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model-based controllers that robustly stabilize all plants in the uncer- ~ Random Spherical Uncertainty in Estimation

tainty region. This measure therefore gives us guidelines to select the and Robustness
uncertainty region that is best tuned for robust stability analysis among
all available ones. To illustrate the impact of our results in terms of the B. T. Polyak and P. S. Shcherbakov

connection between identification and robust control, we return to the
example above. With our robust stability measure for uncertainty sets,

we were able to conclude that tld&,,.-based controller set that is

Abstract—A theorem is formulated that gives an exact probability dis-
tribution for a linear function of a random vector uniformly distributed

e el ;
guaranteed to robustly Stab_'l_'ié I is much !arger than_the s_e_t th?.t ISover a ball in n-dimensional space. This mathematical result is illustrated
guaranteed to robustly stabiliZ¥’" . Hence, in terms of identification via applications to a number of important problems of estimation and ro-
for control, the closed-loop identification design that led to the uncepustness under spherical uncertainty. These include parameter estimation,

tainty setD”” is a much better experiment design than the open-lo
design that led td°~. The results of this paper have thus allowed u

aracterization of attainability sets of dynamical systems, and robust sta-
ility of affine polynomial families.

to establish a connection between identification design and stability ro4ndex Terms—Estimation, random noise, robust stability, uncertain sys-
bustness of the controllers resulting from such design. tems.
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a preliminary estimation or identification process; the results are usi-= PG, PT is valid with some orthogonal matri®, P7 = P71,
ally available in the form of confidence ellipsoids. Finally, we mentioand
the paper [3], where spherically uniform distributions were studied in I | O
the context of distributional robustness. Namely, under certain condi- G, = ’

tions, a (truncated) spherically uniform distribution comes into play as (0 )

a result of the theory rather than as an ad hoc assumption; it is this diz{ 7 40, d he ident . d . f
tribution that should be adopted in order to obtain reliable conclusiof&erel- ando.,. denote the identity matrix and zero matrices of ap-

about the performance of the system using the Monte Carlo methodoPriate dlmensmns_. Thenthe dlstrlbutloTrrqf: (Bg, ‘.1) 'S the same
as that of(G..¢, ¢), since the vectoy = P* ¢ is also distributed uni-

formly on the ballB. We now introduce the random variables =

n—m,m ‘ On—n)‘n—rn

Il. A LINEAR FUNCTION IN A UNIFORM DISTRIBUTION ON A BALL ¢, i=1, -, n,and note that the vectar= (z1, - -, x,,) has the
The following notation will be used throughout the pager:) isthe  Dirichlet distributionD(1/2, - - -, 1/2; 1) with density

inner product irR™ and|| - || is the Euclidean norrjx||* = 37, #7; n

B = {# € R": ||z|| < 1} denotes the unit ball iRR" centered at T (5 +1) —1/2 —1/2 2)

the origin anddB = {« € R": ||z|| = 1} is its surface}/(Q) is Ny T
the uniform distribution with support s c R"; A'(0, I,,) is the r

m-dimensional Gaussian distribution with zero mean and identity co- )
variance matrix5(u1, v») is the beta distribution wittiv, 1) de- €€ [16. (7.7.1)]. Indeed, under the change of variaples, each of

grees of freedom [16F(m) is thex? distribution withm degrees of 1€ inftersec.tions rc]’f the unit ball" in ﬂ@fpace with any of” orthgn_ts
freedom'(-) is the gamma-function; the symbelmeans “distributed transforms into the unit simplex in the-space (since:; > 0,7 =

as”; andE is the symbol of the mathematical expectation. o ceeam, ANdy iy i < _11)}9T.he Jacobian of .th|s trangformatlon 'S
equal to(1/2)" z; -2, ' in each of the" intersections so that

