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Abstract. Let f: X — Y be a nonlinear differentiable map, X, Y are Hilbert spaces, B(a, r)
is a ball in X with a center a and radius r. Suppose f’(x) is Lipschitz in B(a, r) with Lipschitz
constant L and f’(a) is a surjection: f’(a)X = Y; this implies the existence of v > 0 such that
ILf @*y|l = vilyll, Yy € Y. Then, if ¢ < min{r, v/(2L)}, the image F = f(B(a, €)) of the ball
B(a, ¢) is convex. This result has numerous applications in optimization and control. First, duality
theory holds for nonconvex mathematical programming problems with extra constraint ||x —a|| < €.
Special effective algorithms for such optimization problems can be constructed as well. Second, the
reachability set for ‘small power control’ is convex. This leads to various results in optimal control.
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1. Introduction

Convexity plays a key role in optimization and control theory. If a mathematical
programming problem is convex, then the duality theorem holds and effective nu-
merical methods can be constructed [1]. However, convexity is an exception for
general nonlinear optimization problems.

In the present paper, we describe a new class of problems, which are originally
nonconvex, but yield convex techniques. The basic mathematical result is a new
theorem, asserting convexity of a nonlinear image of a small ball in a Hilbert space
(Section 2). The case of a quadratic map is considered as an example in Section 3.
The duality theory for nonconvex mathematical programming problems, relying on
the new convexity principle, is developed in Section 4. Special numerical methods
for solving such problems are also provided. Various applications to control prob-
lems are described in Section 5. They are based on the convexity of the reachable
set for nonlinear system with ‘small power control’.
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2. Basic Result

Let X, Y be two Hilbert spaces, let f: X — Y be a nonlinear map with Lipschitz
derivative on a ball B(a,r) = {x € X : ||x — a|| < r}, thus

I1f' ) — f' @Il < Lllx —zll ¥x,z € B(a,r). (D

Suppose that a is a regular point of f, i.e. the linear operator f’(a) maps X onto
Y, then there exists v > 0 such that

1f @*yIl = vilyll VyeY. 2

For instance, if X, Y are finite-dimensional, X = R", Y = R™, then this condition
holds if rank f’(a) = m; for this case v = o1(f’(a)) — the least singular value of

f'(a).

THEOREM 2.1. If (1), (2) hold and ¢ < min{r, v/(2L)}, then the image of a ball
B(a,e) = {x € X : ||x — al|| < &} under the map f is convex, i.e. F = {f(x) :
x € B(a, ¢)} is a convex setinY.

We need the following results:

LEMMA 2.1. A ball in a Hilbert space is strongly convex: if x|, x, € B(a, €), xg =
(X1 + x2)/2, then B(xo, p) C B(a, €) for p = ||x; — x2|1*/(8e).

This result is well known and follows immediately from the parallelogram
equality.
LEMMA 2.2. Suppose there exist L, p, u > 0, such that

f'(x)— f'@Il < Lllx =zl Vx,z e B(xg, p),
)yl = pllyll Yy eY,Vx € B(xo, p),
[1f (x0) — yoll < pu,

then the equation f(x) = yy has a solution x* € B(xg, p) and
I1.f (x0) — yoll
[[x* = xol] € ———.
This Lemma coincides with Corollary 1, Theorem 1 of [2].

Proof of Theorem 2.1. Let x1, x, be arbitrary points in B(a, ¢) C B(a,r),y; =
fxi) € F, i = 1,2. Denote xo = (x1 + x2)/2,y0 = (y1 + ¥2)/2. To prove
convexity of F it suffices to find x* € B(a, €) such that f(x*) = yy. We have

y1 = f(xo) + f'(x0)(x1 — x0) + €1, y2 = f(xo) + f'(x0)(x2 — x0) + €2,
where

lle:l| < Lllx; — xol1*/2 = Lllx; — x2]1*/8, i=1,2
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due to (1), see, e.g., [3, Theorem 3.2.12]. Hence
Yo = f(x0) +€0. €= (€1 +€)/2.leol| < Lllx; — x2]]*/8.

All conditions of Lemma 2.2 are satisfied for u = v — Le > 0,p = ||x; —
x2|%/(8¢), because (1), (2) hold, B(xo, p) C B(a, &) due to Lemma 2.1,

|1 £ (x0) = yoll = lleoll < Lllxy — x2| /8 = Lpe < p(v — Le) = pu.
Moreover,

LF QI 2 M1 @yl = II(f )" = fr @)yl
Z vlIyll = Lllx = allllyll = (v = Lo)|lyll = ullyll  forx € B(xo, p).

