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CBEPXYCTOMYNUBHBIE JINHEVNHBIE
CUCTEMBI YIIPABJIEHU. II. CHHTE3!

TlonaTue cBEpXyCTOWIMBOCTH, BBeAEHHOE B [1], mcmonb3yerca ais cuHTE3a CTAOUIM3UPYIONHX W O
TUMAJIBHBIX PEryasTopoB. Ilokazano, aTo peryasaTop B ¢OpMe CTATHIECKONH OOPATHOM CBA3M IO BBIXOLY,
00€eCTIeIMBAIOIAI CBEPXYCTONIMBOCTh 3aMKHYTOH CHUCTEMBI, MOXKET OBITh HaiifileH (€CIu OH CyIIEeCTBYET)
C IIOMOIIBI0 METO/OB JIMHEHHOr0 MPOrpaMMUpPOBaHus; 0000MeHeM CIyXKAT 3313493 00 OTBICKAHUU CBEp-
XyCTOMYMBON MATpuipl B JaHHOM addumaoM cemeiicte. Vmeosornst CBepXyCTOMUIMBOCTA OKA3bIBACTCS
I0JIE3HOI U IIPU PeIleHn: 331349 ONTHMAIbHOIO M pobacTHOro ynpasieHus. lIpuvepaMu ABASIOTCH 1IPO-
6s1eMa II0/IaBIEHUS OIPAHUYIEHHBIX BO3MYIIEHHI, 3a/1a4a 00 ONTHMHU3ANUN HHTEIPAIbHOIO (DyHKIMOHAIA
oT Moynist (a HE KBaJpaTa) yIpaBJICHUS U COCTOSHUS, & TAKIKE CTAOMIN3aINsa HHTEPBAIHLHOTO MATPUIHOTO
cemeficTBa U OJHOBDEMEHHas CTabMIu3arius.

1. BBeagenue

B neproii vactu craThu ([1]) 61710 BBEJIEHO TIOHATHE CBEPXYCTOHYMBOCTH ¥ TIPOBEJIEH aHAJIN3 CBEPXYCTOM-
YUBBIX CUCTEM (M3YYEHO MOBEICHNE UX PEIICHUI TIPU OTCYTCTBUM UJIA HAJMYUY BHEITHUX BO3MYIIEHUI, pac-
[OJIOZKEHHE CIIEKTPa, pobacTHbie cBoiicTBa u ap.). OqHaKo BaxKkHeileli 0COGEHHOCTHIO ITOrO NOHATHUS $ABJLsi-
ercsi BO3MOYKHOCTb €r0 UCIOJIb30BaHus Jis 1esel cuare3a. OKa3blBAeTCsl, MHOTHE TPY/IHbIE KJIACCHAYECKUE
3a/1a90 — CTAOUIN3AIMS 110 BBIXO/Y, CHHTE3 PEryJsiTOPOB 3aJaHHON CTPYKTYPbI, PABHOMEPHOE MOIABICHUE
BHEITHUX BO3MYIIEHNN — JIOMYCKAIOT MTPOCTOE PEIeHNe, eCau MOTPeboBaTh CBEPXYCTONIMBOCTH 3aMKHYTON
CUCTEMBbI BMECTO YCTOWYIMBOCTH. Tak, BCe yIOMAHYTHIE 33729l MOT'YT OBITH PEIIEHBI € TIOMOIIBHIO JINHEITHOTO
nporpaMMupoBanust. Kpome Toro, MoryT ObITH pEIIeHbl W HECTAHIAPTHBIE 33aJa49W ONTHMAJILHOTO YIIPaB-
JIEHUsl, TAKME KAaK DACCMaTpUBAeMas HUXKE 33Ja4a O JIMHEHHO-JIMHeHHOM (& He JIMHEHHO-KBaIPATUYHOM )
peryssitope.

Pazywmeercst, y Takoro mojxosma ecTh W HemocTaTKu. Tak, He BCsKas yHpaBisieMasi JWHEHHas cucrema
MOKeT ObITH CBEPXCTAOMIM3NPOBAHA C TOMOIIHIO 00PATHO CBS3M M0 COCTOSTHUIO; KPOME TOTO, TIPU PEIIeHNN
3a/1a4 ONMTHMAJIBHOTO YIIPABJIEHUST UCTIONH3YIOTCS ONEHKH (DYHKIIHOHAJIOB BMECTO UX TOUYHBIX 3HAYEHUI.

Haunewm ¢ 3aza4 cBepxcrabusmsanuu. Uuade roBopst, uinercs o0parHas CB#A3b (II0 COCTOSHUIO WU 110
BBIXOJLY ), KOTOpasi 00ECIEYUBAET CBEPXYCTONYMBOCTD 3AMKHYTOI CUCTEMBI.

Kak u B mepBoii yacTu paboThl, €CIM HEe YKa3aHO ABHO, MCIOJIb3yeTCa 00-HOPMa, JIJIg BEKTOPOB - € R™:

n
lz]| = max || 1 nraynuposannas eo l-nopma ans marpun, A = ((ai;)) € R™": ||A|| = max (Z |aij\).
i<n 1<i<n j=1

2. CBepxcrabuiusanusi HeIPEPHIBHBIX CUCTEM
PaccMOTPHM HEMPEPHIBHYIO CHCTEMY
* = Ax + Bu, y =Cuz, (1)

e © € R" — cocrosnume, y € R — BBIXOZ, a u € R™ — ympapienne, KoTopoe umercsa B hpopMe 00paTHOI
CBSI3U TIO BBIXOLY

u= Ky. (2)

3aMkHyTas cucrteMa npuobpeTaeT BU

'j::AC'ra AC:A+BKOa AC: ((ml]))7 (3)

n marpuna K HaseiBaeTcst crabuimsupyomeil, ecin A, ycroitunsa (Re A;(A.) < 0 mist Bcex COGCTBEHHBIX
sHagenuii \; marpunsl A.), u ceepremabususupyrouetdi, ecim A, CBepXyCTORYNBA, T.€. €I

o= o(A;) = miin(fmii72|mij|> > 0; (4)
i

B 1epBoit wacT crathu (cM. [1]) BeamunHa o Gblia HA3BAHA CTENEHBIO CBEPXYCTOWIMBOCTH.

1Pa6ora BeImOSIHEH Tpu (DUHAHCOBOM MOAJEpKKe IPAaHTOB Poccuiickoro douza dbyHIaAMEHTAIBHEIX ucciegoBanmi 00-15-
96018 u 02-01-00127 u B pamMkax KOMILIEKCHOH mporpamumsl IIpe3uguyma PAH.



Bompoc 0 cTabuan3upyeMoCT! CHCTEMBI IO BBIXOAY, B OTJIMYHME OT CTAOUIU3UPYEMOCTH TIO COCTOSTHUIO,
KOTJIa PeryasaTop uiercs B ¢popme u = Kx, oueHb TpylaeH. EMy MOCBSIIEHO MHOXKECTBO PabOT, OTHAKO 10
cux 10p npobsiemMa ocraercs OTKpbIToi [2—4]. B 1o ke BpeMms BOIPOC 0 BO3MOXKHOCTH CBEPXCTAOUIM3ALMH 110
BBIXO/IY JIOIyCKAET OYEeHb IMPOCTOE PEIleHNE.

HeficTBuTe/IbHO, 37IEMEHTDI 5, 1,§ = 1,...,n, marpuusl A, asigiorcs abdunubivu Gynkimuamu ot K =
((kij)):

mij = m”(K) = a;j + (BKC)U = a;; + biKCj,

rre b; — i-a cTpoKa MaTpuisl B, ¢; — j-# cronber marpuier C. Hampumep, B 3a7a19e cTaOUIX3AITAN TIO COCTO-

SHUTO J7Ts TIpOCTefimei CHCTeMBI ¢ OJHAM yIpasienneM uveem y = x, m = 1, r.e. C =1, B = (by,...,b,)T

— Bekrop-crosber, a K = (kiy,. .., k,) — BEKTOP-CTPOKA, MOITOMY SJIEMEHTHI MATPHUIIBI 3AMKHYTON CHCTEMBI

A+ BK pasusl a;; + bikj, rae b; — i-it snement B, a k;j — j-it anement K (marpuna BK — mepBoro panra).
Urak, ycioBue cBepxycroiiunBoctu (4) marpuibl A, umeer Buj

—My; > E |mijl, i=1,...,n.
J#i
BBeseMm uCKycCTBEHHBIE II€PEMEHHbIE O, Njj, ¢, = 1,...,n; TOrJa yCJOBHE CBEPXyCTORYMBOCTH A. MOMKHO
3amucaTh TaK:
o >0,
7mii(K)f E nijZU, izl,...,n, (5)
J#i
Ecnm sta cucrema nuHEHHBIX HEpaBEHCTB MMeeT pertenne k;j,nj, i,j = 7,...,n, IpA HEKOTOpoM o > 0, TO

cucTeMa CBepxycroiiunba. UToObl IPOBEPUTH CYIIIECTBOBAHUE DEIIEHNS, MOXKHO [IEPEHTH K 33/1a9€ JIUHEHHOTO
IPOIPaMMUPOBAHUA

max o,
_mzl(K)_anj >0, izl)"'an7 (6)
J#i

B Heil TIepeMEeHHBIMI ABJAI0TCA MaTpuipbl K, N = ((n;;)) u ckauap o.

Teopema 21. FEcau K,0 — pewenue 3adawu (6) u o > 0, mo obpamnas ceésasv u = Ky obecnewu-
8AEM CEEPTYCMOUMUBOCTND 3aMKEHYMOT cucmemot. Ecau orce 0 < 0, mo ceeprecmadbusudayus peeyiimopom
suda u = Ky nesozamootcha.

DTOT pe3yabTAT JAET TOJHOE PElleHre 331a9h O CBePXCTAOHIN3UPYIOMEM CTATUIECKOM PETYJISITOPE TI0
Bbixoay (B uacraoctu, npu C' = I npuxoaum K CBepXCTabU/IN3aluK 110 COCTOSHUIO).

