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Abstract

In the framework of interval uncertainty, a well-known classical problem in numerical analysis is considered,
namely, to find “the best” interval solution for interval system of linear algebraic equations. This problem is known
to be NP-hard and can be solved via multiple linear programming. In present paper, a simple approach is proposed
for some particular models of interval uncertainty. This method gives an optimal interval solution without linear
programming and is tractable for moderate-size problems. For large-scale problems an effective overbounding
technique is developed.
© 2003 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Solution of linear interval system of algebraic equations is a challenging problem in interval analysis
and robust linear algebra. This problem was first considered at the middle of 1960s by Oettli and Prager
[10] and was pointed out as very important for numerous applications. Since that, this problem has
received much attention and was developed in the context of modeling of uncertain systdihsl(6pe

Consider a system of linear algebraic equations

Ax=0b> (1)

with x € R”, interval matrixA € IR"*" and interval vectob € IR". The matrix and vector are
said to belong to interval family if their elements are from some real interwalg,[a < b. Here the
standard notationER"*" andIR" are used for sets of all-dimensional interval square matrices and
vectors, respectively. Systefh) is called the interval system of equations. Suppade regular, i.e A

is nonsingular for anyi € A. Then for a matrixA € A and any vectob € b an ordinary linear system
Ax = b has the unique solution. We are interested in axset all these solutions of interval system:

X=xeR":Ax=b, AcA, beb} (2)
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The characterization of this set has been obtainddOh It has been proved that the intersectionXof

with each orthant ifR" gives a convex polytope. But in gener#ljs non-convex as the union of convex
sets, and its detailed description meets combinatorial difficulties. The main objective is to find interval
solution of linear interval system that is to determine the smallest interval Ettmntaining all possible
solutions. In other words, we need to imbed the solutiorks@to the minimal box ifR”™. This problem

is known to be NP-hardl7] and complicated from computational viewpoint for large-scale systems.
Oettli [11] shows how multiple linear programming can be used to obXdirthis line of research was
continued by Cope and Rug], and Rust and Burryd.5]. Some iterative approaches were established
at this context as well as direct numerical methods that provide overboundikifj (see monographs
[5,6,9]and paper§l4,16).

In this paper we present a simple approach for interval approximation of the solution set. Instead of
solving linear programming in each orthant it is proposed to deal with scalar equation. This method is
based on Rohn’s resyit3] and simplifies his algorithm. To find the interval estimates of the solution
setX, all vertices of the convex hull oX should be obtained. The search of the each vertex is reduced
to the solution of scalar equation. The technique described is easily extended to more general types o
uncertainty such as structured perturbations and linear fractional representation of uncertainty. We alsc
provide simple and fast procedures for overbounding interval solutions.

2. Problem statement

Let A € R, b € R" be a nominal data and consider a family of perturbed systemsegtiations
with n unknowns

(A+ AA)x = b+ Ab, (3

where matrix uncertaintfA Al < e and right-hand side vector uncertainitixs| ., < § are bounded

in co-norm. The infinity matrix or vector norm is equal to maximal absolute value of its elements. The
nominal real matrixA and real vectob are known. MatrixA is assumed to be nonsingular. This is a
particular case of interval uncertainty for linear system of algebraic equationswhenAA); < sand

-8 < (Ab); < §foralli, j =1, ... ,n(more general models of uncertainty are address8eation 4. 3.

Then the exact solution set

X={xeR':(A+AAx=b+ Ab, |AAlx <¢, |Ab|c <6} (4)

illustrates all possible system solutions under given constraints. The problem is to describe explicitly the
setX > x (Section 3 and to derive its optimal interval outer-bounding estim¥tgSection 4. This set
is of the formX™* = {x : x; < xx < x;}, where

X, = MiNeex X¢, Xk = MaXex X )

More tractable problem is to find any “good” overboundingXof that often can be written in explicit
analytic form Section 9, i.e. an interval seX containingX™ : X 2 X*.
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3. Solution set

The detailed description of the solution set for linear interval systems was given in the pioneer work
by Oettli and Pragejl0] for general situation of interval uncertainty. In our case their result is reduced
as follows.

Lemma 1 (Oettli and Pragefl0]). The set of all admissible solutions of syst@his a polytope
X ={x: [AX= bl < ellx]l1 + 6} (6)

Here|lx|l1 = )_ |x«|. GenerallyX is a non-convex set. IX lies in a given orthant dr”, the right-hand
side of the inequality i16) is a linear function. Thereforé&l becomes convex in this case. And its interval
approximation leads to convex optimizati¢B). However this is no longer the case in most situations.
The following example illustrates the structure of the solution set.

