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Problem
Statem

ent

x
k
+

1
=

A
k
x
k
+

w
k
,

y
k
=

C
k
x
k
+

v
k
,

A
k
,
C
k
,

w
k
,
v
k

are
uncertain

(unknow
n-but-bounded)

T
he

problem
is

to
find

the
guaranteed

estim
ate

for
x
k

under
given

m
easurem

ents
y
1 ,...,y

k
and

initialstate
x

0
.

E
stim

ation
Procedure:

1.
Prediction

Step
(approxim

ation
of

Sum
),

2.
C

orrection
Step

(approxim
ation

of
Intersection).
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R
eachability
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System
description:

L
inear

discrete-tim
e

dynam
ic

system

x
k
+

1
=

A
k
x
k
+

w
k
,

y
k
=

C
k
x
k
+

v
k
,

C
om

bined
quadratic

constraints

‖
A

k
−

A
0k ‖

2

ε
2A
k

+
‖
w
k ‖

2

δ
2w
k

≤
1
,

‖
C
k
−

C
0k
‖
2

ε
2C
k

+
‖
v
k ‖

2

δ
2v
k

≤
1
.

‖
x
‖
2

=

∑

x
2i
,

‖
A
‖

=
m

a
x

‖
x
‖
≤

1

‖
A

x
‖

4
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A
pproxim

ation
of

Sum
(prediction

step)

z
=
(A
+
∆

A
)x
+

w
,

x
∈

E
(c,P

),
‖∆

A
‖
2

ε
2

+
‖
w
‖
2

δ
2
≤
1
.

(1)

R
eachability

set:
F
=
{
z
:

x
,
(∆

A
,w
)

from
(1)

}
,

F
⊂

E
(d

,Q
).

M
easures

of
ellipsoidalsize:

f
1 (Q
)
=

tr
Q
−

1,
f
2 (Q
)
=
−
ln

d
e
t
Q
.
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T
heorem

1:

E
ach

ellipsoid
in

the
fam

ily
E
(d
(τ
),Q
(τ
))

w
ith

d
(τ
)
=

(1
−

δ
2τ
)
A

Q
−

1
τ

P
c,

Q
(τ
)
=

{

A
Q
−

1
τ

A
T
+

τ
−

1I
}

−
1

1
−

ξ(τ
)

,

w
here

Q
τ
=

(1
−

δ
2τ
)
P
−

τ
ε
2I

,

ξ(τ
)
=

(1
−

δ
2τ
)
c
T
P

c
−
(1
−

δ
2τ
)
2
c
T
P

Q
−

1
τ

P
c,

contains
F

for
all

τ
such

that
0
<

τ
<

τ
∗
=

λ
m

in

δ
2
λ

m
in

+
ε
2 ,

w
here

λ
m

in
=
m
in

e
ig

P
.

¤

τ
m
in

=
a
r
g
m
in

0
<
τ
<
τ
∗
f
i (Q

τ ),
i
=
1
,2

6



#"

Ã!

z
=
(A
+
∆

A
)x
+

w
,

x
∈

E
(0

,P
),

‖∆
A
‖
2

ε
2

+
‖
w
‖
2

δ
2
≤
1
.

E
xam

ple
1:

c
=



12



,
P

=



1
/
9

0

0
1



,
A

=



1
0

0
1



,
ε

=
δ

=
0
.5
.

−
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E
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E
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)
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A
pproxim

ation
of

Intersection
(correction

step)

y
=
(C
+
∆

C
)x
+

v
,

x
∈

E
(c,P

),
‖∆

C
‖
2

ε
2

+
‖
v
‖
2

δ
2
≤
1
.

(2)

y
−

C
x
=
∆

C
x
+

v
,

‖
y
−

C
x
‖
2
≤

ε
2‖

x
‖
2
+

δ
2.

(x
−

d
)
T
M
(x
−

d
)
≤
1
,

w
hereM

=
R

y
T
C
R
−

1
C
T
y
−

y
T
y

+
δ
2
,

d
=

R
−

1
C
T
y
,

R
=

C
T
C
−

ε
2
I
.
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T
heorem

2:

If
x
∈

E
(c,P

),
P

>
0

and
y
=
(C
+
∆

C
)x
+

w

w
here

∆
C
,w

satisfy
(2),

then
x
∈

E
(g
(τ
),Q
(τ
))

w
ith

Q
(τ
)
=

(1
−

ν
)
−

1Q
τ
,

Q
τ
=

(1
−

τ
)P
+

τ
M

,

g
(τ
)
=

Q
−

1
τ
[(1
−

τ
)P

c
+

τ
M

d
],

ν
=

(1
−

τ
)
c
T
P
c
+

τ
d
T
M

d
−

g
(τ
)
T
Q

τ
g
(τ
),



∀
τ

:
0
≤

τ
<

τ
∗

=
m

in

{

1
,

1

1
−

λ
m
i
n

}

,

w
here

λ
m
i
n

=
m

in
e
i
g
(
M
,
P

).
¤

τ
m
in

=
a
r
g
m
in

0
≤
τ
<
τ
∗
f
i (Q

τ ),
i
=
1
,2
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y
=
(C
+
∆

C
)x
+

v
,

x
∈

E
(c,P

),
‖∆

C
‖
2

ε
2

+
‖
v
‖
2

δ
2
≤
1
.

E
xam

ple
2:

y
=

1
,
C

=
(
1
,

2
)
,

ε
=

1
.5

and
δ

=
0
.5

;

E
(
c
,
P

)
:

c
=



01



,
P

=



1
0

0
1
/
9



.

−
3

−
2

−
1

0
1

2
3

−
3

−
2

−
1 0 1 2 3 4
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Som
e

E
xtensions

1.
A

llthe
results

holds
true

if
the

spectralm
atrix

norm
is

replaced
w

ith

the
Frobenius

norm
in

the
m

odeluncertainty
constraints

2.
Separate

uncertainties

C
onclusions

1.
one-step

optim
alestim

ates
for

system
s

w
ith

no
m

easurem
ents

2.
the

correction
step

based
on

sim
ilar

principles
is

suboptim
al

Paper:

Polyak,N
azin,D

urieu,&
W

alter
(2004).
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m
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A
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