1/2
A. Characterization of the Uniform Distribution for the density ofr, we have

1 1 —1/2 =12

Our main concern in this paper is a random vector having uniform fler, ooy 2n) =27 T o ST
distribution on a ball inR™, and we present a technical lemma that Vol(B) 2
provides a proper characterization of this distribution. = ; w;I/Z .. w;1/2
Lemma 1: Let¢ ~ A(0, I,). Theng/||€]| ~ U(OB). If, in addi- Vol(B)
tion, a random variable ~ ¢{/([0, 1]) is independent of, then wherel/Vol(B) is the density of;. This coincides with the density
of the Dirichlet distributiorD(1/2, ---, 1/2;1) (2), sinceVol(B) =
pl/ni ~U(B). (x"/2T((n/2) + 1)) = ((T(1/2))"/T(n/2 + 1)). Finally, from,
lell [16, 7.7.2 and 7.7.4] it follows that the random variabl@,.q. ¢) =

Thi Itis k trom the literat the first i O;f’;l ¢ = Y. a; has the beta distributioB(vy + -+ + vp;
is result is known from the literature, e.g., the first proposition df*""' " """ g0 79) (0 — m)/2) +1). O

the lemma can be traced back to [11]; for a more detailed expositior?fgemark 1—Linear Transformation of a Ballthe image of a ball

where more generd),-norms are used, see [6]. The convenience ander linear transformation is an ellipsoid, i.e., far € R™*",

the representation provided by Lemma 1 is that we can use Gaussri(gtirrgk(m —m < n,theset{x = Ag: ¢ € B C R"} is the ellipsoid

random variables when generating vectors uniformly distributed Onga - {;1? c R™ 2T (AAT)"'2 < +?}. Theorem 1 can be thought

ball. ) ) i of as a probabilistic counterpart of this well-known fact in the sense
The folloyvmg_theorem constitutes the mathematical background t%fat it provides an explicit description of a confidence ellipsoid for a

the results in this paper. . I random vector that is a linear transformation of a uniform distribution
Theorem 1: Let a random vectof € R be_unlformly distributed on a ball. This ellipsoid is defined by the mattik4®', and its size is

on the unit balB C R". Assume that a matrid € R™*" has rank given by the quantile of the beta distribution.

m < n. Then the random variable Remark 2—Independence 4f The only conditions imposed on

. the matrix4 € R™*" in Theorem 1 are that it has full rank and =

T = <(AAT) Aq, Aq) rank(A) < dim ¢ = n. That is, for all such matrices, the resulting

distribution of 7 is the same as that fot® = (1,,|0,n.n— ), and it
depends only oflank(4) anddim q.

has the beta distribution ~ 3(m /2 —m/2) + 1) with densit
(m/2, (n = m/2)+1) Y Remark 3—Asymptotic Characterizatiohe result in Theorem 1

n can be formulated in the following asymptotic form.
(j + 1) (m/2)—1 (n—m/2) Theorem 2:Assume that for everyn > m, a matrix
m n—m v (1-=) ’ A, € R™" has rankm, and ¢" denot d t
F(—)F(/ +1) An e m, and ¢ denotes a random vector
fr(@) = 2 2 uniformly distributed on the unit ball il . Then the random vector
for0 <z <1 p™ = nt/2(A, AY)7Y2 4,4 tends in distribution toV (0, I,,,)
0, otherwise asn — oo. , .
) Proof: By Lemma 1,4 = p'/"¢() /|||, where¢™) =
Proof: By construction, the matriB = AY(AAY)*Ahasm (&, -+, &) ~ N(0, I,,). We haved,, £ ~ N(0, A, AL), there-