Ormernm, uto B 3ama4e (6) uinercs Makcumasbaoe (o BceM K ) 3HAUYEHUE 0 €CJIU ITA BEJIMUNHA OKAYKET-
€Sl TIOJIO’KUTENILHOM, TO TIOIYYaeM CBEpXCTAOUIM3UPYIOMN PEryIsaTop, MAKCAMA3UPYIONIAN CTEMEeHb CBEp-
XyCTOWYMBOCTU 3aMKHYTOM cucrembl. Hanomuum, 4ro B nepsoit yacru crarbu (cM. [1]) Gbuia nosyuena cie-
JLyIOIIas ONEHKA s COCTOSHMSA CBEPXyCTOWYMBOI cucTeMbl & = A 2

l=@®) < 2(0)le™", o =0o(A). (7)

Taxkum 06pas3om, ecyiu B 3a1a4€ (6) okaxkercs o > 0, TO OHO IA€T HAWIYYIIyIO OICHKY (7) U3 BCEX BO3BMOKHBIX.
WupivMu ctoBaMu, TTIOMAMO TIOCTPOEHUSA CBEPXCTAOUIM3UPYIOIIETO PErysiTopa, Mbl YIOBJIETBOPsieM Haubosee
2KECTKUM M3 BO3MOZKHBIX OI'DaHUYCHUAM Ha COCTOAHUE CUCTEMBIL.

IIpumep 1. PaccmoTpuMm mpOCTOit IpUMEp CBEPXCTAOMIU3AIINN IO COCTOsgHUO. [Iyctb n =2, m =1,
T.€.

Torna

_ a1 +biki a2+ biks
Ac=A+BK = < az1 +bok1 a2 + baks >7



u yCJIOBI/Ie CBeryCTOI./,I‘II/IBOCTI/I HpI/IHI/IMaeT BUI,
a1 + bik1 < —|aiz + biksl, ags + boka < —|ag1 + bak1l.

BossMem gmist ompenenmennoctr by = by = 1; HAC WHTEpECYET, CYMIECTBYIOT JU ki, ko, YIOBIETBOPSIOININE
HEpaBEeHCTBAM
a1 + k1 < —|aiz2 + ko, agy + ka < —laz1 + k1.

Kak0e u3 HepaBEeHCTB BBIAEIAET NPAMOi yros Ha maockocTu {ki, ko} (puc. 1).

k2 k2

90° —ai2
—agz2 ¢

90°

—a11 k1 —a921 \Q

Puc. 1: KoadpdurmenTs cBepXcTabOUIN3UPYIOMIETO PEryasiTopa.

OTu TpsaMbIe YIJIbI COAEPYKAT OOIIYI0 TOYKY (T.€. PElleHre CYIIECTBYET), €CJIU U TOJBKO €CJIM BEPIIUHA
OJTHOTO M3 HUX JIEXKUT B JIDYTOM, T.€. YIOBJETBOPAETCA OJHO W3 HEPABEHCTB

ain —az < —lai2 — assl, as —aip < —las — a1
DTO BO3MOXKHO TOTJa W TOJHKO TOT/IA, KOTIA
T=a11 — a1 +as —ajx < 0.

Nraxk, ecnu 7 < 0, TO cBepXCTAOMIN3AINST BO3MOXKHA; ecain 7 > 0, TO OHa HEBO3MOXKHA. MBI BUANUM, 9TO HE
Jutst 11000 MaTPHUIbl A MOYKHO 00€CTIeYNTh CBEPXYCTONYIMBOCTD; B TO YK€ BpeMsi Jist 11000t A, 11st KOTOpOit
b= (1 1)T me aBnsgerca cobcTBeHHBIM BeKTOpOM, mapa (A, b) ynpasasema u (00brMHAA) CTAOUIM3AINS C
MOMOIIBLIO 0OPATHOM CBSA3U ¥ = kKX BO3MOXKHA — 3TO KJIACCHYECKOE PEIIeHUe 33/1a91 O PA3MEIIEHUH TIOTIOCOB.

JIerko BBISIBUTH ¥ CJIy4Yad, KOTJA CBEPXCTAOUIM3AINs 3aBeJIOMO HEBO3MOXKHA. [TycTh

z=Ax+bu, u=kxzx, zeR", wueR!,

¥ BEKTOD b MMeeT HEKOTOPbIE KOOPAWHATHI HyleBbiMu, Hampumep, by = 0. Torna A, = A + bk umeer Takyio
Ke MEPBYI0 CTPOKY, Kak u A; ecyii 3Ta CTPOKa HE YAOBJIETBOPSIA YCIOBUIO CBEPXYCTONIUBOCTH, T.€. —a1] <
> 21 laij|, To marpuia A. me Gyzer cBepxycroitumBoii Hum mpnm kKakoM k. OTcioma, B YaCTHOCTH, CIEIyeT,
YTO NI CUCTEMBI, 3AIMCAHHON B KAHOHWYECKOH ympasigemoii dbopme (¢ marpurneit A Bo dbpobernycoBoit
dopme m b = (0 ...0 1)T), 3aBesomo HeaB3a JOOUTHCSA CBEPXYCTONYMBOCTH C MOMOIIBIO OOPATHON CBA3M
10 COCTOSTHUIO, TIOCKOJIBKY Y MAaTPUIIbl 3aMKHYTOM CHCTEMbI U3MEHSIETCs JIUIIb TOCEIHsIS CTPOKA, & TIePBbIe
n — 1 umeror Bug (0 ...0 10 ...0), r.e. HE YAOBJIETBOPSAIOT YCJOBUIO cBepxycroituusoctu. I'py6o rosops,
JI7IsI BO3MOXKHOCTH CBEPXCTAOUIU3AIUN TPEOYeTCsi, 9TOObI YNCIO YIPABIEHUN OBLIO JOCTATOYHO BEJTUKO U
MBI MOTJIM OBl BJIUSATH HA JIOOYIO CTPOKY B MATPWIE 3aMKHYTOMH CHCTEMBI 3& CUET BHIOOpa KO3 DUIMEHTOB
PeryisiTopa.

Urak, csepxcrabuiuzanuu (faze [0 COCTOSIHUIO) HE BCErJa MOXKHO JIOOUTBLCs; B TO KE BPEMs, €CJIH
pellleHre CyIIeCTBYET, TO OHO JIETKO MOXKET ObITh HAMIEHO, OJHAKO MPOCTOTA PEIIeHUs MOKYIAETCs 33 CYeT
TOrO, 9TO KJIACC CBEPXCTAOMIN3UPYEMbBIX CHCTEM IOPa3Jio Ke KJIACca CTAaDUIU3UPYEMbIX CHCTEM.

Ipu cTabuamsamum CHCTEM C TIOMOIIBIO OOPATHOM CBSI3M €CTECTBEHHO HAJIATaTh OTPAHUICHWS HA BEININHY
MATPUIHOTO KO3(DPUIMEHTA, YCUIEHN I TOTO, YTOOBI OTPAHUYHTH BEJINYWHY TIPAMEHSIEMOTO YIPABJICHNUS.
Hanpumep, pacCMOTPHM HHTEPBAJIbHBIE OrpAHUTIeHUsT Ha MaTpury yeunenus K = ((k;;)):

by <kij <k, ij=1....n 9

Yro6bl TPOBEPUTH BO3MOYXKHOCTD CBepxcTabuiu3anuu cucteMbl (1)—(2) npu 9TuxX JONOJIHUTENHHBIX YCIOBUAX,
JIOCTATOYHO J06ABUTH JMHElHbIe HepaBeHCTBa (9) K OrpaHWYEHUsIM B 33/a4€ JIMHEHHOro MPOrpaMMHUPOBa-
nug (6) 1 npuMeHuTh K Heil Teopemy 2.1.

AHanoruuHble JOIOJIHATEIbHBIE JTHHEHHBIE HEPABEHCTBA IIOABIAIOTCA DU y9eTe OrPAHUYCHUH Ha BEJU-
upny K B MaTpm4HO# 1-HOpME MM co-HOpME.



3. CBerCTaGI/IJII/IBaHI/IH ANCKPEeTHbIX CUcTeM

Bce ckazannOe BbIllle OTHOCHIIOCH K HEMPEPHIBHBIM CHCTEMAaM; IIPU IEePeX0oJie K AUCKPETHOMY CJIydaro
W3MeHeHuss MUHUMAJIBHBI. OHU CBSA3aHBI C TEM, YTO JIJIsi CUCTEMbI

xy = Azp_1+ Bug_q,
ye = Cuag
¢ 0OpaTHOIt CBA3BIO
up = Ky

yciaoBue ceepxycroitunsoctu Marpunpl A, = A + BKC 3anuceiBaercs kax ||Ac|| < 1, Te.

n

Slmy(K) <1, i=1,...n.

j=1

OTHOCUTEILHO 3JIEMEHTOB MATPHUILI K 9TH yCIOBHS TAKKe 3AMUCHIBAIOTCSA KaK JIMHEHHbIE HEPABEHCTRA.
3amava TUHEHHOTO MPOTPAMMUPOBAHNS, K KOTOPOUN CBOIUTCS OTHICKAHWE m}én ||A+ BKC||, anamornunas (6),
AMeeT BHJ

min q,
Znijﬁq, i=1,...,n, (10)
J
_nijgmij(K)gnij, i,j=1,...,n,

a BO3MOXKHOCTbH CBerCTa6I/I.HI/I3aHI/II/I Ja€TCA CIACAYIONINM PE3yJIbTaTOM.

Teopewma 3.1. Ilycmo K,q — pewenue 3adawu aunetinozo npozpammuposarus (10). Ecau g < 1, mo
peayaamop u = Ky obecnewusaem ceeprycmotivusocms mampuuyv, A, = A + BKC 3amrxnymoti cucmemot:
[Acll < 1; ecau orce g > 1, mo A. ne asasemes ceeprycmotinueoti nu npu xaxom K.

