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Extremality/Stationarity/Regularity
Ω1,Ω2, . . . ,Ωn ⊂ X, x◦ ∈

⋂n
i=1 Ωi, ωi ∈ Ωi, i = 1, 2, . . . , n
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Extremality/Stationarity/Regularity
Ω1,Ω2, . . . ,Ωn ⊂ X, x◦ ∈

⋂n
i=1 Ωi, ωi ∈ Ωi, i = 1, 2, . . . , n

θρ[Ω1, . . . ,Ωn](ω1, . . . , ωn) = sup
{

r ≥ 0 :( n⋂
i=1

(Ωi − ωi − ai)
)⋂

Bρ 6= ∅,∀ai ∈ Br
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(Ωi − ωi − ai)
)⋂

Bρ 6= ∅,∀ai ∈ Br
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θ[Ω1, . . . ,Ωn](ω1, . . . , ωn) = lim inf
ρ→+0

θρ[Ω1, . . . ,Ωn](ω1, . . . , ωn)
ρ

θ̂[Ω1, . . . ,Ωn](x◦) = lim inf
ωi

Ωi→x◦
θ[Ω1, . . . ,Ωn](ω1, . . . , ωn)
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Extremality/Stationarity/Regularity
Definition 1. {Ω1,Ω2, . . . ,Ωn} is

(1) extremal at x◦ if θρ[Ω1, . . . ,Ωn](x◦) = 0 for all ρ > 0.
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Extremality/Stationarity/Regularity

θ[Ω1,Ω2](x◦) = 0
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Extremality/Stationarity/Regularity

θ[Ω1,Ω2](x◦) = 0 θ̂[Ω1,Ω2](x◦) = 0
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Extremality/Stationarity/Regularity
Proposition 1.Let Ω1, Ω2, . . . , Ωn be convex. Then
(1) ⇔ (2) ⇔ (3) ⇔ (4).
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Extremality/Stationarity/Regularity
Proposition 1.Let Ω1, Ω2, . . . , Ωn be convex. Then
(1) ⇔ (2) ⇔ (3) ⇔ (4).

If intΩi 6= ∅, i = 1, 2, . . . , n− 1, then these conditions are
equivalent to

n−1⋂
i=1

intΩi

⋂
Ωn = ∅.
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Dual Criteria
Fréchet normal cone to Ω at x◦ ∈ Ω

N(x◦|Ω) =

{
x∗ ∈ X∗ : lim sup

x
Ω→x◦

〈x∗, x− x◦〉
‖x− x◦‖

≤ 0

}
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Dual Criteria
Fréchet normal cone to Ω at x◦ ∈ Ω

N(x◦|Ω) =

{
x∗ ∈ X∗ : lim sup

x
Ω→x◦

〈x∗, x− x◦〉
‖x− x◦‖

≤ 0

}
Ω1, Ω2, . . . , Ωn are closed, x◦ ∈

⋂n
i=1 Ωi, (0/0)∞ = ∞

η[Ω1, . . . ,Ωn](x◦) = lim
δ→+0

inf

{(∥∥∥∥∥
n∑

i=1

x∗i

∥∥∥∥∥ /

n∑
i=1

‖x∗i‖

)
∞

:

x∗i ∈ N(xi|Ωi), xi ∈ Ωi ∩Bδ(x◦), i = 1, . . . , n

}
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Dual Criteria
Theorem 1. θ̂[Ω1, . . . ,Ωn](x◦) ≤ η[Ω1, . . . ,Ωn](x◦).
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Theorem 1. θ̂[Ω1, . . . ,Ωn](x◦) ≤ η[Ω1, . . . ,Ωn](x◦).
If X is Asplund and θ̂[Ω1, . . . ,Ωn](x◦) < 1 then

η[Ω1, . . . ,Ωn](x◦) ≤
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{Ω1,Ω2, . . . ,Ωn} is weakly stationary at x◦.
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η[Ω1, . . . ,Ωn](x◦) ≤
θ̂[Ω1, . . . ,Ωn](x◦)

1− θ̂[Ω1, . . . ,Ωn](x◦)
.