Thus Lemma 2.2 provides the desired x* and the proof of convexity of F is com-
pleted. a

Remark 1. We presented the proof, based on Lemma 2.2 (which has been proved
in [2] by using a version of the Newton method). Another proof can be obtained
by exploiting modern techniques, related to the Ljusternik theorem (see, e.g., [4,
Theorem 2.7], [5]). However, the proofs of Ljusternik-like results are also based
on the Newton method.

Remark 2. The idea of Theorem 2.1 is very simple. The ball B(a, ¢) is strongly
convex, thus its image under linear map f’(a) is strongly convex as well. But it can-
not lose convexity for a nonlinear map f, which is close enough to its linearization.
The same reasoning explains that the result cannot be extended to Banach spaces,
where a ball is not strongly convex.

Remark 3. The result holds, if we replace the ball by any other strongly convex
set (e.g. by a nondegenerate ellipsoid).

Remark 4. We can verify some additional properties of F: itis a strictly convex
set; it has a nonempty interior which is generated by interior points of B(a, ¢); its
boundary is the image of the sphere ||x — a|| = ¢. Indeed, we have proved that all
points in B(a, ¢) are regular for the map f: || f'(x)*y|| = ul|y||, u > 0, for all y.
A regular image of an open set is open thus { f(x) : ||[x — a|| < €} is an open set
and cannot contain points of d F.

Remark 5. The smoothness assumptions of Theorem 2.1 cannot be seriously
relaxed. For instance, A. loffe constructed a counter-example with f continuously
differentiable, but not in C'-!. Then the result is false.
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3. Example: Quadratic Transformation

In many cases, the conditions of Theorem 2.1 can be effectively checked and the
radius ¢ of the ball can be estimated. One such example is a quadratic transforma-
tion.

Letx € R" and f(x) = (fi(x), ..., fu(x))T where f;(x) are quadratic func-
tions:

fix) = (1/2)(Aix, x) + (a;, x),
A=Al eR™, q; eR", i=1,...,m. 3)

Take a = 0, thatis B = {x : ||x|| < €}. Then f/(x) = A;x + a; and (1) is satisfied
on R" with

m 12
L= (ZnAinz) :
i=1

where ||A;|| stands for the operator norm of matrices A;. Consider the matrix A
with columns a;: A = (ai|as|...|an). Then f/(0)Ty = Ay, and if rank A =
m, then (2) holds with v = 07(A) — the minimal singular value of A, that is
v = (min i, (AT A))!/2, where A, is the minimal eigenvalue of the corresponding
matrix. Hence, Theorem 2.1 states:

PROPOSITION 3.1. Ife < v/(2L), then the image of the ball B under the map
fisconvex: F ={f(x):||x|| < &}isaconvex setin R™.

This is in sharp contrast with the results on images of arbitrary balls under
quadratic transformations, where the convexity can be validated [6] under some
very restrictive assumptions.

For instance, let n = m = 2 and

fi(x) = x1x0 — x1, fo(x) = x1x2 + x2. €

Then the estimates above guarantee that F' is convex for ¢ < &* = 1/ (2\/5) ~
0.3536. It can be directly proved for this case that F' is convex for ¢ < ¢* and loses
convexity for ¢ > &*. Thus, the estimate provided by Proposition 3.1 is tight for
this example. Figure 1 shows the images of the e-discs {x € R? : ||x|| < &} under
the mapping (4) for various values of ¢.

4. Duality in Local Optimization Problems

Simultaneously, with the standard mathematical programming problem
min fy(x), x € R",
fix) <0, i=1,....1, 5)
fix)y =0, i=I1+1,....m,
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Figure 1. Images of e-discs for various €.

consider its local version with the extra constraint

min fy(x), x e€R”,
fix) <0, i=1,...,1,

: (6)
fix)=0, i=Il+1,...,m,
llx —all < e.
Suppose that the functions f;(x),i = 0,1, ..., m are from C"! on B(a, ¢). Con-
struct the Lagrange function
L(x,y) =) yifilx). (7)
i=0
Denote Y, = {y € R . vi 20,i =0,1,...,1}. We assume that a is a feasible
point in (5); moreover we can assume without loss of generality that all inequality
constraints are active ina: f;(a) =0, i =1, ..., m, otherwise they play no role in
(6) and can be rejected for € small enough. Finally, we suppose that the gradients of
fi(x),i =0,1,...,m ata are linearly independent, i.e. no yo # 0 exists such that