B HekoTOpBIX Cilydasx HEBO3MOXKHOCTH CBEPXCTAOMIM3AIMU MOXKHO yCTAHOBUTD U HE PEIas 331349y Jiu-
Helinoro nporpaMvuposanus (10), a OCHOBBIBAsICh HA CIEAYIONIEM pe3ysbrare o aBolicTeennoctu. Hapsiy ¢
3a1aueit

Hafitn ¢* = mI}nHA—FBKC'Hl (11)
PaccCMOTPUM JBOUCTBEHHYIO K Heii:
maxtr ATY,
Y]l <1, (12)
cytB=o,

n
rne Y = ((yi;)) € R™" — uckomas marpuia, ||V = max ( \yij|), a tr ATY osnauaer cien matpuimt
1

1<j<n
ATY re. tr ATY = > QijYij-
1,5

1=

Teopewma 3.2 Onmumasvuvie 3navenus 6 3adawaxr (11) u (12) cosnadatom, a das a0bozo dony-
cmumozo Yy 6 sadaue (12) svnoansemca ycaosue tr ATYy < g*.

Taxum 06pa3oM, eCii Mbl HaiiileM MaTpuIly Yo, yaoBieTBopstiontyto yeaosusam [|[Yolleo <1, CY;PB=0n
Takyio, uro aia uee tr ATYy > 1, To ¢* > 1, a mOTOMY CBepXCTaOMIN3AIMs HEBO3MOYKHA.

IIpumep 2. Paccmorpum mpumep, aHAJIOTHYHBIN npuMmepy 1 /7 HEIPEPBIBHBIX CACTEM:

o= Awp 1+ Bup1, A= @2 ) gy (LN g Kk — (k).
az1 a2 1

Yy = 0,5 -0,5 .
-0,5 0,5
Torna ||Yolleo = 1, CY'B = Yi'b = 0, u tr ATYy = 0,5(a11 — a12 + aga — az;). Takum obpasom, ecin
a11 — Q12 + a9 — as1 > 2, TO CBEPXCTAOUIU3AIMSA HEBO3MOXKHA. B JIEHCTBATEIHLHOCTH, MOXKHO MOKA3ATh

Bribepem



(paccykas IPUMEPHO TaK ¥Ke, KaK B mpuMepe 1; pasHUIa COCTOUT B TOM, YTO BMECTO JBYX MPSIMbIX YTJIOB
durypupyior aBa pomba), 9TO yCIOBUE

la11 — a12] + |a22 — ag1] < 2

SIBJISIETCS HEOOXOAMMBIM U JOCTATOYHBIM JJIs BO3MOYKHOCTH CBEPXCTAOMIM3AIIVM.
OrmeTnM, 9TO 331a9a CBEPXCTAOMIN3ANNT [JIsT JUCKPETHBIX CHCTEM BIIepBBIE OblIa pACCMOTpeHa B [5].

4. CBerCTaGI/IJII/IBaHI/IH OJHOMEPHBIX CUCTEM

TlocmoTpuM, Kakne 0COOEHHOCTH BO3HUKAIOT MPH CBEPXCTAOMIM3AINN CKAISIPHBIX cucreM. IlycTh omaHo-
MEPHBIN TUCKPETHBIN O0bEKT 331aH IepeIaToOIHoN (QyHKIIneH

rIe
a(z)=ag+arz+...+a,2",  b(z) =by+biz+ ... +by2™.

MpbI XOTUM 3aMKHYTH €r0 Peryaaropom (cM. puc. 2)

—Q—— G(s) C(s) -

Puc. 2: Crabunusupyromuit peryisitop.

TaK, 9TOOBI XaPAKTEPUCTUIECKUI TOTMHOM 3aMKHYTON CHCTEMBI

p(z) = a(2)f(2) + b(2)g(2)

6b11 cBepxycroituus. Hanomuum, uro B [1] cBepxycroituuBocTsb auckperHoro nosuuoMa p(z) = pg + p1z +
...+ ppz™ MBI OIpeIeTNII Kak

n

> Ipil < Ipol-

i=1

Kak u npu 06br4noii crabuinsanuu, MOXKHO ObLI0 Obl BLIOpATh B KadecTBe p(2) MPOU3BOJILHBII CBEPXYCTOM-
YUBBIA MMOJIMHOM, PEIuTh ypaBHeHUE Besy

a(2)f(2) + b(2)g9(2) = 1 (13)

(pemenne cyIecTByeT B IIPEANOIOKEHUN B3aUMHOMN IPOCTOTHL a(z) 1 b(2)) u B34TbH

F2)=p()f(2) +b(2)r(2),  g(2) = p(2)g°(2) — al(2)r(2),

rae f0(z), g°(z) — pemenue (13) murnmanbhoii crenenu deg fO < m—1, degg® < n—1, a r(z) — npoussos-
HbIi osmaoM. OIHAKO MPH TaKOM TOJXOJEe TOPsiIoK peryisitopa (cremenn f(z) m g(z)) MOXKeT OKa3aThCst
BBICOKHM.

Buecro sroro 3adgukcupyem crenenu F u G nosmuomos f(z) u g(z):

f(2)=fo+ fiz+...+ frz", 9(z)=go+ g1z + ...+ 92",

TOTIa KOIDDUIMEHTHI P; XaPAKTEPUCTUIECKOTO TIOJIMHOMA ABJIAIOTCSA JuHEHHbIMY DyHKIMAMY OT fo, f1, ..., fF,
4o, J1, - - -, G, U YCJIOBHE €0 CBEPXYCTONYMBOCTHU 3AIMIIETCI KAK

l
|p0(f7g)|>2|pl(fag)|5 f:(an"'a,fF)7 92(907~--79G)7

=1

ot



rae | = max{n + F,m + G} — crenens p(z). COBMECTHOCTH 3TO CHCTEMBI JINHEHHBIX HEPABEHCTB MOXKET
OBITH TIPOBEPEHA TyTEM PEIeHUs 33Ia49K JTUHEHHOr0 mporpaMmmuposanus, anajgorudnoit (10). Ona moxer ne
WMeTh pelrenus npu Jgauubix F' v G; Torga, yBeandusas nopsaku F' u G, MOCIeI0BATEBHO PEIaeM 3a1a9u
JIMHEITHOTO MpOrpaMMUpOBaHus Hojiee BBICOKOW pas3mepHocTh. B coorBercrBum ¢ Teopemoii Besy perenune
3aBesnomo cymecrsyer ipu G =n—1, F =m — 1.

Takum obpa3om, ogHOMEpPHAs JUCKPETHAS CUCTEMA BCETIA MOYXKET OBITH CBEPXCTAOMIM3NPOBAHA, TTPUUIEM
TIOPSI/IOK CBEPXCTAOUIN3UPYIOIIETO PETYAITOPA OKA3BIBAETCS 3aAMETHO HUXKE, YeM TIPU TTPOCTO CTAOMIM3AIIIH.

Bazava cBepxCTabMIM3AIMY JIJIs OJHOMEPHBIX JUCKPETHBIX CHCTEM IOAPOOHO aHasu3upyercs B [5]; Tam
Ke MOXKHO HANTH YMCIICHHBIE TIPUMEPDI.

5. HaXO)K,I[EHI/Ie CBeryCTOﬁ‘IHBOI‘O dJieMeéHTa B MaTPUYHOM HMJIA ITOJIMHOMHUAJIbHOM ceMmeiicTBe

PaccmoTrpum 3amady crabuimM3anuy CHCTEM TOJ] HECKOJIHKO WHBIM YIJIoM 3penus. Jdawa martpuna A €
R™ ™ mafitu ycrofiunpyio Marpuily X, 6ivskaiiiyio K Heii. PaccTosiHue TOHUMAaeTCs Kak

dist (AaX) = ||A_X||7

rze || - || — HekoTOpasi MaTpuyHas HOPMA, & YCTOWYMBOCTH MOXKET MOHUMATHbCH KAK B JUCKPETHOM, TAaK
¥ B HENPEPBIBHOM CMbIC/e. B mapyroit hopMymmpoBKe 3Ta 3ajada BBIMISAAT CaeayiommM obpasom. Jlamo
adduHHOE CeMENCTBO MATPHIL

14

Al =A0+ > e,  q€QCRS, (14)
k=1
e Ag,...,A; € R™" 3aganer. CymecTByeT U B 3TOM CeMeiCTBe XOTA ObI OJHA yCTOHYUBasf MaTpuia’

MHuozkecTBO () OO COBMAIAET CO BCEM MTPOCTPAHCTBOM Re, 00 ABJISETCS OTPAHUYEHHBIM BBITYKJIBIM MHO-
2KECTBOM; KaK IIPaBUJIO — 3TO IIap B HEKOTOPOW HOpMe:

Q={qeR" [g—¢"| <} (15)

IIpouncxoxk meHne TOH 3a0a9u — CTATUYECKAS CTAOWIM3AINS MO BBIXOIY MHOTOMEPHBIX CUCTEM, 3aJAHHBIX
B MPOCTpPAHCTBE cocrostawmit. JlelictBuTenbro, crabunmsarnus cucrembl & = Az + Bu, y = Cx peryastopoM
u = Ky cBoguTcst K IOUCKY Takoi marpuiibl K, uro npu mauusix A, B, C marpuna A, = A + BKC ycroii-
quBa. PaccmarpuBas ssiemenTbl Marpuiibl K Kak napamerpbl ¢, NpuxoiuM K 3azade B dopme (14), koropas,
CJTeIOBATETBbHO, ABISETCS 00001IeHneM MPOoOIeMbl CTAOMIN3AINAN IO BBIXOY.

st HEKOTOPBIX YaCTHBIX CJydaes (Hanpumep, Koraa mMarpuiibl Ag, ..., Ay CAMMETPUYHBI) BCE 9TH 1IPO-
6JIeMBI JIOTyCKAIOT TPOCTOE perrierne. B obiiem ciayvae takue 3ama4n sipasiiorcs N P-caoxkubiMu (cM. [6])
u 3¢ derTuBHBIE METOIBI UX TOYHOTO PEIleHus OTCYTCTBYIOT. HEKOTOpBIE YMC/IeHHbIE METOIbI (HE JAIONIHe,
BIIPOYEM, TAPAHTHH OTHICKAHHUSI TOYHOTO PEINeHNsi) IPUBEIEHBI B [7].