eigenvalues equal to 1 and — m eigenvalues equal to 0. Indeed fore, (A, AL )™'/2 4,60 ~ A(0, L,). Hence, for the random vector
sinceB is symmetric, it has orthonormal eigenvectos, and since 7,., we have the representatign = p'/™ n/Cn, Wheren ~ N (0, L)
rank(A) = m, exactlym of these eigenvectors have the propertand(, = /&2 +--- + &2 //n. Next,p'/™ — 1in probability, and by
Ae; # 0. Writing AT (4AT)™" Ae; = M;e; and premultiplying both the weak law of large numbers ([16, Theorem 4.3.1] with= & — 1),
sides byA, we obtainde; = A;Ae,;. Then, forAe; # 0, we have we obtain¢,, — 1 in probability. Therefore, by [16, Theorem 4.3.6a]
A; = 1 with multiplicity m. Otherwise, ifAe; = 0, then)\;e; = 0, [relations (4.3.19) and (4.3.20)], we hayg — # in probability, and
whence\; = 0 with multiplicity n — m. Therefore, the representation[16, Theorem 4.3.4] yields,, — » in distribution. O
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Sincel|€||* ~ C(m) for € ~ N(0, I.,,), we arrive at a corollary: closed-form description of confidence ellipsoids for the unknown pa-
n((An A" Angn, Angn) — C(m) in distribution. Therefore, an rameter.
important conclusion drawn from Theorem 1 is that a linear trans- Theorem 3: Let0 < p < 1, and letr,, denote thel00p% quantile
formation changes the nature of the uniform distribution on a babf the beta distributio(n /2, (n —m/2)+ 1). Then, under the con-
Namely, with increase afim ¢, the rank of the transformation beingditions above, the ellipsoid
unaltered [or, equivalently, with decreaseafik(A), dim ¢ being un-

o . k. (4T 4 A 2

altered], the distribution of the transformed vectar tends to concen- E, = {x € R (A Az —¢), . — C) <r Tp} 4)
trate closer to the center of the image of the support set rather than tq its y i d in for th Tin (3
surface. It is this effect that will be exploited in the sections to follod® alg()p f‘? c\(/)vn |hencie _onlam grt ehvectg T (A).TA “14T Wi
when constructingrobabilistic predictorsof certain sets ifit". , roof: We havec = c* + B¢, where3 = (A" 4) - e

Remark 4—The Case — 2: In control applications, the Caselntroduce the random variabke = ¢/r uniformly distributed on the

m = 2 is important because of the complex plane being the ranq@'tdba" and %?nS'der the residual- <* = rB¢. By Theorem 1, the
See Section V; i.esz ~ B(1, n/2). Then from (1), we have andom variable

,1— r) = f] — 92 Ll or 0 T = 2 r - * ~ *
( ) ( ) { s ( T)( /2) d <z < ! <(’ BB ) ((,— C ), Cc—C ) (5)
n/2 L) = =

and we obtain the explicit expression for the cumulative distibutioi)0p% quantile, we have

function (cdf) o - S < -
0, fore <0 rob (7 ) (e=c"),¢e=c" ) <1 =p.

Fr(w) = Finpa(e) = 1= (1=a)"/% for0 <o <1 Noting that(BB”)~! = A" A, this relation writedProh{(A” A(¢ —

1, forz > 1. ), é— ") < P} = p,or, equivalentlyProb{c* € E,} =
£ whereE, is the ellipsoid given by (4); it is defined by its matrix
(AT 4)~" and has centerand sizerr,/”. O

Remark 6: Form = 2, the explicit expression for the cdf is avail-
able (see Remark 4 in the previous section), and we have

m=1-(1-p)*/" (6)

Remark 5—Ellipsoidal SupportA formally more general case o
the uniform distribution; ~ /(E) over the ellipsoidE = {z €
R™: 2" M2 < 1for someM > 0} reduces to the spherical setting
by introducing the scaled matrix = AM /2,

Ill. PARAMETER ESTIMATION IN LINEAR REGRESSION

In thi tion. Th 1i lied to th bl f To computer, in the general case, one can use statistical tables for
n this section, Theorem 1 1S applied fo the problems o par_ame%am”es of the beta distribution (e.g., see [12]).
estimation. First, as an illustrative example, we consider the simplest

problem of estimating a vector parameter from the measurements cor-
rupted by spherically dependent noise.

