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Problem formulation

» White noise convolution model
dY (x) = (K * f)(x)dr + edW (x), x € R,

where f € Lo(R) is an unknown function, K € L;(R), and W ()

is the standard two—sided Wiener process on R.

» Assumption: f is smooth apart from a discontinuity jump of

the first kind at 6 € [0,1].

» Goal: estimate the change—point 6 from observations of the

trajectory {Y(t),t € R}.



Motivation

» Asymptotic equivalence between idealized white noise model

and nonparametric regression, density estimation...

» Edge detection in imaging
Y=K=xf+e,

Y is the degraded image, K is the point spread function

(blur), f is the true image, € is the random noise (point

degradation).

» Detection of abrupt changes in linear dynamic systems.



Minimax framework

Let 6 be an estimator of @, and let G be a class of functions

having a single change—point 0 € [0, 1].

» Maximal risk

R . 1/2
R.[0:G] :Sup{Ef|9—9|2} .
feg

» An estimator 0 is rate optimal if

~

R.[0;G] =< R[G] := inf R.[0;G], € — 0.
0

» Goal: is to develop rate—optimal estimators of the

change—point 6.



Related literature

» Change—point estimation in direct models

Korostelev (1987), Yin (1988), Miiller (1992),
Wang (1995), Gijbels, Hall & Kneip (1999),
Antoniadis & Gijbels (2002), ...

For a class G of functions with single change—point and

sufficiently smooth (at least Lipschitz) otherwise, R*[G] < 2.

» Change—point estimation from indirect data
— Neumann (1997), density deconvolution model.

— Raimondo (1998), estimation of change—points in

derivatives, regression model.



Neumann (1997)

» Density deconvolution model
Yi=Xite, i=1,....n, X;Zf &K X Le
c(1+|w)) ™ < |Kw) < C+w)™, >0
B>1/2 = K e€L;(R)NLy(R) — most interesting case.

» Functional class G

Let [fl(x) = f(z+) — f(z—), ||f|loc < c1, and assume that
30 : |[f1(0)] = c2, and [f(x) — f(y)| < cslz —yl, if 0 & [z,y,].

» Result
n_l/(26+1)7 O < ﬁ S 1/27

RG] <
9] n=2/(28+3) 3> 1/2.



Raimondo (1998)

Regression model
K,:f(z/n)—I_efw 7;:]-7"'777’7 Eiiigij\/‘(()?()j)'

Functional class ¢

For integer 8 >0, 30 € [a,b] C [0,1] such that
LFPNO0) = e, [f D) = FP Y] < ol —yl, Vo <y,0 & [z,y).

Result
R¥[G] < n~Y/ P+ for integer 3 > 0.

€



Remarks

» Discrepancy in results

When K is the Green function of a linear differential
operator, deconvolution is equivalent to estimation of

the change—point in a derivative of f from direct data.

» Recent results

It is common belief that the rate n~Y/(26+1) is optimal
for estimation of the change—point in G-th derivative:
Gijbels, Hall & Kneip (1999), Wang (1999), Huh &
Carriere (2002), Park & Kim (2004)

» How to construct rate optimal estimates?



Functional class F,,(L,a)

» Class F1(L,a)
Let a,L > 0. We say f e F, =Fi(L,a)if fely(R), 30 € [0,1]
s.t. |[f](8)] > a, and f is Lipschitz with constant L on every

interval that does not contain 6.

» Class F,(L,a), m>1
Let a,L >0, m >1. Wessay feF, =F,(L,a)if felLa(R),
(1) 30 € 10,1] s.t. [[f](0)] = a,
(i) f'(x) exists for all x # 0, [f'](#) = 0 so that function
gr(z) = f'(x), x #6, and g¢(0) := f'(#%) is continuous,

/ 57 (@)llw|™dw < L.



Main result

Theorem Let the Fourier transform K(-) of K satisfy
k(1 + |w]?) P2 < |K(W)| <R+ |w]?)~??, VweR.
Then for sufficiently small €
e if 3>1/2 then

R:[F(a, L)] = a~ ' LFFH5nT1 ¢Tmiaor

o if 5<1/2 then
1—2p3

c16/ P < R [Fn(a, L)] < Cpe?/ (20 <lne_1) S
o if 3=1/2 then

coe(lne 1) "Y2 < R [Fnla, L)) < Cse.



Remarks

Optimal rate of convergence (ignoring In—factors)
R, 1)) = min{ dme2)/me2i) 21200}

The elbow corresponds to 3 >1/2, 0< 3 <1/2.

The optimal rates are determined by
— ill-posedness of convolution, 3
— smoothness of f away from the change—point

(in contrast to direct observations)

The optimal rate approaches the parametric one, ¢, as
m — oo, for 3> 1/2.

Consistent with results of Neumann (1997):

m=1, 8>1/2 = R[Fi(a,L)] = (2)25+3,



Probe functional

» Kernel: p € Lo(R), p € C* is even, non-negative, and for

small n >0

L 1/3+n<|w[<2/3—mn,

Plw) = 0, |wl &[1/3.2/3]

» Probe functional: for h > 0 let

lt) = ) =5 [ 5@

)daz t € R.

» /,(t) is a smoothed second derivative of f at ¢:

ln(t) — f"(t) as h — 0, provided that f is twice

continuously differentiable at t.



Kernel ¢
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Probe functional properties

» Good detection ability
The point of zero—crossing of ¢,(t) (minimum of [¢x(¢)]) is

indicative of the change—point location: for small § > 0

inf {yeh(m _ |eh(e)|} > C,6h~3.

t:0<|t—0|<ch

» Can be estimated with high accuracy

There exists an unbiased estimator /,(t) of ¢,(t) such that

hﬁ+3/2

A2h26+5
€2 }

P{sup|Zu(t) — (a(t)] > A} < Cs

teB

|B\)\exp{—C’3

€

for any \ > Cye2h—26-5



Estimator of the probe functional

Linear functional strategy

If ¢ € Range(K™) then there exists v, € Ly(R) s.t.

fh(t) — <f7 ¢t> — <f7 K*%> — <Kf7%>a K"y = .

For the convolution transform,

e (w) = —(2mw)? et géiz)) .

Estimator



Localization step

» It is shown that

On(t) = —%[f](@)gp’(%) + “something small”, Vt e R.

~

PSfrag replacements
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» Rough estimates

t, = ' gt, #* .= arg max 0} (t).
arg min h(t) g max h()



Change—point estimator

» Rough estimates: for ¢ = ¢, or t*

h6—1/2

€

IP’{|£— 60 > clh} < ¢y

h26—|—1
— )

exp{ —C3
€

» [ he estimator

Let A, be the closed interval with the endpoints £, and £*.
Define

0, = arg min |, (t)| .
teAp

» Bandwidth choice

) Cile/Lemeil, 3> 1/2
' C(ev/Ine1)2/ (284D 3 < 1/9



Concluding remarks

» Optimal procedure balances

6h3 = W2 = eh P2
SN~ SN——" N——r
d—separation rate bias stochastic error

» Another probe functional

The search for maximum of a smoothed first derivative
results in slower rate of convergence, e(™m12)/(2m+26+1)

» Extension

Estimation of derivatives in the regression setup with
equidistant design.

The change—point procedures in Raimondo (1998),
Wang (1999), Huh & Carriere (2002), Park &

Kim (2004) are not rate optimal, contrary to what is
claimed in some of these papers.