IIpu mepexoze OT yCTORYMBOCTH K CBEPXYCTOMYMBOCTH CHUTYAIlMs 3aMETHO yIPOIIAETCs W 33a7a49a CBO-
JUTCS K TUHEHHOMY WJIM KBAJIPATAYHOMY MPOrPDAMMHUPOBAHUIO B 3ABUCUMOCTH OT UCIOJIb3yeMON MaTPUIHON
HOpMBI. PaccMoTpuM 33139y O HAXOXKICHWH OJIMKANUIIEH CBEPXYCTOWYWBOW MATPHUIIBI, HATIPUMED, B CIyJae
JIICKPETHOM CBEPXYCTOMYMBOCTH U PACCTOAHUA BO dpobenumycosoil Hopme. IlycTs a;; — 3/eMenTE JanHO#H
marpunsl A, [[A]| > 1, a z;; — 2/eMeHTHl HCKOMON MaTpHIpl X, MIPUHAJIEKAIEH 3aMBIKAHUIO MHOMKE-
cTBa cBepxycToiuuBbix Marpull u Onuxkaitmeit Kk A. Torna X saBisgercs pereHueM 3aa9u KBAJIPATHIHOTO

NPOrPAMMHUPOBAHUS
. 2
min E (aij — x45)7,
5]

(16)
J#i
OrmeruM, 9T0 eciiu 0O03HAYNTH MUHUMYM B 9TOH 3a/1a4e depes3 v, To sicHO, 910 v < v*, rjie 7y — paccrosinue
0oT A 70 MHOXKECTBA yCTOWYMBBIX MATPHUIl. TakuM 00pa3oM, MUHUMAJIBHOE PACCTOSTHUE /10 CBEPXYCTOWIUBOMN
MAaTPHUIIBI SBJISETCS OIEHKOM CBEPXY I PACCTOSTHUS 10 OJMKaiiiieit yCTOWINBOM MATPUITHI.
Ecin moHnMaTs paccTrosHue, HAPEMED, B HHTEPBAIbHOE HOpMe ||A — X|| = max;; |a;; — xi;|, TO MumHE-
mMu3upyemas Kajparuunas Gynkuus B (16) 3amensercs Ha JUHEHHYIO, U IPUXOAUM K 3a/a4e

min max |a;; — i,
1,7

xii+Z|mij|§07 i1=1,...,n,
J#i



KOTOpast CTAHJAPTHBIMHA TIPHEMaMU CBOIUTCS K 3ajade JIMHeHHOTo nporpamMupoBanusi. COBEpIEHHO aHaJIo-
IUYHAs 3371292 IMHEHHOTO MPOrPAMMIPOBAHNS MOy 9aeTCs B Caydae co-HOPMBI: [|A— X ||oo = max; ) . |a;; —
Lij |
B ciyuae qucKkperHoii cBepXyCcTORYMBOCTH PA3HUIA COCTOUT JIHLIb B TOM, 4T0 B (16) miu (17) orpanude-
HUSL HA T;; 3aMEHSIOTCs Ha
dlzgl<l, di=1,....m,

J

KOTOPBIE TaKKe CBOAATCS K CHCTEMe JIMHEHHbIX HEPABEHCTB HA SJIEMEHTDI ;;.

B HEKOTOPBIX CIyYasX 331348 HMEET sIBHOE PeIleHne; MPOCTEHINNil U3 HIX — JUCKPETHAS CBEPXYCTOHTIN-
BOCTDb U 1-HOpMa: mama marpuna A, |A|; > 1, matitn X, || X|; < 1, Murumusupyomyio ||A — X ||;. Pemmenne
3TOU 3aJa49U JOCTUTAETCA HA

. . A
XT=arg min 14 =Xl =
" 1
min A= X|li = A= X"y = A (1- ) = I -1
1A[|2
Mo2KHO TaKzKe HAJIOKHUTDH JIOTIOJIHUTEHHBIE OTPAHMYEHUS] HA I€MEHTHI MCKOMON MaTpuubl X, HAIPH-
mep, Buga z;; < i < Ty wm |z — 2l <, i,5=1,...,n, tne X° = ((z;)) — #exoropoe nomunambHOE

3HaveHue. JTO JUIE JOOABUT JIMHEHHBIX OrpaHWYeHnit Ha Tepemenuse 2;; B (16) nnn (17). B Takoit mo-
cTaHOBKe 33/1aua (hOPMYIMPYeTCcs KakK OTHICKAHWE CBEPXYCTONYMBON MATPHIIBI B CeMefiCTBe MATPHII, ¥ €CJIN
paccMarpuBaTh 31eMeHThl X Kak [apaMerpsl, To nmpuxoauM K abdunHoMy cemeiictBy (14) u moucky B HeM
CBEPXYCTOMYMBOU MaTPUILIBL.

ATy 3a/iady MOMKHO DellaTh KaK U PAHbIIe, HAX0/Asd OIMKAMIIYI0 CBEPXYCTOHYNBYIO MATPHUILy K HEKOTO-
poit BeIOpanHoit A = ((a,;)): HaTpUMep, JJIs HEMPEPHIBHOTO CIydasi, PACCTOSHNS B WHTEPBAILHON HOpME 1
orparnuenusx ||q — ¢°|| s < 7y mpuxomuM K 3a1a4e

¢
: 0 k
min max|a;; — a;; — Q@
k=1

q ]

b

¢ ¢
0 k 0 k .
aii+§ Qkairf‘g a;; + E qra;;| <0, i=1,...,n
k=1 e k=1
(Bmecs Ay = ((afj)), k =0,1,...,¢), KoTOpas CBOAUTCA K 33Ja9€ JIMHEHHOTO MPOrPAMMUPOBAHUS OTHOCHU-

tenbHo ¢. Ecm ¢* — ee pemenne u ||¢* —¢°||oo = 7* < 7, To B cemeiicTse (14), (15) mmeeTca cBepxycToiauBas
marpuna A(q*), mpuaem oHa sIBJIsieTCst OmrKaiiiieil B MHTEPBAJIBHON HOPME K JAHHOM Marpuie A.

MOKHO TIOCTYNUTh W WHAYe, MPOBEpsisi COBMECTHOCTh CHCTEMbI HepaBeHCTB. Hampuwmep, st TOTO Ke
HENPEPBIBHOTO CJIydast W TIPW Orpanudenusax Ha napamerpdl ||¢ — % < v smementTs a;j(q) matpumsr A(q)
(14) sBasitorcsa adpdunabiME DYHKIUAME OT ¢, CACTEMA HEPABEHCTB UMEET BU/L

_azz(Q)_Z|alj(q)|>07 izla"wna

J#i
|q17q9|§7a 7::17"'787

U ecJid OHA pa3penuma (4TO IPOBEPSETCs MyTeM CBeACHUs K 3aade JMHEHHOro IpOorpaMMUPOBAHUs), TO B
cemeiictse (14), (15) umeercs cBepxycroitunBas mMarpuia. [I0CKOIbKY CBEPXYCTONYNBAsS MATPUIA ABJIACTCS
TAKKEe W YCTOWYMBOIL, TO €C/IM DEIeHne CYMIeCTBYET, TO OHO TAKKE €CTh pEIIeHNe 337a9d O HAXOXKJICHUU
yCTOMunBOM MaTpHUIlbl B adbOUHHOM ceMeiicTBe.

Takum ke 00pa30M PeIIaeTcs BOIPOC Jls CJydas AUCKPETHON CBEPXYCTONYUBOCTH M JAPYTUX HOPM.

Bce paccmoTpennbIe BbIITe MATPUYIHBIE 331491 MOTYT (DOPMYIUPOBATHCA [ TOIHHOMOB. Jlamo addun-
HOE CeMeNCTBO

Y4
P(z,Q) = {p(za q) =p°(2) +>_aip'(2), degp’(z) <degp’(z), qeQC Re} (18)
=1
rae pi(z), i =0,...,{ — 3a7aHHbBIE TOJUHOMBI; CYIMIECTBYeT /I B HEM XOTS Obl OJUH yCTONYIUBLI TOMUHOM?

Kak u 111 MaTpUYIHBIX CEMEHCTB, MHOYXKECTBO () MOYKET COBMAIATH C R’ wm MoxkeT GBITH 3a71aH0 B hopme
orpanndenuii Ha HOpMy (15), MO0 B BUJE MHTEPBAILHBIX OTDAHUYCHUT



Q={qeR" ¢, <q <7, i=1,..,(} (19)
Taxkas 3amaga aBisiercsa 060beHreM TPo6IeMbl CTAONTU3UPYEMOCTH CUCTEM PEryIsiTOPAMHU 33 TaHHON CTPYK-
TYPBI

B wacTtHOM ciydae, Korga camu KoadhdUIMeHTH MoJanHOMa p(z, q) SIBJISIOTCS HEOTPEJIeJIeHHBIMH TIapa-
MeTpaM¥ ¢;, 337a9y MOKHO cHOPMYIMpOBaTh Cieayrommm obpasoM. Jan meycroiausbrii mommom p°(z);
HafiTy OsmKafmmii yCTONYUBLIA TOJIMHOM TO# ¥Ke CTeneHu. PaccTosHue Mexy mojuHoMamu a(z) =
ag+ a1z + ...+ apz™ ub(z) = bog+ b1z + ... + b,2" noaumaerca kak dist (a(z),b(z)) = |la — b||, rue
a,b € R"™™ — pexropsr Koadbdummentos a(z),b(z), a || - || — mekoropas mopma B8 R, Torga, kak u B
MATPUYHOM BAPHUAHTE, €CIIN

min _ dist (p0(2)7 p(z,q)) =7 <7,
p(z,9)€P
ryie P — MHOXKECTBO YCTONYMBBLIX MOJMHOMOB, TO PEIIEHNUE 33a9U O HAXOXKJICHUU YCTOWIMBOTO MOJUHOMA, B
cemeiictse (18) ¢ p(z,9) = o+ q12+ ...+ ¢,2" u orpannuenusmu (15) cyecTByer; B IPOTUBHOM CJIydae —
HE CyIIECTBYET.