Example 1. Consider the systerf8) with A = diag{1, 1}, » = (1,1)T, ¢ = 0.3 ands = 0. The exact
solution of the nominal linear system is the poitit= A~'» = (1, 1)T. Then the solution set

X ={x= (1, x)" :max{|xs — 1], [xa — 1|} < 0.3(x]1 + |x2])} @)
lies in the first orthant on two-dimensional plane. It is bounded and convex f00.5 (seeFig. 19 .

: 1 04
But if we takeA =

0 1 ) b = (1,07, thenX becomes non-convex for amy> 0, that is shown
in Fig. 1h

3.1. Nonsingularity radius
For a nonsingular matriA there exists the margin of perturbatiofg, which preserve nonsingularity

of the matrixA + AA and boundedness of the solution set for the interval syg8nMore precisely,
we define nonsingularity radius fep-norm as follows:

o(A) =inf{e: A + AAissingular for soOm#AA| < e} =suf e: Aisregulaj. (8)
Recall that(oco, 1) matrix norm is defined as
[Allca = max 3 lalx. (9)
©=T =1

\ectora; denotes-th row of matrixA.

Lemma 2 ([13] (see als$6,9,12,14]). ) Nonsingularity radius for interval perturbations is reciprocal to
the (oo, 1)-norm of the inverse matrix

p(A) = (10)

A oo
Calculation of such norm is NP-hard probl¢hj. It suffices to compute”2numbers that is acceptable

for moderater, sayn < 15. For large-scale systems there exist some effective methods to approximate

this value[1,8].
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4. Optimal interval estimates of the solution set

The problem is to determine lowgrand uppek; bounds on each component®f vectorx € R"” under
assumptiorx € X. In this section we provide a new simple approach for interval estimation by searching
for vertices of the convex huCorwX of the solution seX instead of solving linear programming in each
orthant. The main base of this technique is the paper by RtBjnwhere a key result definingornvX

was proved.
Consider the inequality that defines the solution set
|AX = blloo < ellx[l2 + 8. (11)

This scalar inequality is equivalent koinequalities

lajx — by| < ellx|l1 + §,

: (12)
layx — by| < ellxll1 + .
Instead of inequality i§12) let us write the equality
lalx —b;| = e||x||1+8, i=1,...,n. (13)

Introduce a set of vectosse R”, S = {s : |s;| = 1}, and consider a system of equations for saraeS
(a'x —b)si=¢lx|1+8, i=1,...,n (14)

Lemma 3 (Rohn[13]). For given nominal matrix4, let an interval family
A={A4+ AA: ||AA|x < €} (15)

be regular that is all matrices im are nonsingular. Then each vertex of G@hsatisfies the nonlinear
system of equatior(44), which has an exactly one solution for every fixed vectors.

4.1. Main result

To simplify the analysis let = Ax— b. After changing the variables the equalitiegid)are converted
to

yvi=CEIATTG+D) L+ 8 /s, i=1...,n (16)

Recall thats; = £1 Vi. The transformed solution s& = {y : (16) holdg is then the linear image of
X thatisY = AX— b. Note thatCorwY = A CorwX — b. For anye > 0 the setY lies in every orthant
in R", i.e. the intersection of with each orthant is not empty. Moreover, each orthant contains some
number of vertices o€orvY. Vectors = (s1,...,s,)' = signy specifies the choice of orthant under
consideration. Number of different vectorg S is 2* and is equal to the number of orthants. According
to lemma 3, ifs € S is fixed, then the only solution @guation (16pives a unique vertex of convex hull
CorwvY in given orthant. Taking all various vectarsve find all vertices oCorwY.

Therefore let = s°. Then the equality16) leads to one scalar equation

T = (1), (17)
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wherer = |y;|, y = ©s® ande(r) = ¢||A~1(zs® + b)||1 + 8. DenoteG = A~1 andg;, i-th row of matrix
G, then

p(m) =) |(gi T+ x}| +36, (18)
i=1

wherex* = A~1h. Functiong(7) is defined forr > 0 and is a convex piece-wise linear functionrof
Lemma4. Forregular interval familyA scalar equatior(17) has a unique solution ovép, co).

