ in (2) and (5) converges to zero [7]:

lim ¢, = lim A¥¢y = 0. (6)

k—o0 k—o0

Therefore, to study the limiting behavior of ellipsoids, we may restrict ourselves only to the equation
of their matrices. But it is not easy to analyze this equation due to its implicit form.

Nevertheless, the following example shows that the sequence of ellipsoids (5) may be unbounded
even for a stable linear system.
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Example 1. Let us consider sequence (5) for the two-dimensional case under the conditions

0 00 10
CO_<O>, Po=1. A_<0a>, B_<OO>.

Let 0 < a < 1 for the stability of the matrix A. Here I is a unit matrix.

Then all centers ¢, are zero. Applying the recurrent formula (5) for matrices, we obtain a simple
sequence of ellipsoids Ey = E(cy, Py):

e (O) p (2 0 N_[(2 0
PR o) TET Lo 2% ) T 0 (2a)F )

~ 20 ~ 20
LetP—<0 O>andP—<0 1).Then

P, 0<a<1/V2
P,—< P, a=1/V2
0o, 1/V2<a<l.

Thus, the sequence of least-volume ellipsoids in this example is unbounded (for 1/v/2 < a < 1),
though the matrix A of system (1) is stable.

Note. Under the condition of example 1, the matrix pair (A, B) is noncontrollable, because
rank [B AB] =1 < n = 2. But the result can also be applied to a controllable system, taking

(ar) ()

Here ¢ is an arbitrary real number. We can show that, for any e, ellipsoids with parameters (5)
also diverge for some a € (0, 1).

An example of a unbounded bounding ellipsoid of minimal volume for continuous systems is
given in [2]. The following assertion summarizes our results.

Assertion. The stability of the matrix A of a linear system does not guarantee the convergence
and boundedness of ellipsoidal estimates computed by formula (5) under the determinant criterion.

For the existence and determination of the limiting ellipsoid in this case, it is necessary that the
initial stable system satisfy much stronger sufficiency conditions.

3. APPROXIMATION BY THE TRACE CRITERION

The sum of squares of the semiaxes of an ellipsoid, i.e., the trace of the corresponding matrix,
is the most convenient criterion, because the trace is a linear function of the matrix. Therefore,
ellipsoids are not as flat as under the determinant criterion and their parameters can be defined by
explicit formulas [3, 8].

The parameter 7y in the recurrent Egs. (2) is easily computed from condition (4):

Yk = S , where o = Tr(APkAT); B =4/Tr (BBT). (7)
ar + 3
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Therefore, for the ellipsoids Ey = E(cy, Py) obtained under the trace criterion, we have

ap + 8
ay

ar =/ Tr (APAT), [ =1/Tr(BBT) = const.

As before, we assume that the matrix A of the system is stable, i.e.,

AP AT + O"“Tjﬁ

Chp1 = Acp,  DPry1 = BB, (8)

p(4) < 1. (9)
We now formulate the main result.

Theorem. If condition (9) holds, i.e., the linear system (1) is stable, then the sequence of ellip-
soids computed using the trace criterion (4) is bounded.

The proof of the theorem is given in the Appendix.

The boundedness of approximations by minimal-trace exterior ellipsoids for stable systems im-
plies the convergence of some subsequence of ellipsoids (8). The convergence of the whole sequence
of ellipsoids (8) requires a detailed analysis of nonlinear, recurrent, and stationary matrix equations.
This topic will be discussed in a future publication.

We now give an example to illustrate the theorem for a stable matrix A.

Example 2. Let us consider a linear dynamic system under the conditions of example 1, in

. 00 Lo
partlcular,HZQ,COZOaPOZLA:(0 a),?il’ldB:(Q O)

Assuming that the matrix A is stable, i.e., 0 < a < 1, we find that all centers ¢, of ellipsoids are
zero. Applying formula (8) to the matrices, we obtain

[ apt1 0 B )
Pk_( 0 ak(ak+1)>’ apy1 = ayJag(a + 1), ap=a.

Since the numerical sequence aj11 = av/ax(ai + 1), ap = a, is bounded and monotonic, it
converges and

0, a<a*
— * — *
ap — o = a’*, a=a

a’/(1—a?), a>a*,

where a* = (—1 4 /5)/2 =~ 0.618 is the root of the equation a? 4+ a — 1 = 0.