Ha nepsbiit B3rIsi1, Takas 3aa4a OYeHb OIM3Ka K 33a4€ O poOaCTHON yCTONYUBOCTY TIOJUMHOMOB, 3()-
bekTUBHBIE METOIBI PelleHNst KOTOPOI XOPOIIO W3BEeCTHBI (HampuMep, cM. [8]). Pasuuma Mexkay HUME B TOM,
9TO B 33J@49€ O POOACTHON YCTOWYMBOCTH PEYb UAET O CYMIECTBOBAHUM XOTHA ObI OJHOrO HEYCTOWYIMBOTO TIO-
smHOMa B cemeiicrse (18), (19) (mmm (18), (15)), Torma Kak Mbl WIIEM XOTs Obl OJHMH yCTOWYMBBIN MOINHOM
B TOM ke cemelictBe. Kak m B MATPUYHOM CJIydae, 3Ta PA3HWIA B MOCTAHOBKE NMPUBOJAMT K KAPAUHATHHOM
nepeMeHe B CJIOKHOCTH 33124, KOTOpble okasbiBatorcs N P-cioxubivu (M. [6, 9]). IIpubimkentbie criocobbt
UX DEIeHns] MOXKHO HalTH B [7].

B 1o ke Bpewms, 3amada MOUCKA OJUKANIIEr0 CBEPXYCTOWYMBOTO TOJUHOMA OYEHb TPOCTa (HAOM-
HUM, YTO CBEPXYCTOWYMBOCTH IIOJIMHOMOB Mbl OIPEIEJIUIM TOJBKO I CJlydasl JUCKPETHOIO BPEMEHH).
HeiicrBurensHo, nycrb p = (po,P1,--.,Pn) — KOIGDOUIMEHTHI JAHHOIO HeycTORYuBOro nosmHoma p(z), a
q= (90,91, -,qn) — KO3 DUIMEHTHI KCKOMOTO MOMMHOMA ¢(Z), IPUHAJIEIKAIIEIO 3aMBIKAHUIO MHOXKECTBA
CBEPXYCTONYMBBIX TMOJMHOMOB. MUHUMHU3NDYs paccTosiune Mexkay p(z) u g(z) B eBKINIOBON HOpME, TIOJy-
YaeM 33J1a9y KBAJAPATUIHOTO MPOrPAMMUPOBAHUS

n
min Z(Pz - q)?
i=0

n
—lgo| + Z lgi| <0
i=1

(kak u BbIIIE, JMHEHHBIE OrPAHUYIEHNS HA MOJLYJIM TEPEMEHHBIX CBOJATCA K JIMHEHHBIM OrPAHUYEHHSM HA
camu nepemennble). CoBEpIEHHO aHATIOTHYHBIM 00pa30M 3a7a4a (GOPMYIUPYeTcs s JPYTUX HOPM, TAKHX
Kak 1-HOpMa mIm CO-HOPMA; TOT/A MPUXOIUM K 337a9€ JTMHEHHOrO IPOrPAMMUPOBAHUS.

WHora pernieHne HaXOMWTCS B siBHOM Buze. Kak W Juis MaTpwil, 3TO ciydail 1-HOPMBI; OTPaHUYNMCS
MOHMYeCKUME TonnHOMamu (pg = qo = 1.) Torma 3amaua ceommtes K min ||p(z) — ¢(z)||1 mpu ycaoBusix
llg = 1]l < 1,90 = 1. Pemennem 3xece siBasiercsa noauaoM ¢*(z) = 1+ (p(z) — 1)/||(p — 1)||1, & MurEMYM
paBeH

min [|p(z) — q(2)[lr = llp =1 - 1.

6. OnrumanbHOE ynpaBJieHUE

Eciu cucrema moxker ObITh CeslaHA YyCTOMYIMBOM C MOMOIIBIO OOPATHON CBS3W 1O BBIXOMAY WJIA COCTOSi-
HUWIO, TO MOYKHO TIOMIBITATHCA ONMTUMU3UPOBATH TIPH 3TOM HEKOTODPBIN MOKa3aTeN b KadecTBa. MBI paccMOTpUM
JBE 33/1a491, O/THA CBA3aHA C HAWJIYYIINM II0/IaBJI€HNEM BHEITHUX OTPAHWYEHHBIX BO3MYIIEHUI, BTOpas — C
MUHUMH3AIHEeH HEKOTOPOTO WHTErpPaJIbHOrO MOKA3aTe N sT KadecTBa, nporecca. OIHAKO BMECTO YCTOWIMBOCTH
3aMKHYTOM CUCTEMBI IOTPEOYEM €€ CBEPXYCTONYMBOCTH U U3Y4UUM BBITEKAIOIINE U3 ITOrO MOCJIEICTBUS.

6.1. ITodasaenue 02paHUYEHHBIT B03MYULEHUT
PaccMOTpHIM MHOTOMEPHYIO HENPEPBIBHYIO CHCTEMY, 33JaHHYI0 B MPOCTPAHCTBE COCTOSTHMIA:
& = Ax + Bu+ Dyw, z(0) = zo,

y = Cz + Daw, lw®)] <1, t=>0.



3nech x € R — cocrosiame, y € R! — Boixoxn, u € R™ — ynpasienne, a w € R™ — BremHee BO3MyIIEHNE,
OTHOCHUTEJIbHO KOTOPOIr'O IpeanoJaracTCAa JUIIb OTPaHNYEeHHOCTb BO BC€ MOMEHTHI BDEMCHH. MBI HIEM per—
JIATOP 1O BBIXOAY u = Ky u mnpex/e Bcero Tpebyem, 9ro0bl OH CBEPXCTAOMIIN3UPOBAI 3AMKHYTYIO CUCTEMY

i = A+ Dw, A.=A+BKC, D=D,+BKDs, (21)

T.e. 4TOOBI

a(Ac) >0,

ryie o(A.) onpenensierca (4). Cpenu BCexX TAKUX PEryJIsSTOPOB WINEM TOT, KOTOPBI MUHUMU3UPYET KPUTEPUii

J = sup sup |lz(®)|],
lwl[<1 t

T.€. HAUJIyYIIUM 00Pa30M MOJABJISAET BIUAHUE OTPAHUYCHHBIX BO3MYIIIeHui (B 6oiee 0OIIeil TOCTAHOBKE MOK-
HO MHTEPEecoBaThCs He cocrognueM x(t), a Kakoi-uuOyab junHeitnoi dyukuueil or Hero). Kiaccuueckue 3a-
Jlady TaKOro TUIA, B KOTOPbIX Tpebyercs ycToHYuBOCTH (a He CBEPXYCTOMYMBOCTH) 3aMKHYTON CHUCTEMBI,
pPACCMATPUBAIOTCH B PaMKaxX Tak Ha3biBaeMmoil Teopun li-onrumusanuu [10-12]. OHu odyeHb TpyJHBbI JaxKe
JIIST CKAJIAPHBIX CUCTeM (OCODEHHO B HEMPEPHIBHOM BPEMEHH ), ¥ UX YIOBJIETBOPUTEIHLHOE PEIICHHE TIOJIY 9€HO
JINITh B YAaCTHBIX ciy4adax. IlokaskeM, 9TO mepexos OT yCTONYIMBOCTH K CBEPXYCTOWYMBOCTH CYIIECTBEHHO
YIPOIAET 33134y TOJAaBIEHUST OTPAHWYEHHBIX BO3MYIIEHNN U JOMyCcKaeT 00O0OIIeHe HA MHOTOMEDHBIE CH-
CTeMBI, TPUYEM CJIyYau JUCKPETHOTO W HEMPEPHIBHOTO BPEMEHM OXBATHIBAIOTCS €IMHOOOPA3HO IPOCTO.
IIpexkie Bcero, HAIIOMHUM, YTO JJIs HENPEPLIBHOW cBepxycroituupoil cucrembr (21) ¢ |lw(t)|| < 1 B [1]

ObLIa TIOJTyYEHa, OIEHKA,
IDI_ ||D1+ BKD,|
1) < =
el < 235 = otas BRO)

D ., .
npu yeaosuu, 9ro ||2(0)]] < 0”( A!). Bocnonb3yenmcst 310l oreHKoi u OygeM MUHEME3UPOBATH ee 1m0 BceM K

Tpu yCJIOBUHU, YTO perynsatop K — cBepxcrabunm3upytomuit. BBogs napamerp ¢ > 0, mpuxoauM K 331a4e

. |ID1 + BKD,||
mmn-——,
K,o o

oc(A+ BKC) >0 >0. (23)

(22)

Kak u Bbime, npu GpuKCHPOBAHHOM ¢ TAKYyO 33/Ja49y HETPYAHO NPeodpPa30BaTh K CUCTEME JIMHEHHBIX
HEPABEHCTB OTHOCUTEJIFHO 3JIEMEHTOB MATPHUIIbI PeryiasTopa K.

Teopewma 6.1. Ecau 3adaua napamempuseckozo aunelinozo npozpammuposanus (22)—(23) umeem pe-
wenue K, o ¢ onmumarvivm snavenuem J* xpumepus (22), mo peeyasmop v = Ky ceeprcmabuausupyem
cucmemy (20) u npu 41060z Havarvrur yerosusz ||z(0)|| < J* 6ydem ||z(t)| < J*, ¢ > 0.

Takum 06pa3oM, IOJIy4YeHHbIH peryaaTop MUHUMU3UPYET HOPMY BEKTOpa COCTOSHUI PABHOMEPHO IO f,
YTO IpeJoTBpallaeT HexkelaTeabable 3(p@eKTbl TUIA BCILIECKA.

MBI OTME9AJIH, 9TO HE BCAKAS CHCTEMa MOYKET OBITh CBepXCTabman3npoBana. [103ToMy perrenns B 3amade
(22)—(23) MOKeT U He CyLIECTBOBATH, OJHAKO, €CJIM OHA W PA3PEINUMa, TO BEJIMYUHA J* JaeT JIUIIb BEPXHIOIO
OIIEHKY OTNITHMAJILHOTO 3HAYEHUST KPUTEPHSI.