Proof. The initial valuep(0) = ¢||x*||1 + 8 > 0. SinceA is regular, therr < p(A) = 1/||Gl|c0.1. It
means thallG |1 = MaXes > .4 |(gi, s)| < 1/¢ and the derivative in infinity is then

¢'(00) =2 I(gis))] <1 (19)

i=1
As long as functiorp(t) is convex, ther/(r) < 1 for all t > 0 and theequation (17has the only one
solutiont* > 0. O

The solutiont* can be obtained using a simple iterative scheme, for example, Newton iterations.
Considerr;, > 0 and linearized equation= ¢(t;) + ¢'(7x) (r — 11); take its solution as;, ;. Hence,

() — Tki|
1—¢'(m) ]y’

where we use the notation], = max 0, «}.

T+l = [Tk + (20)

Lemmab. Procedure(20) converges ta* for any initial 7o > 0 in a finite (not more thark) number of
iterations

Finally, we can formulate the main result.

Theorem 1. The set ConX has2" vertices Each vertexc can be found by solving scalar equati¢tv)
for a given vectos € S via algorithm(20), thenx = A~1y(z*) + x*, wherey(r) = ts and t* is the
solution of(17).

4.2. Algorithm

The algorithm for obtaining-th vertex of convex hull for polytop& reads as follows.

e Choose the vector e S (with elementst1) that corresponds toth orthant ofR”.

e For givens* find the unique solution* of equationt = ¢(z) over (0, co) using the iterative method
(20).

e Calculatey = 7*s*.

e Thenx* = A=1(y + b) is k-th vertex ofCorwX.
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To compute all vertices o€ormvX one need to apply this algorithnt mes. With this vertices we
can finally find optimal lower and upper component-wise bounds for solutioi sktdeed, ifX* =
(xk, k =1,...,2") is the set of all vertices oforwX, then for each component af-s we seek its
minimal and maximal value

x; = ming{ x}, X, =max{x), i=1,...,n, (21)

that gives the optimal interval solutioti* of system(3).

Example 2. For

=) r=los)

ande = § = 0.25 the solution seX is a bounded and non-convex polytope illustrated-an 2a Its
linear image after transformation= Ax — b is shown inFig. 2h All vertices of convex hulCorwY of
the solution set in variablesare represented by vectdrwith elements* = 41 and valuer from (17).
v =2/3,2/3)7, > = (-1, 17, y® = (1, =17 andy* = (0.4, —0.4)". By inverse transformation
x = A~1(y + b) the vertices ofCorwX are obtained. And then it is trivial to find interval boundsXn
using(21). Finally X* = ([-1.5, 2.5],[-0.5, 1.5])".

4.3. Structured uncertainty

In addition to interval description there exist other types of system uncertainty. Structured matrix
perturbations bounded in various norms were considered, for example, by PbBAjlaklore general
type is linear fractional representation for uncertainty that has been examined by El (3jawtnere
the author reduced the search of the optimal outer bounds to semidefinite programming technique.

A family of interval linear systems with matrix uncertainty in a structured form

(A4 BA4C)x = b+ BA, (22)

is also tractable with our method. Herkg, is a rectangular matrix boundedda-norm||A 4|l < ¢ and
IAs |l < 8. Then the characterization for the solution set is rewritten as

X=x"+A"Y  Y={y:yleo <¢|CX + CA'Byl1 + }. (23)

All the results obtained remain valid for this case. Theorem 1 and the algorithm hold true if matrix
A~1 and vectorx* = A~1b are replaced bCA~'B and CA 15, respectively. Choosing it22) B =
diagipi, ..., Bn}, C =diagfcy, ... , c,} we get(BA,C)ij = Bic;(A,)ij. Thus entriesv;; of perturbation
matrix W = BA 4C are subject to weighted interval constraints:

lwij| < Bicje, (24)

which are called irf13] rank-one perturbations. We conclude that m@el) covers rank-one interval
perturbations. However, it does not cover the general case of arbitrary weighted interval constraints

lwij| < ejje,  aj =0, (25)
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which are considered if13]. Notice also that the interval system with so-called linear fractional repre-
sentation of uncertainty (see €[8])

(A+ BA(I — HAN *Ox=b (26)

can be treated in the same way; the mattix in the algorithm should be replaced B+ CA™1B.