L (a, y°) = 0. If there are no inequality constraints, this condition means that a is
not a stationary point in (5). In the presence of inequality constraints, this condition
is more restrictive than the assumption ‘a is not a Kuhn-Tucker point in problem
(5)’. For instance, it implies m < n, i.e., the number of active constraints in a is
less than the dimension.
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THEOREM 4.1. Under above assumptions, there exists €* > 0 such that a so-
lution x* of (6) with 0 < & < ¢&* exists, is unique, lies on the boundary of
B(a, e): ||x* — al|| = ¢, and the following inequality holds

Lx,y") 2 L(x*y") Vx:llx—all<e ®)

for some y* € Y, y* #0,y" fi(x*)=0,i =1,...,L
Proof. Problem (6) is equivalent to the optimization problem in the ‘image
space’:

minfy, fefF, f<0,i=1...1,

<
(€))
F={f(x):]lx—all <el},

where

f=Uo firoon f) €eR™L 0 F(0) = (fo(0), i), .., fuX)).

The point a is a regular point for f(x) because f(a) are linearly independent.
Theorem 2.1 guarantees the convexity of F for ¢ small enough. Thus (9) is a convex
problem and, for its solution f* = f(x*), there exists a separating hyperplane
0#£y* eR"™ (", /) =0Vf:feF, fo=fi fi<0,i=1,...,L

This condition is equivalent to (8). The other statements of the theorem follow
from Remark 4 to Theorem 2.1. a

COROLLARY 4.1. Ifapoint x* is a solution of (6), then there exists y* € Y., y* #
0,y"fix*) =0,i =1, ..., m such that

L,(x*,y")

T S —— 10
1L (x*, y) (10

x*=a—¢

Indeed, (10) is a necessary condition for x* to be a minimum point of the
function L(x, y*) on B(a, ¢). The factor ¢ in (10) is due to condition ||x* —a|| = e.

COROLLARY 4.2. Introduce

Y(y) = min SL(x, y),

||X—Ll X

if x* is a solution of (6) then there exists y* € Y such that

L(x*, y*) = max V().

Under some Slater-like condition we can ensure y; # 0, that is y; can be taken
as being equal to one.
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THEOREM 4.2. Suppose that the following regularity condition holds: for any

e>0,0eR":0;,=1,i=1,...,1,|l0;| =1,i =1+ 1,...,m there exists x,
such that

01 filxe) <0, i=1....m, |lx; —all <e. (1D
Then, in Theorem 4.1 we can take y; = 1 and (8) is necessary and sufficient

condition for optimality in (6).
Proof. From (8) we get

Yo (fox) = fox™) + Yy fitx) 20 V|lx —all <e.
i=1

Take o : o0; = signy; and the corresponding x,. Then for y; = 0 we have
Zf.":l v fi(xs) < 0 (because y* # 0), which contradicts the inequality above
for x = x,. Thus, y; > 0, of course we can scale y* to make y; = 1. Condition
(8) is obviously sufficient for optimality if y; = 1. O

Regularity condition (11) can be replaced by other ones, e.g. f/(a),i = [ +
1, ..., m are linearly independent and there exists # € R" : (f/(a),h) = 0,i =
I+1,....,m,(f/(a),h) <0,i=1,...,1L

Let’s show how these results work for the case of quadratic functions. Consider
(6) with a = 0 and

fix) =QA/2)(Aix,x) + (a;,x) +o;, i=0,1,...,m.

Suppose that o; < 0,i =1,...,l,; =0,i =1+ 1, ..., m and the assumptions
of Proposition 3.1 are satisfied (with obvious changes of notation). Then Theorem
4.1 can be applied,

L(x,y) = (1/2)(AQ)x, x) + (@), x) + a(y),
AY) =) viAi,  a) =) va,  a) =) v
i=0 i=0 i=0

Then ¥ (y) can be found as the solution of the problem
v(y) = ”migg((A(y)x, x) +2(a(y), x) + a(y)). (12)

x|

This problem is always tractable (even if A(y) is not positive definite), and can
be effectively solved [6]. Thus, we can calculate i (y), it is not hard to calculate
d,¥ (y) as well. Hence we can apply the subgradient method for maximization of
Vv(y)onY,.