COBEepIIEHHO aHAJIOTMYHO 3314498, PEIIACTCA B JUCKPETHOM BPEMEHH; B 9TOM CJIy4ae Mbl UMEEM IeJIO C

CHCTEMOT
xp = Axp—1 + Bug—1 + Diwg—1,

(24)
yr = Cxg + Dowy, ||’U}k||§17 k=0,1,...,
W WIIEM PErysTop uy = Ky, CBepXCTAOUIN3UPYIONIi 3aMKHYTYIO CACTEMY
Tk :Acxk,1+Dwk,1, Ac:A-I-BKC, D:D1+BKD2, (25)

T.€. TaKoii, 4ro ||A.|| < 1. AHAJIOrMYHO HENPEPBHIBHOMY CJIy4ar0, Mbl [OJIb3yeMCs OIIEHKOI

IDI_ |Dy+ BKDs|
~A T 1A+ BEC|

<
lanl < ;

nosty4eHnoii B [1] aust quckpeTHoii cepxycroiunsoit cucremst (25) ¢ ||wg|| < 1, u, BBoas napamerp 0 < g < 1,
CBOJIMM 33/1a1y MUHUMH3AIMH 9TON OIEHKH K NapaMeTPUIeCKOil 3a/1a4ue JINHEHHOTO IPOrpaMMUPOBAHSE
. |[D1 + BEK Dyl
min ———=—
K,q 1-— q
|A+ BKC| <q.

)



PaCCMOTpI/IM Tenepb OAHOMEPHYIO AUCKPETHYIO CUCTEMY, ONMNCHIBAEMYIO CKAJAPHBIM PA3HOCTHBIM YpaB-
HEHUEM

a(2)yr = b(2)uk + wg, (26)
e

a(z) =1l+az+...+anz",  b(z)=biz+...+bp2" (27)

— MOJMHOMBI, & 2 — ONepaTop CABHTa Hazajl, T.e. 2'Yr = Yr_i;. OTmerum, uto b(0) = 0, T.e. Yy 3aBUCHT OT
Uk—1y -y Uk—mys Yk—1,- -+, Yk—n, & IOJUHOM a(2z) BCErJa MOXKHO OTHOpPMUPOBaTh TaK, 4Tobbl a(0) = 1. Kax
W BBIIIE, OTHOCUTEILHO MOMEXT w OyJIeM MpeanoaraTh JUIb €€ OTPAHNYEHHOCTD I BCEX MOMEHTOB k, T.e.

‘wk|§7’a k:(),]-,"w (28)

rie 7 > 0 — HekoTopast KoHcrtanta. Hac mHTEpecyeT BBHIOOD CTAOMIN3UPYIOIIETO yIpaBJeHus u B (opme
00paTHO# CBS3M:
f(z)

up = ———yr = —C(2)y, (29)

KOTOPOE€ MUHUMUBUPYET KPUTEPUit
J = supsup [y (30)
w k

Vnage TOBOPS, MBI XOTUM, 9TOOBI IPH HAMXY/IINAX BO3MYIIEHUSX BBIXOJ CUCTEMBI ObLT ObI IO BO3MOXKHOCTH
MAJIBIM.

Banaga (26)—(30) sBisiercs CI0KHOMN (TaK e, KAK U €¢ MHOTOMEPHBIN BAPUAHT, PACCMOTPEHHBI BBIIIE).
Vmerommecss B IMTEpaType METONBI PEIIEHWs OCHOBAHBI HA TAPAMETPU3AIANA BCEX CTAOWIM3WPYIONIAX pe-
IYJISTOPOB € TIOCJEAYIOIIEeH ONTHMU3anueii mo mapamMerpy, U 3aJada CBOIATCA K 6ECKOHEYHOMEPHOH 3amade
JIMHEHHOTO MPOTPAMMUPOBAHUA. Pellenne JOCTUraeTcsi Ha KOHETHOMEPHOM BEKTOPE, IO KOTOPOMY BOCCTa-
HABJIMBAETCS ONTUMAIBHBIA perynstop. OCHOBHAS TPYAHOCTD NMPHU ITOM — BBICOKHI MOPSAJIOK IOy IaeMbIX
OIITUMAJIbHBIX PEryJIsfTOPOB (YacTO OH OKA3bIBAETCS IOPA3/0 BbILIE IOPSAJIKA CAMOr0 0ObEKTa), KOTOPBIH K
TOMY K€ HEBO3MOXKHO OICHWTH 3apanee. Elle XyKe CUTyalus B 3aJa4e C HenpepbIBHbIM BpemeneM (Li-
OTITHUMU3AIINS); 3/IECh ONTUMAJBHBIH peryisaTop u = C(8)y MOXKeT 0Ka3aThCsi GECKOHEYHOMEPHBIM, T.€. OTITH-
manbHas Gyukius C(s) He sBiseTcs JPOOHO-PAIMOHAIIBHOI.

Tlomoiimem kK mpobiteMe ¢ MO3UIH CBEPXYCTORIUBOCTH U IIOKAXKEM, 9TO TaKOM MOAXO/ K TI0IaBJEHHUIO OTrpa-
HUYEHHBIX BO3MYIIEHWH CYIIECTBEHHO YIPOIIAET 3a4a4y; B 9ACTHOCTH, BO3MOXKHO IIOCTPOEHUE ONITUMATBLHOTO
PETYIATOPA 33 JAHHOTO TIOPSAIKA. XapaKTEepUCTHYECKUI MOJUHOM 3aMKHYTON CACTEMBI PABEH

p(z) = a(z)g(2) +b(2)f(2),

" OHa HpI/IHI/IMaeT BU
P(2)yx = g9(2)wi, lwi| <7, k=0,1,... (31)

Amnasorudso a(z) Mbl MOXKEM OTHOPMHMPOBATH MOJMHOM ¢(z) Tak, urobbl g(0) = 1; B coyeranuu ¢ yciaoBusMu
a(0) =1, b(0) = 0 aro maer p(0) = 1, T.e. XAPAKTEPUCTUIECKHI TTOJINHOM DABEH

p(z)=14+piz+...+pu2".
ITorpebyem, 4T0OBI OH OBLT CBEPXYCTONYUBBIM, T.€. Z?Zl |pi| < 1, nan, urage, 9Tob6bI
Ip(2) =11 <1,

rze 1-HOpMa NOJIMHOMA, OLPEIENseTCss Kak CyMMa abDCOJIOTHBIX 3HaveHuii ero koddduuuenros. B [1] mis
BbIXOJa cucTeMbl (31) co cBepXyCTONYMBBIM MOIMHOMOM P(2) GblIa HOTydYeHa OlEHKA

lgllx
Ye| < T
= T,
st Beex k. Takum o6pasoM, 9TOOBI MHHUMHU3UPOBATH SUDy, |yk| — MaKCHMyM MOYJISi BBIXOJA — MOXKHO
MUHUMHE3NPOBaTh (N0 f(2) u g(2)) Bemwunny
S ]
V(f.9) = r 32
A e P 52
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B TIPE/IOJIOKEHUY, ITO 3HAMEHATENbh ITOTO BhIpAXKeHUs ToyoknuTeaeH. Broaa napamerp ¢, 0 < ¢ < 1, MBI
HpI/IXO,HI/IM K 3&,&&‘16
min ||g[|1 /(1 - q),
f9
(33)
lag +bf —1][1 < g, g(0) = 1.

Badurcupyem crenenn F u G nomunomos f(z) u g(z):
fE=fot+fizt.+fpzls gz) =1+ gz 4. 4962,

U 3HaYeHue napamerpa ¢. Torja ¢ NOMOIIBIO CTaHAAPTHBIX pueMoB (cM. paszen 3) 3azada (33) moxer
ObITH MPEOOPA30BAHA B 33ady JMHEHHOrO NPOrpaMMUPOBAHMS OTHOCHTEIBHO MEPEMEHHBIX fo, f1,..., [,
915 -, 9. Pemas ee mpu paznuunbix 0 < ¢ < 1 ¥ OITHMH3UPYS TO ¢, MBI HAXOJUM MUHHMYM * BeIAIH-
uel (32), a cam perynsarop C(z) = f(2)/g(z) rapantupyer onenky

sup |yx| < ry” (34)
k

Il 3aMKHYTO# cucreMbl. MoxKer OKa3arbes, 9TO npu CJUmKOM Mabix F u G perienve 3amaqu (33) ne
CYIIECTBYET JIaske TP ¢ & 1, T.e. TOMMHOM p(z) HE MOXKeT OBbITh CJIeJIaH CBePXYCTOWYNBBIM; TOTA TOPSAAKY F'
u G TOJMHOMOB DPEryJIATOPA CJEAYET YBEJIUYUTh. BaskHO OTMETHTBH, YTO 37€Ch HE BO3HMKAET TPOOJEM C
BBICOKUMH TIOpsiIkaMu. B camMoM Jesie, cornmacuo teopeme Besy, B mpeInoIoKennu B3auMHOl TpoCTOThI a(2),
b(z) ypasuenue ag+bf —1 = 0 paspeunvo ¢ G <n—1, F < m — 1, u orpanuuenus B (33) cOBMECTHBI IPU
q =0, 1.e. 3anaua (33) 3aBemomo umeer pemenue npu G =n—1, F =m — 1.

Onucannplii cnocob mpomie, 4eMm [;-onTuMusanuga. Bojiee TOro, OH TO3BOJSET CTPOUTH ONTUMAJIbHBII
peryasTop 3amaHuoro nopsiaka. OHako oneHka (34) sBIsieTCs JUITH BePXHEel TPAHbBIO TSt Supy, |yk |, mosromy
l1-onTUMU3anUsA MOKET JATh JIy4Ilee 3HAYEHUE ITOr0 KPUTEPHSI.

TMoaxon K 3a7ade MOJABNCHUSA OIPAHMYCHHBIX BO3MYIICHHH, OCHOBAHHBIA Ha HMJEE CBEPXYCTONYUBOCTH,
BrepBble npeyiozked B [5]. CxomHblii HOAXO0/ K IIOCTPOEHUIO ONTUMAJIBHBIX PErYJISTOPOB 33 JaHHOIO [0S IKA
ISl CKAJISIPHBIX cHCTeM ObL1 BEPBbIE pe/iokeH B [13], cm. takxke [14]. Biuskue 3amauu paccMarpuBasuch
B [15, 16].