Letc* € R™ beanunknownvectorand = ¢*+&,,¢ =1, ---, n, In this section, we study a discrete-time dynamical system described
n > m, be its measurements corrupted by naiseuch that the com- by the equation
posite vecto = (& ---&,) is uniformly distributed on thenn-di-
mensional ball of radius: ¢ ~ U(rB) C R™". Then, by straight- Tp1 = Az + Bwg4i, k=0,1,---,
forward manipulations (or using Theorem 1) it can be shown that the AeR™", BER"™™, wp eR™ )
arithmetic mea,, = >, y:/n is an unbiased linear estimatet
and its accuracy is given by

IV. ATTAINABILITY SETS OFDYNAMICAL SYSTEMS

where the uncertaintyw, - - -, wx } accumulated by thévth step
satisfies the constraints
7“217’1, N
mn? 4 2n ST llwkl> < for somee > 0. )
Hence, for spherically uniform noise, the variance of the estimate k=1

) 5 . e
above is of orde®)(1/n”). Note that there is no contradiction between By definition, for everyN > 0, theattainability setof system (7),

O(1/n*) and the standard estimate with independent noise, where Egss is the set of all its possible states that can be attained by¥the
variance isD(1/n). The reason is that in the spherical setting, the Ievg{ep [14]; this is formally written as

of noise in each observation decreases as the number of observations
grows, since the total energy of noise is bounded from above.
Next, we consider the linear regression model

Elé, — o> =

Qn = {TN = AN.ro + ANt Bwi + AN_ZB'ztig + -

T = . .
yi=a; ¢ +&, i=1--,n 3) N
) + ABwn_i + Bwn: Z ||’w;,,.,||2 < 2
wherec™ € R™, m < n is the vector of unknown parametets, € 1
R™,i =1, ---, n are fixed known regressorg;, i = 1, ---, n are . . S
= " . 9 18, ! i ! Said another way, the s is generated by the uncertaintyin the
Observations, and; € R, i = L, -, n Is noise such thatthe vector " 4o < crintion and characterizes the resulting uncertainty in the
& = (&, -- -, &) has the uniform distribution on the baB C R" of Y P 9 y

state, accumulated by th¥th step. For a controllable pafi4, B),

radius 0. Assuming that there are linearly independent vectors | . . L
" 9 y P this set is the ellipsoid

among thex;, the least squares estimate dris

, , , with center
wherey = (y1, -+, yn)T andA = [af ol --- al] € R*™*™ isthe
regression matrix composed @f. The following theorem provides a zn = Az 9)
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and matrixSy = My MZ%, where andy > 0 is the range of uncertainties. We consider the contin-
o Nt N3 N uous-time case and Hurwitz stability. The nominal polynomidls)
My = [A B A B .- AB B] eR (10) is assumed to be stable and there is no degree droppings(iseq)

b51eave the same degree for ale vB. The goal is to check if (11), (12)

is the controllability matrix of system (7). For the case of Schur sta . - ;
y y (7) is robustly stable and to determine the robust stability radius

matrix A (i.e.,max;, |Ax(A)| < 1), there exists a limiting attainability

ellipsoid Ymax = max {7: p(s, ¢) is stable foraly € vB}.

= i N = A n: _1,, xr ,2 . . . . .
Eoe = 1\;3?; BN {T €R (S°° © T) se } The traditional approach to checking the robust stability is via de-

whereS.. > 0 is a solution of the discrete matrix Lyapunov equatiofciPing the value set of the family and applying the zero exclusion
AS. AT 4+ BBT = S.. (indeed,Sy satisfies the recursive relation principle [2]. .By definition, thevalue sebf family (11), (12) is the set
Sni1 = ASxyAT + BB, and for a stable matrid we arrive at Y () = {p(jw, q): ¢ € ¥B} C C. In the sequel, complex numbers

