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Extremality /Stationarity /Regularity
Ql,QQ,...,Qn C X, x° € ﬂ?zlﬂi: w; € $2;, 1 = 1,2,...,n
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0,(0, ..., Q@i .. wn) = Sup{r >0

n

(ﬂ(ﬂz — W — a/i)) me + (),Va; € BT}
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Extremality /Stationarity /Regularity
(01,Q9,...,0, C X, z° € ﬂ?zlﬂi: wi €1 =1,2,....n
0,(0, ..., Q@i .. wn) = Sup{r >0

v [Ql,...,ﬂn](wl,...,wn)

S . p
01, ..., (w1, ..., wp) —1131_1>J1r%f p

0, ..., Q) (z°) = liminf §[Q,..., Qu)(wi, ..., wn)

7
w;—x°
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Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.



=B Optimization and Control

Moscow, May 19-20, 2005

Extremality /Stationarity /Regularity
Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.

(2) locally extremal at z° if 0,/€,...,Q,](z°) = 0 for some
p > 0.



Optimization and Control °

Moscow, May 19-20, 2005

Extremality /Stationarity /Regularity
Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.

(2) locally extremal at z° if 0,/€,...,Q,](z°) = 0 for some
p > 0.

(3) stationary at z° if 0[Qq,...,,](z°) = 0.



Optimization and Control °

Moscow, May 19-20, 2005

Extremality /Stationarity /Regularity
Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.

(2) locally extremal at z° if 0,/€,...,Q,](z°) = 0 for some
p > 0.

(3) stationary at z° if 0[Qq,...,,](z°) = 0.
(4) weakly stationary at z° if é[ﬂl, Q] (x°) = 0.



Optimization and Control °

Moscow, May 19-20, 2005

Extremality /Stationarity /Regularity
Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.

(2) locally extremal at z° if 0,/€,...,Q,](z°) = 0 for some
p > 0.

(3) stationary at z° if 0[Q2q,...,Q,|(z°) = 0.
(4) weakly stationary at z° if 0[Q, ..., Q] (z°) =
(5) regular at z° if 0[Q4, ..., Q,](z ) > 0.



Optimization and Control °

Moscow, May 19-20, 2005

Extremality /Stationarity /Regularity
Definition 1. {Ql, QQ, S, Qn} 1S

(1) extremal at z° if 0,[,...,Q,](z°) =0 for all p > 0.

(2) locally extremal at z° if 0,/€,...,Q,](z°) = 0 for some
p > 0.

(3) stationary at z° if 0[Q2q,...,Q,|(z°) = 0.
(4) weakly stationary at z° if 0[Q, ..., Q] (z°) =
(5) regular at z° if 0[Q4, ..., Q,](z ) > 0.

(1) = (2) = (3) = (4)
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Extremality /Stationarity /Regularity
Proposition 1. Let €)1, (s, ..., €2, be convex. Then

(1) = (2) = (3) < (4).
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Extremality /Stationarity /Regularity
Proposition 1. Let €)1, (s, ..., €2, be convex. Then

(1) = (2) = (3) < (4).

If intQ); A0, 1=1,2,...,n—1, then these conditions are

equivalent to
n—1

ﬂintﬂiﬂﬂn:@

=1
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Dual Criteria

Fréchet normal cone to §) at x° € ()
4 )

N(z°|Q) =< z" € X*: limsup (@ ,:c—oaz ) <0,
\ a:g:vo H$—CC H /
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Dual Criteria

Fréchet normal cone to §) at x° &€

)

( )

N(z°|Q) =< z" € X*: limsup (@ ,a:—oaz ) <0,

\ a:g:co H$—CC H y

Q1, Qo, ..., Q,, are closed, z° € [)_; i, (0/0)s = 0

N2, ..., Q] (x°%) = 5li>r£101nf< (

\

n
*
2.7
i=1

/> ) :

\

xr; € N(x;|), ©; € ;N Bs(x°), i =1,...,n

/
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Dual Criteria
Theorem 1.0[Q4, ..., Q,](z°) < n[Q4, ..., Q](°).
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) 0, ..., Q] (z°)
77[91, .. ,Qn](ﬂf ) S 1 _ é[ﬂh N ,Qn](xo).
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Dual Criteria
Theorem 1.0, ...,Q,](z°) < n[Qq, ..., Q,](x°).
If X is Asplund and 0|4, ...,Q,](z°) < 1 then

) 0, ..., Q] (z°)
77[91, .. ,Qn](ﬂf ) S 1 _ é[ﬂh N ,Qn](xo).

Corollary 1.1.79[Q4,...,Q,](z°) =0 =
{Q1,Q9,...,Q,} is weakly stationary at z°.
If X 1s Asplund then the Extended extremal principle holds:

{Q1,Q9,...,Q,} is weakly stationary at z° <
77[91, QQ, S Qn] (fo) = 0.
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Dual Criteria

Extremal principle (Kruger, Mordukhovich, 1980;
Mordukhovich, Shao, 1996).

{Q1,Q9,...,Q,} is locally extremal at x°
= 1|, ..., Q,](z°) = 0.
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Dual Criteria

Extremal principle (Kruger, Mordukhovich, 1980;
Mordukhovich, Shao, 1996).

{Q1,Q9,...,Q,} is locally extremal at x°
= 1|, ..., Q,](z°) = 0.

Theorem 2. The following assertions are equivalent:
X 1s an Asplund space.
The Extremal principle is valid in X.