6.2. JIunetino-sunetinnl pezyramop

Kaccwaeckoit 3aa4eii B TeOpUN yIpaBJIeHUs SIBISETCS 331398 O JUHEHHO-KBAIPATHIHOM PEry/IsiTOpe:
I JIMHEMHON CUCTEMBbI
z = Az + Bu, x(0) = xo,
HAWTU CTAOUIU3UPYIOIIee yupasierue B ¢popme u = K, MUHIMA3UPYIONee KBAIPATHIHBIN HHTETPATbHBII
TIIOKa3aTeJIb KadeCTBa,

J = (:UTRx + uTSu> dt.

Perrrenne 370i1 3a1a91 XOPOIIO W3BECTHO (CM., Hampumep, [17]).
O1HAKO MOXKHO PACCMATPUBATH 33JIa9y ONTUMAJBHOTO YIPABJEHUs, B KOTOPOI MOKa3aTebh KadecTBa

JIMHENHBIN:
oo

7= [ (el +allul ).

0
Takyto 337181y €CTeCTBEHHO HA3BIBATH 3aadveil O AUHEUHO-AUHETHOM pe2yaamope; OHA BO3HUKAET, Ha-
TIPUMeEp, B HEKOTOPBIX TOCTAHOBKAX 3a7a4¥ [1-onTumu3anuy [18] m B MHYKEHEpHBIX NpUJIOKeHusx [19], Ho
CHUCTEeMATUYECKHE METOJIbI ee perienns Hem3pecTHbI. OHAKO, KAK W BO MHOTHX MPOOIeMax, PACCMOTPEHHBIX
BBIIIE, PEIEeHUe JIETKO TMOJYYUTh, 3aMEHUB YyCTOWIUBOCTH HA CBEPXYCTOMYMBOCTD. JlefCTBUTENHHO, TOTPE-
6oBaB, 4yrobbl Marpuna A. = A + BK 3aMKHyTO#l cucTeMbl ObLIa CBEPXYCTOWYMBON M BOCIIOJIb30BaBIIUCH
omenkoii (7), mocie 09EeBUAHBIX TPeOOpPaA30BAHUI TIOIyYaeM

(1+ ol K1) 1ol
J <
o(A+ BK)

Teneps MOXKHO MUHUMA3UPOBATH IO MPABYIO 9aCTh ITOTO HEPABEHCTBA, MPE/ICTABJISIONLYI0 COD0H BEPXHIONO
rpanuity Jis J. 9ra 3a7a9a B CBOIO 0Y€Pe/ib CBOIUTCA K TAPAMETPUYECKOMY JTMHEHHOMY MPOrPAMMUPOBAHUIO

1
min—(l +a||K||),
K,o0 O

o(A+BK) >0 >0

11



COBEPIIIEHHO AHAJOTWYIHO TOMY, KaK 3TO AEJIAJI0Ch BHIIIE.
OrmeTnM, 9TO ecan OTOPOCHUTH [jleH «f|u|, TO peleHre B HEKOTOPBIX CUTYALNSAX MOMKET BHIPOXKIATHCS.
Hanpuwmep, ecsn nepasenctso o(A + BK) > o > 0 umeer pemenue npu Jio6om o (4ro uMeer MecTo, B
YaCTHOCTHU, PU Marpuile B KBaJpaTHO! U HEBBIPOXKJIEHHON), TO 0 MOXKeT ObIThb CIEJNAHO CKOJIb YIOIHO
6osbmuM, a J — ckosib yroguHo MasbiM. QpHako npu 3toM K u ynpasieHue u OyayT OYeHb BETUKW; 9JI€H
alju|| orgacTn penorepaiaer 3ot 3ddert. B TO K€ BpeMms pereHne MoXKeT He CyIIEeCTBOBATH JIayKe MPU
HAJWYMU 3TOro ujeHa. Tak, B OJHOMEpHON cucreMe & = u BbIOOp u = —kx maer J = (a + 1/k)|xgl, n
ONTUMYM HA KOHEYHOM Kk He gocruraercs. Takoii ke 3¢gpdekT mmeer MecTo B npumepe 1 u3 paszena 2.
AnanorumaHbIe PE3YIBTATHI MOKHO HMOJYYUTD JIJIST JTUCKPETHBIX CHCTEM.

7. HekoTopble BOIIPOChI pOOACTHOTO CHUHTE3a

B nepsoit yacru ([1]) Mbl paccMarpuBasu 3aa4y aHaau3a pobacTHON CBEPXYCTONYUBOCTYA HHTEPBAJILHOIO
MATPUYHOI'O CEMEUCTBA

A= ((aij),  ay=a;+70i, |Ayl<miy, ij=1,...n (35)

W TIOJlyunTH ee mosHOe pemmenne. Vvenwo, e nomumanbras Marpuna Ag = ((af;)) ceepxycroituusa, To
BCE CeMeicTBO pobACTHO CBEPXYCTOWYHUBO JJIs JIIOOOTO

a(Ao)

; (30)

7<=
(B mpocreiimem ciaydae m;; = 1).

Wccnenyem Temnepb 3a7avy CHHTE3a CBEPXCTAOMIN3UPYIOIIETO PEryAsSTOpPA MPY HAJTHUIWNA HEOTIPEIeIeHHO-
CTH B OTMIMCAHUU yIPABJIAEMOr0 00heKTa — 9TO pobacTHasi cBepxcrabuan3anus. K 3ToMy ke Kpyry BOIPOCOB
OTHOCHUTCSI TAK HA3bIBaeMas MPoOJIeMa OJIHOBPEMEHHON CTabUIN3aIK, KOrAa TpeOyeTcs OHUM PEryJIsiTOPOM
CTabMIN3UPOBATH HECKOJBKO (DPUKCHPOBAHHBIX CHCTEM.

7.1. Pobacmmas c6eprcmadusUu3auus
PaccmoTpuM HEONpEIENeHHY 0 HENPEPBIBHYIO CHCTEMY

= Az + Bu,
= Cu;

MyCTh JIJisi TPOCTOTHI BCS HEONPEJIETIEHHOCTh COCPEIOTOYeHa B MaTpulle A u oHa uMeer HHTEPBAIbHYIO GOP-

My (35), rme Ay = ((a?j)) — MaTpulla HOMUHAJIbHON cucrembl, 7 > 0 — 4uciaoBoil mapamerp (pa3max
HEOTIpeJIeJIeHHOCTH), a m;; > 0 — 3amaHuble uncia, obpasyiomme marpuiy M = ((m;;)). Cymecrsyer mm
obpaTHas CBA3b

u = Ky,

crabuwimsupyoiias Bee cemeiicto cucrem? Kak ussecrno (manpumep, cu. [6]), Jaxe 3amada nmpoBepKu po-
6acTHOH yCTONYUBOCTY MHTEPBAIBLHOIO CEMENCTBA (M HAXOXKICHUS PAILYCa POOACTHON yCTORUIUBOCTH) CJIOK-
Ha; T€ K€ CIOXKHOCTW BO3HWKAIOT W TpU pobacTHOi crabwimsamun. B TO ke BpeMsi, BCTaB Ha TO3WIAW
CBEPXYCTONYMBOCTH, MBI MOYKEM 0€3 TpyZa MOJy9HUTh PereHue.

B camom gene, npeacrasum marpuny A. = A + BKC 3aMKHYTO# CHCTEMBI B BHIE

Ac = Ag+ BKC +~yA = AUK) +vA, A= ((Ay)),

rae oboznageno AY(K) = ((af;(K))) = Ao+ BKC — Marpuna HOMUHANLHON 3aMKHYTO cucTembl, adbdunmo
sasucsamas or K. Heompeenennas cucTeMa CBepXCTaOUIN3UpyeMa, JAaHHOH 00paTHOM CBsI3bI0 iy = Ku Toraa
M TOJIKO TOTJA, KOTJA JJIs BCEX JOTYCTUMBIX A BBITOJIHEHO

—(a%(K) +90s) = 3 a%(K) + 9845 >0,  i=1,...,n.
J#i

Oty HepaBeHCTBA Oy/yT BBIIOJIHEHBI [T BCEX JOIYCTUMBIX A;j, €CJI U TOJIBKO €C/IH COBMECTHA CJIe/1y 0
CHCTEMA JINHEHHBIX HEPABEHCTB OTHOCUTEJIHHO 3J1eMEeHTOB K :

I
—

—agy(K) —ymg; — Z<|a%(K)| + 'Ymij) >0, i
J#i
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Kaxk u BbIle, mpoBepKa COBMECTHOCTH OCYIIECTBJIAETCA IMYyTEM CBEAEHUS K 3aJIa4e JIMHEHHOTO TTPOTPaMMU-
poBaHus OTHOCUTETHHO K .

Bonee Toro, mycth HOMUHAIbHAS CHCTEMA CBEPXCTAOUIU3UPYEMA, T.€. 33/1a4a JTUHEHHOTO IPOrPaMMUPO-
Banus (cM. (6))

max o,

_a?i(K)_Znij >0, i=1,...,n, 37
J#i

,m‘jﬁa%(K)Snzj, ,j=1,...,n, 1i%# 7],

umeer pemenue K, o > 0 (Teopema 2.1); oboznauum o = o(AY). Torga 6e3 Tpyaa HAXOIUM paduyc Maxcu-
MaALHOT POOACTHOCMU — MAKCUMAJIHHOE 3HAYEHNE PA3Maxa Y HEONPEIEeTIeHHOCTH, TIPU KOTOPOM BO3MOXKHA,
pobacTras ceepxcrabmmmsarms. JeiicTBuTenbHO, e npu KakoM-to K marpuna AY(K) nomMmHATBHOM 3a-
MKHYTO# CHCTEMbI CBEPXYCTO4YuBa, TO B cooTBercTBuM ¢ (36) CBEPXYCTONYUBOCTH BO3MYIIEHHOW CHCTEMBI
COXPAaHSIeTCsT TIPH BCEX

2 TUAE))

n

(mnst mpocToTHl paccMarpuBaem caydailt m;; = 1). Bemmauna o(AY) > 0, nonydennas B (37) B pesy/bra-
Te ONTHMHU3AIUYU [0 BCEM CBEPXCTAOWIM3UPYIONMM perysstopam K, — MaKCHMaJIbHO BO3MOXKHAS U3 BCEX
(AY(K)), nostomy pajuyc MakcuMasbHON pOGACTHOCTH paBeH

Lol
oY)
n

COBepIIEHHO AHAJIOTUYIHBIE PE3YIBTATHI CIIPABEJIUBBL B JINCKPETHOM CJIydae.