Seo = ASoc A" + BB” in the limit asN — ). = are identified with two-dimensional vectofBe =, I z)", and sets
Assume now that the uncertainty is random; specificallypitié-di-  ©n the complex plane are considered as sefi inintroducing the ma-
mensional random vecter = (wy; ws; ---; wy) has auniform dis- X
tribution on the unit balB C R™; write w ~ 2/(B). We represent A= Aw) = |:R(*,p1(jw) Reps(jw) --- Re pn(,)'w)}
en = Ta 4 cMyw Impi(jw) Imp2(jw) --- Imp,(jw)

we represenp(jw, ¢) = po(jw) + A(w)qg; then the value set of (11)

hereMx andzx are defined by (10) and (9). As in Section Ill, con - .
W N N ! y (10) © I ! and (12) is the ellipse

sider the random variabley = ((¢* My M3) (an — Tn), N —

Zn ), for which Theorem 1 yieldsy ~ B(n/2, (mN —n/2) 4+ 1). ) . 1 ]
Specifying the confidence probabilityand denoting th&00p% quan- E(w) = {’“ S <(A(W)*4 (w)) (2 = po(jw)),
tile for the beta distribution by, , we arrive at the following theorem.

Theorem 4: The ellipsoid x— po(jw)) < qz} (13)

= : ", o — TN rT—ITN ',2 / . . L.
Exp={r €R" (Sy (e —Fn), v ~Fn) S 1w, } See Remark 1 of Section II. By the zero exclusion principle, the deter-

is a 100p% predictor of the attainability sdEy in the sense that ministic robust stability radiugm. for family (11), (12) is determined

Prob{zy € Ex p} = p. as
With increase ofN (n, m, p being fixed), the quantilew,, de-
creases, and Theorem 4 gives a considenatilemetric reduction Ymax = 91;}8 {r0¢E(w)}
Vol(Ey) " . . R ,
Tam = 1/ that is, by constructing the value set and performing the frequency
VOI(EN,P)

sweep. Keeping (13) in mind, we obtain
For instance, witle = 2, m = 1, p = 0.99, andN = 30, we obtain

np ~ 0.2644 so that at the thirtieth step, the reduction constitutes Ymax = in;f;) o(w)
1/7%,, ~ 14.3092. Note that the reduction does not dependand o= 12
P . ) ’ o -1 ' '
B, bu_t c_JnI_y on the specificatiofy andp_ and the dlmt_a_ns_lorm an_dn_,. o(w) = <(A(w)Al (w)> poljw), po (jw)> _ (14)
This is interpreted to mean that using a probabilistic description al-

lows for the high-confidence replacement of the state uncert@inty
with the much smaller uncertainty sBtv, ,. Moreover, if there exists
a limiting attainability sefE.., from Theorem 2 and the subsequenb_ The Probabilistic Approach
discussion, it follows that a — oo, the limiting distribution ofz

is a singular distribution of£. so that in the limitEy,, shrinks to ~ Assume that the specified uncertainty raditis greater than the ro-
the pointz = 0. bustness margim... obtained via a deterministic test of the sort (14).

Then, adopting the probabilistic viewpoint and assuming that the un-
V. ROBUST STABILITY OF SPHERICAL-AFFINE FAMILIES OF certainty vector is random, uniformly distributed overB, a natural
POLYNOMINALS direct estimate for thprobability of stabilityof (11) and (12) might be
P = Vol(7maxB)/Vol(vB) = (7max/7)" . Itis seen that for high
In this section, a probabilistic criterion of robust stability is develgimensions:, this guantity can be very small even for the values of
oped for affine polynomial families under spherical uncertainty using, that are only slightly greater thap...x. Below, using the result of

Results of this kind were obtained in [15].