Corollary 1.1. η[Ω1, . . . ,Ωn](x◦) = 0 ⇒
{Ω1,Ω2, . . . ,Ωn} is weakly stationary at x◦.
If X is Asplund then the Extended extremal principle holds:

• {Ω1,Ω2, . . . ,Ωn} is weakly stationary at x◦ ⇔
η[Ω1,Ω2, . . . ,Ωn](x◦) = 0.
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Dual Criteria
Extremal principle (Kruger, Mordukhovich, 1980;

Mordukhovich, Shao, 1996).

{Ω1,Ω2, . . . ,Ωn} is locally extremal at x◦

⇒ η[Ω1, . . . ,Ωn](x◦) = 0.
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Dual Criteria
Extremal principle (Kruger, Mordukhovich, 1980;

Mordukhovich, Shao, 1996).

{Ω1,Ω2, . . . ,Ωn} is locally extremal at x◦

⇒ η[Ω1, . . . ,Ωn](x◦) = 0.

Theorem 2.The following assertions are equivalent:

• X is an Asplund space.

• The Extremal principle is valid in X.

• The Extended extremal principle is valid in X.
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Metric Inequality

Ioffe, 1989; Bauschke, Borwein, 1993; Ngai, Théra, 2001.

(0/0)◦ = 0

ϑ[Ω1, . . . ,Ωn](x◦) = lim sup
x→x◦

(
d(x,

⋂n
i=1 Ωi)

max1≤i≤n d(x,Ωi)

)
◦
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Ioffe, 1989; Bauschke, Borwein, 1993; Ngai, Théra, 2001.

(0/0)◦ = 0

ϑ[Ω1, . . . ,Ωn](x◦) = lim sup
x→x◦

(
d(x,

⋂n
i=1 Ωi)

max1≤i≤n d(x,Ωi)

)
◦

ϑ̂[Ω1, . . . ,Ωn](x◦) = lim sup
x→x◦
xi→0

(
d(x,

⋂n
i=1(Ωi − xi))

max1≤i≤n d(x + xi,Ωi)

)
◦
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Metric Inequality
Definition 2. {Ω1,Ω2, . . . ,Ωn} satisfies at x◦

• the metric inequality if ϑ[Ω1, . . . ,Ωn](x◦) < ∞.

• the strong metric inequality if ϑ̂[Ω1, . . . ,Ωn](x◦) < ∞.
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Metric Inequality
Definition 2. {Ω1,Ω2, . . . ,Ωn} satisfies at x◦

• the metric inequality if ϑ[Ω1, . . . ,Ωn](x◦) < ∞.

• the strong metric inequality if ϑ̂[Ω1, . . . ,Ωn](x◦) < ∞.

Theorem 3. ϑ̂[Ω1, . . . ,Ωn](x◦) = 1/θ̂[Ω1, . . . ,Ωn](x◦).

Corollary 3.1. {Ω1,Ω2, . . . ,Ωn} is regular at x◦ if and only
if it satisfies the strong metric inequality at x◦.



Optimization and Control
Moscow, May 19-20, 2005

14

Boundary Condition
Borwein, Jofré, 1998

Ω1, Ω2, . . . , Ωn are closed, x◦i ∈ Ωi, i = 1, 2, . . . , n
n∑

i=1

Ωi =

{
ω =

n∑
i=1

ωi : ωi ∈ Ωi, i = 1, 2, . . . , n

}



Optimization and Control
Moscow, May 19-20, 2005

14

Boundary Condition
Borwein, Jofré, 1998
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Ωi =

{
ω =
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ωi : ωi ∈ Ωi, i = 1, 2, . . . , n

}

ζρ[Ω1, . . . ,Ωn](x◦1, . . . , x
◦
n) =

sup

{
r ≥ 0 : Br(

n∑
i=1

x◦i ) ⊂
n∑

i=1

(Ωi ∩Bρ(x◦i ))

}
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Boundary Condition
Definition 3. {Ω1,Ω2, . . . ,Ωn} satisfies at x◦1, x

◦
2, . . . , x

◦
n

• the boundary condition if

ζρ[Ω1, . . . ,Ωn](x◦1, . . . , x
◦
n) = 0 for all ρ > 0.