The Extended extremal principle s valid in X.
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Metric Inequality
loffe, 1989; Bauschke, Borwein, 1993; Ngai, Théra, 2001.
(0/0), =0

ﬁ[@l,...,gn](xO)zlimSUp< d(z, i, ) )

T—2° maxij<;<n d(il?, Qz)




o ' o ® e 12
=8 Optimization and Control
Moscow, May 19-20, 2005

Metric Inequality
loffe, 1989; Bauschke, Borwein, 1993; Ngai, Théra, 2001.
(0/0), =0

ﬁ[Ql,...,Qn](xo):limsup< d(z, i, ) )

T—2° maxij<;<n d(% Qz)

maxj <;<n d(T + T, ;)

xr—x°

é[@l,...,gn](f):nmsup< d(z, (i — 2:)) )
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Metric Inequality
Definition 2. {Q,Qy,...,€),} satisfies at «°

the metric inequality if V[, ..., Q,](x°) < oco.

the strong metric inequality if 9[Qy, ..., Q] (x°) < oo.
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Metric Inequality
Definition 2. {Q,Qy,...,€),} satisfies at «°

the metric inequality if V[, ..., Q,](x°) < oco.

the strong metric inequality if 9[Qy, ..., Q] (x°) < oo.

Theorem 3.9[Q4, ..., Q)(z°) = 1/0[Q, ..., Q] (z°).

Corollary 3.1.{Q,Q,...,Q,} is reqular at x° if and only
of it satisfies the strong metric inequality at x°.
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Boundary Condition
Borwein, Jofré, 1998

1, o, ..., Q, areclosed, z7 € (), 1 =1,2,....,n

n

>

(

=1

\

n
W = g wi: wpel), 1=1,2,...,n
i=1

\

/
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Boundary Condition
Borwein, Jofré, 1998

1, o, ..., Q, areclosed, z7 € (), 1 =1,2,....,n
) ( n \
Zﬂi:<w:Zwi:wiEQi,izl,Q,...,n>
= \ = y

ColS21, .-, ) (2], ... x,) =

’

\

sup 7 >0: B(d xf) C Y (N B,(x;))
i=1 1=1

\

/
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Boundary Condition
Definition 3. {Q,Qy,...,Q,} satisfies at x5, 25, ..., x>

n

the boundary condition if
Col21, -, (2], ..., 2;) =0 for all p> 0.

the local boundary condition if
Col21, - oo, (2], ..., ;) = O for some p > 0.
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Boundary Condition
Definition 3. {2, ,...,Q,} satisfies at 7, x5, ..., 2

O

the boundary condition if
Col21, -, (2], ..., 2;) =0 for all p> 0.

the local boundary condition if
Col21, - oo, (2], ..., ;) = O for some p > 0.

Proposition 2. Define 7° = (2%, 23,...,2°) € X", Q =
le. . .XQfm QQ = {(331, o ,an) c X" 2?21%' — Zz 1 7,}
{,...,Q} satisfies the (local) boundary condition at
xy,...,x if and only if {1, Qs} is (locally) extremal at
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Regularity of Multifunctions

F: X=Y,gphF={(z,y) e X xY: ycF(x)},
(z°,y°) € gph F
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(z°,y°) € gph F

0, F](2°,y°) =sup{r 2 0: B,(y") C F(B,(z"))}
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Regularity of Multifunctions

F: X=Y,gphF={(z,y) e X xY: ycF(x)},
(z°,y°) € gph F

0, F](2°,y°) =sup{r 2 0: B,(y") C F(B,(z"))}
0 F](2°,9°)

® oy __ 71: . P
O1F](z",y") = lim inf p
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Regularity of Multifunctions

F: X=Y,gphF={(z,y) e X xY: ycF(x)},
(z°,y°) € gph F

0, F](2°,y°) =sup{r 2 0: B,(y") C F(B,(z"))}

o o\ __ 1: . HP[F](:UO?:(/O)
O1F](z",y") = lim inf p
O[F)(«°,y°) = liminf  6O[F](z,y)
gph F

(z,y)"— (2°,9°)
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Regularity of Multifunctions
Definition 4. F: X =Y is

(1) extremal at (x°,y°) if 0,|F|(z°,y°) = 0 for all p > 0.

(2) locally extremal at (z°,y°) if 0,/ F](x°,y°) = 0 for some
p > 0.

(3) stationary at (x°,y°) if 8| F](x°,y°) = 0.

(4) weakly stationary at (z°,y°) if 9[F](xo, y°) = 0.

(5) regular at (z°,y°) if O[F](z°
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Regularity of Multifunctions
Definition 4. F: X =Y is

(1) extremal at (x°,y°) if 0,|F|(z°,y°) = 0 for all p > 0.

(2) locally extremal at (z°,y°) if 0,/ F](x°,y°) = 0 for some
p > 0.

(3) stationary at (x°,y°) if 8| F](x°,y°) = 0.

(4) weakly stationary at (z°,y°) if 9[F](xo, y°) = 0.

(5) regular at (z°,y°) if O[F](z°

(5) & F'is metrically regular at (z°, y°)
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Regularity of Multifunctions
Theorem 4. Define 1 = gph (F), Qs = X x {y°}. The
following assertions hold:

F is extremal at (x°,y°) < {Q1, Qo } is extremal at (x°,y°).
F is locally extremal at (x°,y°) < {Q1,Q} is locally
extremal at (x°,y°).

F is stationary at (z°,y°) < {Q,Q} is stationary at
(2°,4°).

F is weakly stationary at (x°,y°) < {1, Q) 1s weakly
stationary at (z°,y°).

F is reqular at (x°,y°) < {Q1,Q2} is regular at (z°,y°).
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