the result in Theorem 1. Theorem 1, we provide a much finer estimate for the probability of sta-
. . . o bility.
A. Spherical Polynomial Families and Deterministic Criteria First, we introduce the notion @irobabilistic predictorof the value
We consider the followingpherical-affingoolynomial family: set (13). For any fixed > 0, a domainE;_.(w) C E(w) is called
» a1l00%(1 — #)-predictor ofE(w) if Prob{p(jw, q¢) € E1_.(w)} =
p(s, q) = po(s) + Z qipi(s) (11) 1-e¢,wheres € [0, 1] is some prespecifieprobability risk Using the
i=1 result of Theorem 1, it can be easily shown that
wherepo (s) is the nominal ang;(s),< = 1, ---, n, are known per- ) ) o —1 )
turbation polynomials with real coefficienis= (¢1, -+, ¢»)" isthe E _.(w)= {l’ €R™: <(*4("*’)A (w)> (z = po(jw)),
vector of uncertain parameters subjected to spherical constraints
x —PO(Jw)> < vf}

jEvB ={qeR": P <A 12
7€ {qE Zqz_w} 12) BNy

=1
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By construction, the value sB(w) and its predictoE; . (w) are sim-  Vol(ymaxB). The example below demonstrates how Lemma 2 can be
ilar ellipses centeregh (jw), and the quantity. /v = (1—=2/")'/2 < applied to the estimation of the probability of stability.

1 is the similarity coefficient. The reciprocal quantity Example: The experiment was conducted with the continuous-time
) —1/2 polynomial familyp(s) = ai + azs + --- + ans™ "' with real co-
a(e) = (1 - 62/”) >1 efficients subjected to ellipsoidal constraints of the forifi_, ((a; —
a?)/B:)* < ~%, wherea® = (af, ---, a%) are the nominal values

is called therisk-adjusted enhancemeot the uncertainty domain in of the coefficients and = (4., ---, B, are known shaping factors.

Lh;nizgzzutiit;)ffge l:aecﬁr:ﬁ'engs\;ii‘%gfezhsne dnoﬁnd;g;z |r: ;hsg Note that the representation above reduces to the form of (11) and (12)
ARSI popy o, g by introducing the nominal polynomiak (s) = af + ags + --- +

longs to the true value set with probability— <. We stress that in "5 ,,_;

i ialg: () = Bigi=l 7 = 1. .ov
contrast to the results in the probabilistic robustness literature obtaingd, per?ur.batlo'n polynoronlalpl(f.) fis™ Lo, m,

) . e . and uncertaintieg; = (a; — a;)/3:,i = 1, ---, n, bounded to the
so far, an analytic expression for the probabilistic enhancement is mad o . : .
possible all vB. Specifically, in the experiment we work with

Now, in order to establish the robust stabilityjth probability= and A" =[195.0 1162.0 3056.0 4950.0 5553.0 4505.0
to obtain the probabilistic stability margin, it would be reasonable to _
perform the frequency sweep with the predickr_.(w) instead of 27010 1200.0 388.0 88.0 13.0 L.0]
the true value seE(w). Note, however, that the construction aboveind
relates to any fixed value of frequency; therefore, to make any conclu- 5 =[19.0 116.0 305.0 495.0 555.0 450.0
sions about the probability of stability, similar estimates are to be made 2700 120.0 388 88 1.3 0.1]
uniformly over a range of frequencies. The first attempt to overcome ’ ) ' ) ’ ’
this so-called cross-frequency effect is due to Chen and Zhou [7]. \{Vg deg p
propose a different way of solving the problem, which is based on t%minal i
lemma below. Note that we deal with thex »n w-dependent matrix
B(w) = AT(w)(A(w)AT (w)) ™" A(w) defined over a finite rang@
of frequencies.

(s) = 11, there arex = 12 uncertain parameters, and the
s Hurwitz stablemmax, Res, = —0.4948; s, denotes the
roots ofpo(s).