7.2. Odnospemennan cmabuiu30 U

3ama4a 06 OTHOBPEMEHHON CTAOMIM3AINY BOZHUKAET BO MHOTHX TPAKTUIECKUX CUTYAIWAX. [IycTh 00beKT
MOKeT paboTaTh B HECKOIBKHUX pexkmMax. Ilepexos oT OHOro peXuMa K JAPYroMy IPOUCXOIUT HE3aBUCHMO
OT HAIIETO YKeJaHud, U HHPOPMAIsa 00 ITOM MOXKET OTCYTCTBOBATH; HATPUMED, TAKOHN IePexo MOKET BbI-
3BIBATHCS OTKA30M KAKOTO-Tu00 31eMenTa 00hekTa. lless ynpaBiennsi — BHIOpATH PEryJIsSTOD, 00ECTIeanBat0-
it paboToCOCOOHOCTH (M B MEPBYIO 0YEPEIh YCTONUUBOCTH) CUCTEMbBI B JIIOOOM U3 BO3MOXKHBIX PEKUMOB.
dopmanuzalmeil TakoN 3a1aUn MOXKET CJIYKUTH CJIeAyomias npobaema. VimMeercs: m OJHOMEPHBIX 00hEKTOR
C TIepeIaTOYHbIMA (DYHKITASIMEI

Gi(s) = “i(s), i=1,...,m. (38)

Cy1ecrByer iu peryJisitop
C(s) = ==, (39)

KOTODBIH OJHOBPEMEHHO CTAOUIM3UPYeT BCe 9TH OObeKThbI? VIHade TOBOPsA, MOXKHO M HANTH IIOJMHOMBI
N(s), D(s) Tak, 4ro6bl Bce XapaKTEPUCTUYECKUE [IOJUHOMBI

pi(s) = a;(s)f(s) + bi(s)g(s), i=1,...,m,

OBLIA TYPBUIIEBBIMU?!

Hass m = 1 upu aq, by, He UMeONUX OOIIIX HEYCTOWYIUBBIX KOPHEH, PEIlleHne Bceraa BO3MOYKHO HA OCHOBE
Teopema Besy; 607ee TOro, MOXKHO OMHUCATH BCE CTAOUTU3UPYIOIINE PETYIATOPBI C MOMOIIBIO TAPAMETPU3AIINN
O, Ins 1Byx oOBEKTOB pEIlleHre TaKyKe MOXKeT OBbITh MOJIYyYeHO B TOM YUCJIE€ ¥ B MHOTOMEDHOM CJIyd4ae.
Opmako yxke s m = 3 MeTOHAbI perieHusi npobjieMbl HEM3BECTHBI. BoJiee TOTO, CyIIeCTBYIOT KOCBEHHBIE
TIOATBEPKIEHUS OTCYyTCTBUS “TpocToro”’ permenus. Q030D JUTepaTyphbl 1O ITOM TEMATHKE MOXKHO HANTH B
mounorpadun [20].

Baada 06 OJHOBpEMEHHOM cTabuam3anuy BO3HWKAET W B MATPUIHOM BapuaHTte. JaHbl m JUHEHHBIX
CHCTEM B TIPOCTPAHCTBE COCTOSTHUIA:

& = A;x + B;u, i=1,...,m. (40)
CyirecTByeT Jiu OfuH peryasaTop B (hopMe 0OPATHON CBS3U MO COCTOSTHUIO

u= Kz, (41)
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CT&6I/IJII/I3I/IpyIOH_[I/II71 BCe 3T cucteMbl! uade TOBOP4, CYIIECTBYET JIU MaTpPUILA K TaKasd, YTO BCE MaTPUIIbI
Ac:Al+BZK7 121,...,771,

ycroiunebl? COBEPIIEHHO aHAJIOTHYHO (DOPMYIUPYETCS 33,1243, IJIsT JUCKpeTHBIX cuctem. OOmuii meTos pe-
TEHNS ITON 3a7a91 HEM3BECTEH; sICHO JIUIIh, YTO OH HE MOXKET ObITh MPOCTHIM, MOCKOJILKY TPY/AHAS 33a9a
(38)—(39) aBasieTCsa 3/€Ch YACTHBIM CJIYYAEM.

Eciu ke BMECTO yCTONYMBOCTH PACCMATPUBATH CBEPXYCTOWYMBOCTH, TO 337a49a CTAHOBUTCS TPUBUAIID-
HOM, W pellleHre BO3MOXKHO Ha OCHOBE JIMHEHHOTO MpOorpaMMupoBaus. JelicTBUTEIbHO, KaXKI0€ U3 yCJIOBUii
o0(A; + B;K) > 0 aBnsercss cucteMoil JTUHEHHBIX HEPABEHCTB BHU/A (5) OTHOCHTEIHHO 3J1eMeHTOB K, U Mbl
3aKJII09aeM, 9TO €CN Y COBOKYIHOW CUCTEMBI JIMHEHHBIX HEPABEHCTB

o(Ai+B;K)>0, i=1,...,m, (42)

umeercs pemenue K, to perynsrop (41) onnospemento cepxcrabuimsupyer sce m cucreM (40). ITockonbky
CBEPXYCTOMYUBOCTD BJIEYET YCTOMNYMBOCTD, TO TEM CaMbIM Pa3peIIaeTcda 1 IpobyeMa OTHOBPEMEHHOH cTabu-
mm3anyn. [IpuBeeHHOe perenne 3aa9n ABISEeTCS JWITh TOCTATOYHBIM, W OJHOBPEMEHHAS CTAOMIN3aInst
MOXKeT ObITh BO3MOXKHA M TOTJIA, KOTJIa CUCTEMAa JINHEHHBIX HEepaBeHCTB (42) HecOBMECTHA.

8. 3akJiroueHue

TMousarue cBepxycroituuBocTy, BBEAEHHOE B [1], OKa3bIiBaeTCs BeCbMa MOJIE3HbIM JIJIsl PElIeHus 3a/1a49 CUH-
Te3a PeryasaTopoB. Tak, B OT/IMYME OT 3314491 CTAOUIN3AIINHN IO BBIXOY, 33a49a CBEPXCTAOUIN3AINN PEIIAET-
¢S C TIOMOIIBIO OY€HDb MPOCTHIX CPEJICTB, OJHAKO €€ PEIIeHne He BCET/Ia, CYIIEeCTBYeT. 3a/1a49a 00 ONTUMAIBHOM
TIOJIABJIEHAH OTPAHUYEHHBIX BO3MYIIEHUN 1 MHOTOMEDHBIX CHCTEM TaKXKe JOIYCKAET PeIleHre ¢ TTOMOIIBIO
METOZOB JINHEHHOTO MPOTPAMMUPOBAHUS. Y/IAETCSA PEIIaTh W HECTAHIAPTHBIE 331491 ONTUMAIHHOTO YIIPAB-
JIeHWsl, TaKue KaK MUHUMHU3anus L1-HOPpMbI BbIXOAA. Bupoduem, B MOCIEIHUX 33/1a9aX MbI HOJIYYaeM JIHUIIb
cyboTITHMAIbHOE YTIIPABJIEHNE, TAK KAK TOJb3YEMCs OIEHKAMU PEIIeHNH BMECTO MX TOYHBIX 3HAYEHUI.

B 1es10M MOXKHO 3aKJIIOYUTH, YTO OCHOBAHHBIN HA CBEPXYCTONYMBOCTU TOIXOM K 3aJavaM yTPABJICHUS
SABJIIETCA BEChbMA TIEPCIIEKTUBHBIM.

IIPUJIO2KEHNE

Jokaszarenbcro teopembr 3.2. Ilepenummem 3azady min ||A + BKC||; kak 3aza4dy yCcJIOBHON MUHU-
MU3AIAN

min || H]||1,
H=A+ BKC.

CocrasuM n1s nee ¢ynximio Jlarpanzka ¢ MaTpUYHLIM MHOXKHUTeaeM Jlarpamxa Y € R™™:
L(H,K,Y) = ||H|\ + (Y, H - A~ BKC),
rae (X, Y') o3Havaer cKaJsipHOE TIPOM3BEIEHNE B TPOCTPAHCTBE MATPHIL 1L X N
(X, V)=tr XY =tr YXT.

Munnvusupys L no K, u3 ycnosus OL/OK = 0 monydaem OL/OK = BTYCT =0, r.e. CYTB = 0, nostomy
(Y, BKC) = tt YTBKC = tr CYTBK = 0 u

L=|Hl+ Y, H—A).
Munnmy™ 3TOr0 BRIpakenust 1o H koneuen, mumb ecin ||Y]|o < 1 (Tak kax min(Hpr + (z, c)) > —00
x
TOLJAa M TOJBLKO TOrAa, Koraa |cl|, <1 ams 1/p+1/q = 1). Urax,

YY) = II?’I}}L(H’Kvy) =—(Y, 4), YY) > —o0

Torja U ToAbKO Toraa, Korjia ||Yle < 1 u CYTB = 0. Ilo Teopeme JBOfiCTBEHHOCTH JIjisl BBITYKJIOTO
NIPOTPAMMHUPOBAHUA UMEEM
min  ||H|; = max %(Y).
H=A+BKC Y(Y)>—00

C 3amenoit Y Ha —Y 3T0 U Ja€T yTBEPKICHUE TEOPEMBI.
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