In the more general case, when f;(x) are nonquadratic functions, minimiza-
tion of L(x, y) on a ball can be performed by use of the special iterative method.
Consider the simplest optimization problem:

min  f(x) (13)

[lx—allxe
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and the iterative method

kT ok 8&,
[ (x|

THEOREM 4.3. Suppose that f: R" — R' is C"!' on B(a, ¢):

') — DI Lllx = yll,  x,y € Bla,e), e <|[|f(@]l/2L). (15)

(14)

Then
(a) The solution x* of (13) exists and is unique, ||x* —al|| = ¢ and the necessary
and sufficient optimality condition holds:
/ *
xf=a-— s&. (16)
1f )]
(b) Method (14) converges with linear rate of convergence for any x° € B(a, €):
I = < g R — ¥, =0 = —— <1 (7
’ [lf" (@Il —eL

Proof. The statement (a) follows from Theorem 4.1 and Corollary 4.1.
If we subtract (16) from (14) we get

ka_x*:g( e e )

I IRREER]

For any 0 < t,x € R”,||x|]| > t the vector tx/||x]|| is a projection of x on
the ball B(0, t). Projection is a nonexpanding map, so we can proceed (with T =

[If'(@)]l —eL)
[ — x| < (/D5 = f1 < gl = x¥].
This is equivalent to the desired estimate (17). O
Note that (14) can be considered as the conditional gradient method [7] for

solving (13) with the special stepsize rule. However, its structure is rather peculiar:
each new step is performed from the point a, not x*.

5. Control Applications

We consider very briefly (with no technical details) some control applications of
the ‘image convexity’ principle.
Convexity of the reachable set. A general nonlinear control system

x=Fx,u,t), xeR", ueR" 0T, x(0)=c (18)
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with L,-bounded control

T
ueU:{u:/ ||u(t)||2dt<s} (19)
0

defines a reachable set

S = {x(T) : x(¢) is a solution of (18), u € U}. (20)
Suppose that the linearized system

2= Fy(x0,0,8)z + F,(x0,0,)u, y(0) =0 (21)
is controllable [8]; here x is the solution of the nominal system

Xo = F(x9,0,8), x0(0)=c.

Then (under some technical assumptions to guarantee the smoothness of the map
f: u — x(T)) we can conclude, that for ¢ small enough the reachable set § is
convex. Indeed, we can apply Theorem 2.1 with X = L,,Y =R", f: u — x(T).
The controllability of (21) ensures regularity of this map at u = 0.

Sufficiency of the maximum principle. Consider the optimal control problem

min ¢ (x (7)), (22)

where x () is a solution of (18) subject to the constraint (19) and terminal time 7 is
fixed and the function ¢: R” — R! is convex. Then this optimal control problem is
equivalent to the finite-dimensional one min, g ¢ (x) which is convex under above
conditions. Thus, the first-order necessary conditions for the extremum (which
can be written in the form of maximum principle [8]) is also sufficient. Thus, we
conclude that the maximum principle is the sufficient condition for optimality for
(18), (19), (22).

Also from Theorem 4.1 we obtain that the solution is unique and it reduces (19)
to equality.

Numerical methods. Iterative method (14) can be applied to solve the optimal
control problem (18), (19), (22). It has the following form. At the kth iteration we
have an approximation u* = u*(t),0 < t < T and calculate x* as a solution of
(18) with u = u*. Then the gradient of the objective function can be found as

f'u'y = =F[ 5 uf vt o,
where v/ is a solution of the adjoint system
U= —F "t oy, w(T) = ¢/ NT)).

Then the updated control is found by (14), where L, norm is used. Theorem 4.3
guarantees the convergence of this method to the optimal control.
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Discrete maximum principle. It is well known that, in general, the Pontryagin
maximum principle is not valid for discrete-time systems [9]. However, it can be
validated for ‘small power’ control.

Let the states x; € R" and controls u; € R™ be described by nonlinear differ-
ence equations

X1 = F(xg, ug, k), xo=c, k=0,1,..., N — L. (23)
Our objective is
min ¢ (x(N)) (24)

subject to the /,-type constraint

=

lup||* < e. (25)

~
Il
=}

Then under the condition of controllability of the linearized system, we can prove
(as was done above for the continuous-time case) that the reachable set is convex
if ¢ is small enough. The standard technique allows us to obtain the maximum
principle under this convexity assumption.

6. Conclusions

The general ‘image convexity’ principle is presented and some of its applications to
optimization and control are described. It is possible that many more applications
will arise in various fields of functional analysis and numerical analysis.
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