• the local boundary condition if

ζρ[Ω1, . . . ,Ωn](x◦1, . . . , x
◦
n) = 0 for some ρ > 0.
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Boundary Condition
Definition 3. {Ω1,Ω2, . . . ,Ωn} satisfies at x◦1, x

◦
2, . . . , x

◦
n

• the boundary condition if

ζρ[Ω1, . . . ,Ωn](x◦1, . . . , x
◦
n) = 0 for all ρ > 0.

• the local boundary condition if

ζρ[Ω1, . . . ,Ωn](x◦1, . . . , x
◦
n) = 0 for some ρ > 0.

Proposition 2. Define x̃◦ = (x◦1, x
◦
2, . . . , x

◦
n) ∈ Xn, Ω̃1 =

Ω1×. . .×Ωn, Ω̃2 = {(x1, . . . , xn) ∈ Xn :
∑n

i=1 xi =
∑n

i=1 x◦i}.
{Ω1, . . . ,Ωn} satisfies the (local) boundary condition at
x◦1, . . . , x

◦
n if and only if {Ω̃1, Ω̃2} is (locally) extremal at x̃◦.
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Regularity of Multifunctions
F : X ⇒ Y , gphF = {(x, y) ∈ X × Y : y ∈ F (x)},
(x◦, y◦) ∈ gphF
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(x◦, y◦) ∈ gphF

θρ[F ](x◦, y◦) = sup{r ≥ 0 : Br(y◦) ⊂ F (Bρ(x◦))}

θ[F ](x◦, y◦) = lim inf
ρ→+0

θρ[F ](x◦, y◦)
ρ

θ̂[F ](x◦, y◦) = lim inf
(x,y)

gph F→ (x◦,y◦)

θ[F ](x, y)
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Regularity of Multifunctions
Definition 4.F : X ⇒ Y is

(1) extremal at (x◦, y◦) if θρ[F ](x◦, y◦) = 0 for all ρ > 0.

(2) locally extremal at (x◦, y◦) if θρ[F ](x◦, y◦) = 0 for some

ρ > 0.

(3) stationary at (x◦, y◦) if θ[F ](x◦, y◦) = 0.

(4) weakly stationary at (x◦, y◦) if θ̂[F ](x◦, y◦) = 0.

(5) regular at (x◦, y◦) if θ̂[F ](x◦, y◦) > 0.



Optimization and Control
Moscow, May 19-20, 2005

17
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Definition 4.F : X ⇒ Y is

(1) extremal at (x◦, y◦) if θρ[F ](x◦, y◦) = 0 for all ρ > 0.

(2) locally extremal at (x◦, y◦) if θρ[F ](x◦, y◦) = 0 for some

ρ > 0.

(3) stationary at (x◦, y◦) if θ[F ](x◦, y◦) = 0.

(4) weakly stationary at (x◦, y◦) if θ̂[F ](x◦, y◦) = 0.

(5) regular at (x◦, y◦) if θ̂[F ](x◦, y◦) > 0.

(5) ⇔ F is metrically regular at (x◦, y◦)
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Regularity of Multifunctions
Theorem 4. Define Ω1 = gph (F ), Ω2 = X × {y◦}. The
following assertions hold:
• F is extremal at (x◦, y◦) ⇔ {Ω1,Ω2} is extremal at (x◦, y◦).
• F is locally extremal at (x◦, y◦) ⇔ {Ω1,Ω2} is locally

extremal at (x◦, y◦).
• F is stationary at (x◦, y◦) ⇔ {Ω1,Ω2} is stationary at

(x◦, y◦).

• F is weakly stationary at (x◦, y◦) ⇔ {Ω1,Ω2} is weakly
stationary at (x◦, y◦).

• F is regular at (x◦, y◦) ⇔ {Ω1,Ω2} is regular at (x◦, y◦).
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