For this family, the deterministic criterion (14) givesn.x =~

L 2 A h ) X RTX" R K 0.4584, which is attained atw, =~ 1.68. Assume next that
emma 2: Assume thata symmetric matdX(w) € asrank e uncertainty vectorg is bounded to the ball of radius

2and dependi on the parametee {2 f: [“’llf wo], and letw, € €. " v = Llymax = 0.5042, which defines the violation segment
Assume next thgtB(w) — B(wo)|| < ¢ forallw € &2 and some small ¢, _ [wr, wo] With w, =~ 1.36 andws ~ 2.08. We takew, to

6> 0.Then forg ~ U(B) and any: € [0, 1], we have be the middle point in the violation segment and compute numer-

Prob {(B(w)q, ) <1-2¥" Vwe Q} ically the vaTIue ofé aséT = maXe,co |B(w) — B(wo)ll, whert_e
. B(w) = A" (w)(A(w)A" (w))” A(w) and shown at the equation
>1— (gz/n + 5)"/‘. (15) at the bottom of the page. This resultséinz 0.2657. By (15), we

find the estimated probability of stability approximately equal to
Proof: According to Theorem 1, the random variablep.8489, while the volumetric estimate gives the unsatisfactory result
(B(wo)g, q) is distributed viaB(1, n/2) so that for a prespeci- P = (1/1.1)*? = 0.3186.
fiede € [0, 1], we have It should be noted that (15) in Lemma 2 gives a lower bound of the
probability of stability, and the “true” probability is higher. Indeed, if

, _ 2/n _ -
Proh {(B(ﬂo)m ) <1l-¢ } =1-c at some frequency, the trajectory of a system driven by a particular

and, respectively uncertainty; € vB does not belong to the value set, then this does
) ) ) not imply its instability. In other words, the “probabilistic” violation of
Prob {(B(wo)q-/ ) <1=e" = 5} =1- (" + 6" the zero exclusion principle does not necessarily yield the loss of ro-

See Remark 4 in Section Il for the explicit form of the cdf forbust stability. To illustrate, we performed a direct stability test, which
. consists in straightforward sampling the uncertainty intHeall vYB
B(1, n/2). From the conditiof B(w) — B(wo)|| < é forallw € Q, g ping yint !

it foll that and counting up the number of stable polynomials thus generated. For
It Tollows tha 100000 sampling values of € vB, we detect 99 990 stable polyno-
(B(w)q, q) < (B(wo)q, q) + 6 forallw € Q mials, i.e., the “true” probability of stability is estimated to be 0.9999.

and the three relations above yield the assertion of the lemmall

This lemma is interpreted to mean the following. Let the classical ro-
bustness margifi.x be determined via (14), and letbe greaterthan  In this paper, we studied the behavior of systems subjected to the
“Ymax S0 thatp(w) < v for wy < w < wo. We write2 = [wi, wo]  class of random uncertainties uniformly distributed on a ball. The math-
and refer toX2 as the violation segment (the range of frequencies fe@matical result of Theorem 1 is illustrated via a number of applications;
which the zero exclusion principle is violated for a given Then, by the approach exposes advantages over classical technigues.
picking a certain middle point, in the violation segment and com- The results admit generalizations along a number of directions. It is
puting the maximum variatiofi of the matrix B(w) over(2, we esti- felt that many problems in systems theory can be solved for the un-
mate the relative volume of the violating portion of tipall 7B inthe  certainty model studied in this paper: in filtering, this will lead to an
g-space rather than computing the difference betweh(vB) and analog of Kalman filtering under spherical-uniform noise; in design,

VI. CONCLUSION

B 0 —fau? 0 fBsw' 0 =gt 0 ot 0 —B1wt® 0
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controllers can be obtained to attenuate external perturbations whiclstability Analysis and Bang—Bang Sliding Control of a

are bounded to a ball and have a uniform distribution. Similar results Class of Single-Input Bilinear Systems

are expected in robust control, maximum likelihood parameter estima-

tion, etc. Yon-Ping Chen, Jeang-Lin Chang, and Kuo-Ming Lai
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