5. Interval overbounding

Aswe have seen above, the calculation of the optimal interval solution may be hard for large-dimensional
problems. Hence, its simple interval overbounding is of interest. We provide below two such estimates.
According to the inequality y|l« < ||A~(y + b)||1 + & for the sety we write

IA™ (Y +B)ll1 < IGYI1 + 1x* 1 < G lloo1 Vllso + I1X*I1, (27)
whereG = A~1. Therefore
ellx*|ly + 9
IYlloo < ¥ 1= e)A 1w, (28)

It means that alb € Y lie inside a ball irco-norm of radiugy. This ball is the first overbounding interval
estimate. In most cas€®8) is the minimal ball centered at the origin containing

The main difficulty here is to calculateco, 1) matrix norm; this is again NP-hard problem. There
exist tractable upper bounds for this nofh8]; we use the simplest one: for a given matfixhe value
|Gll~.1 Can always be approximated by 1-norm:

IGlloc.a = max |GX|y = max Z|Zg.,x,| < Z|g.,| = |Gl. (29)

%]l o=t = by
Hence, the inequalit{28) is rewritten as

ellx*lls 48

IYloo < 7— =3~ 30
1—ellA=t2’ (30)

wheree should be already less thar|A—1||;. An interval estimate fo¥ implies an interval estimate
for X. Indeedx is a linear function ofy : x = x* + A~1y and optimization ofi; (5) on a cube can be
performed explicitly and we arrive to the following result.

Theorem 2. The interval vectoX = ([xg, X1], ... , [x,, X,])T with

o =x; —ylglls, X =x;+vlgela (31)
contains the solution set, whereg, is thek-th row of G = A~ while y is the right-hand side of28)
or (30).

Thus calculation ofX > X* given by(31), (30) is not involved, it yields neither combinatorial dif-
ficulties nor requires solution of linear programming problems. Numerous examples confirm that this
overbounding solution is close to optimal.
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Example 3. Consider the linear systelx = b with Hilbertn x n-matrix. Recall tha# is called Hilbert
matrix of ordem if its entrieshy = 1/(i+j—1), i, j=1,... ,n:

1 12 13 1/4
1/2 1/3 1/4 1/5

H=113 14 15 16

(32)

This matrix is poorly conditioned even for small dimensions. For this reason, serious difficulties arise
in computation of the solutions of linear equations with this matrix because of the big sensitivity of the
solution to errors in the daf@]. Thus the Hilbert matrix is a good test example in the framework of
interval uncertainty.

Letb = (1,1/2,1/3,...)7, thenx* = (1,0,0,...)". The inverse Hilbert matrif has large integer
elements; it can be calculated via the procedavhilb in MATLAR For instance, fon = 5 T reads

25 —300 1050 —1400 630
—300 4800 —18900 26880 —12600
T=H'=| 1050 -18900 79380 -117600 56700 |. (33)

—1400 26880 —-117600 179200 —88200
630 —12600 56700 —88200 44100

Let us takes = § = 10/ (that is data are correct up to seven decimal digits). Then direct application
of algorithm of section 4.2 (which requires 32 solution of one-dimensional equations; solution of each
equation was obtained in a single iteration fg= 0) provides
[0.999247581.00075299]
[—0.014038080.01402751]
X* =] [-0.060465470.06051100]] , (34)
[—0.091393440.09132468]
[—0.044687840.04472149

while estimate$31), (30) and(31), (28) coincide (T ||~.1 = [|T]|1) and give

[0.999247011.00075299]
[—0.014038080.01403808]
X = | [-0.060511000.06051100]]| . (35)
[—0.091393440.09139344]
[—0.044721490.04472149

We conclude that in this case the simplest overboun(Big (30) is a very precise approximation of
the smallest interval solution. The same remains true for larger dimensions. For instaneel ® ¢ =
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§ = 10~ we have||T||; ~ 4-10'3 and estimaté31), (30) provides a good approximation to the optimal
interval solution

(14+[-107°1079],...,[-0.402 0.402], [-0.211, 0.211], [-0.046, 0.046) ".

Note that for very high accuracy in data £ § = 10714 the accuracy of the solution of the interval
equation is inaccessible; this is numerical confirmation of ill-posedness of equations with Hilbert matrix
even for moderate dimensions.

6. Summary

Inthis paper we considered the solution set and obtained the optimal interval solution for interval system
of linear algebraic equations as well as its overbounding estimates. The search of optimal interval solution
is reduced to checkind'Zertices for convex hull of the solution set. Each vertex can be found by solving
one scalar equation. To solve large-scaled interval systems one can apply overbounding technique.
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