Consequently, the matrices Pj, and along with them the sequence of ellipsoids, are bounded and
converge.

The formulas for ellipsoids in examples 1 and 2 are very simple, because the matrices A and B
are degenerate. But in more general cases, computations are rather cumbersome.

0.8 0 10
Example 3. Let A_<O 02), B_<0 1), co=0,and Py = 1.
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Figure shows the reachability domains Dy (broken curves) and their bounding ellipsoids Fj
(solid curves) for k = 0,3,7,11, and 15 for this example. Clearly, the sequence Ey = E(cg, Py)
converges as k — co. Moreover, the limiting ellipsoid, by formula (8), is Ex = E(¢x, P~ ), Where

97.4264 0
Coo =0,  Foo & < 0 4.2012)'

4. CONCLUSIONS

The sequence of ellipsoids with minimal-trace matrices for linear stable discrete systems is
bounded. This is an important advantage of these ellipsoids compared to the ellipsoids found from
the widely used minimal-volume criterion. As demonstrated by examples 2 and 3, the sequence of
ellipsoids converges for the matrix trace in all cases. But thus far it has not been possible to prove
this assertion and to find the limiting ellipsoid.
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APPENDIX

Proof of Theorem. It suffices to show that the sequence of matrices Py in (8) is bounded, because
the centers of the ellipsoids E(cy, Py ), according to (6), all converge to zero.

Without loss of generality, we assume that the matrices A and B are nonzero.
Consider the equation

g

Py = APAT + =
ag

AP AT + %BBT + BBT.
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For matrix norms, we have

LE

[Pyl < IAIB AT +
Qg

g
| AP AT|| + gIIBBTII +BB,

SIAPATY | |BET]|

Pl < AN NPl |AT || + aue
| Prrr |l < [JA Pl 1A ] o2 3

) + ||BBT|.

We now state a few simple assertions.

Assertion 1. For every given matriz A and number € > 0, there exists at least one matrix norm
| - [|c such that

p(4) < Al < p(A) + & = p(4) < 1,

Al
p(A) < IAT|l. < p(A) +& = po(A) < L. (40

The proof of Assertion 1 is given in [7].

Assertion 2. If P is a symmetric positive-definite matriz and o(P) = /Tr (APAT), then there
exists a number such that

|APAT]

) = ¢

for any matriz norm.

n

Proof. Since the matrix APAT is positive definite, we have Tr (APAT) = > \,(APAT) >
i=1

p(APAT) > 0, where p(APAT) is the spectral radius of the corresponding matrix. Its operator

norm is

|APAT| = max |APAT z|| = p(APAT) < Tr (APAT).

Therefore, |APAT||/a?(P) = | APAT||/Tr (APAT) < 1, from which we easily obtain the inequality
for the operator norm and, consequently, for any other matrix norm.

Assertion 3. For any symmetric positive-definite matriz P > 0, we have a(P) < CHPH;Q, where
a(P) = /Tr (APAT) and C = const > 0.

Proof. Let p(P) be the spectral radius of the n x n matrix P > 0. Now, by Assertion 1, we
obtain Tr P < n p(P) < n||P||. and

o?(P) = Tr (APAT) < |M(AT A)|maxTr P < |Ni(AT A)|maxn|| Pl = C||P|-.
Since a(P) > 0, we have a(P) < C’||P||é/2 and C' = const > 0.
By Assertions 1 and 2, we obtain

|BB7|.
B
1Pesille < P2(A)Bulle + Croy + Co. (A.2)

1Perille < p2(AIPel- + cve (ﬁC + ) + BB,
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Applying Assertion 3 to inequality (A.2), we obtain
1Pesalle < p2(A)IPelle + CullPell? + Co.

1
Since 2HPk.H;/2 < MHPkﬂg + M for any M > 0, we have

C -
1Pl < <p§<A> + m) 1Pl + Co. (A.3)

According to (A.1), p:(A) < 1. Therefore, there exists an My > 0 such that

C
pg(A)"f—m <1VM > M.

Therefore, (A.3) implies that

Cy

1Pl < Tt
~(2(A) + C1/20M)

Vk=0,1,2,....

Hence the sequence of matrices P is bounded and, consequently, the sequence of ellipsoids is also
bounded. This completes the proof.
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