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Motivation of the Problem

Consider a control system with parameter uncertainty de=stiby
the following differential equation

T = Ax(t) + Bu(t +Z% t) + Biu(t)] (1)



2

Motivation of the Problem

Consider a control system with parameter uncertainty de=stiby
the following differential equation

T = Ax(t) + Bu(t +Z% t) + Biu(t)] (1)

and its stochastic counterpart in the form of the followita |
equation:

dx(t) = [(A+ al)x(t) + Bu(t)|dt +

Z o[ Az (t) + Byu(t)]dw;(t). (2)
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Motivation of the Problem (cont.)

Bernstein (1987) used the model (2) with the right shift and
multiplicative noise for investigation of robust stalyjldf system (1)
over a specified range of deterministic parameter variatittrallows
to obtain both static and dynamic output feedback robubilstimg
controllers as a solution of nonstandard stochastic LQRIpros.
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Motivation of the Problem (cont.)

Bernstein (1987) used the model (2) with the right shift and
multiplicative noise for investigation of robust stalyjldf system (1)
over a specified range of deterministic parameter variatittrallows
to obtain both static and dynamic output feedback robubilstimg
controllers as a solution of nonstandard stochastic LQRIpros.

Let
s, — o A ) (3)
be output vector for both the systems and uncertainties)in (1

71, -+, : [0,00) — RP, are measurable and satisfying the
iInequalities

‘%;(t)‘ §51,7 ’i:1,...,p. (4)
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Motivation of the Problem (cont.)

Bernstein had shown that if the stochastic system (2), (8)aan
sguare stabilizable via static or dynamic output feedback a

1 o 02
Oé>§;0__iz, (5)

then the uncertain deterministic system (1), (3) is robtadiibzable
via the same output feedback.
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Motivation of the Problem (cont.)

Bernstein had shown that if the stochastic system (2), (8)aan
sguare stabilizable via static or dynamic output feedback a

1 o 02
Oé>§;0__iz, (5)

then the uncertain deterministic system (1), (3) is robtadiibzable
via the same output feedback.

Unfortunately don’t exists easily method of finding of stedimg gain
as a solution of mentioned nonstandard stochastic LQR @nudl
Moreover these problems belong to generalized "hard pmuodiléen
control theory (Polyak and Shcherbakov, 2005)
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Statement of the Problem

The purpose of this paper is to describe in a parametric foensét of
all mean square stabilizing linear output feedback coler®for the
system (2), (3) and based on parametrization results toulatenan
LMI based algorithm of synthesis of robust stabilizung coler for
the system (1), (3).
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Preliminaries. State space partition

The state space of the system (2) can be presented in the fah@ o
following partition

R™ = Im(C') @ Ker(C), (6)

wherelm(C"') andKer(C) are orthogonal subspaces. For any
xr € R™ we can write

v T Tk T T

wherez; € Im(C1) andzk € Ker(C).
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State space partition (cont.)

Define the matrices
FBr=0C'C, Bx=1-— F;, (7)

whereCT is the Moore-Penrose inverse@f According to the
partition (6) the matrices (7) are projection matricedoniC') and

onKer(C) correspondingly. We use the notatiah- for full rank
matrix orthogonal toX.
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Stochastic stabilizablility definitions

Consider a control law in the form of the static output feexba

u(t) = —Gy(?). (8)
An important role in the sequel plays also the state feedbankrol

u(t) = —Kxz(t). (9)

Definition 1 The control law (8) Is said to be stabilizing ¢ if
It guarantees the exponential stability in the mean sqUESBAS) of
the closed loop system (2), (8).

Definition 2 The control law (9) is said to be stabilizingtf |
guarantees ESMS of the closed loop system (2), (9).
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Stabilization theorems

Theorem 1 The output feedback control (8) will be stabilizihn
and only if there exist positive definite symmetric matri¢ésnd
satisfying the inequality

(A— BGC)Y'H + H(A=BGC) +
p

> 0f(A; — B;GC)"H(A; — B;GC) < 0. (10)
=

The functionV (z) = 2! Hz is the stochastic Lyapunov function thz
guarantees ESMS of the closed loop system.
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Stabilization theorems

Theorem 2 The output feedback control (9) will be stabilizih
and only if there exist positive definite symmetric matri¢ésnd
satisfying the inequality

(A=BK)' 0 + HA'=BK) +

> of(A; — BiK)"H(A; - B;K) <0. (11)
2=l

The functionV (z) = z! Hz is the stochastic Lyapunov function thz
guarantees ESMS of the closed loop system.
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Stabilization sets

18y, 2Py Fli, 0, S Gags ol thol(®dns G ) s

p
H(A—BGC)+ )Y of(A — BGC)"H(A, — BIGC) < 0},
=

N g SRR sulghe TGRS e

p
H(A— BK)+» of(A4 — BK)"H(A — BK) < 0}.
[ =)
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Lyapunov matrices sets

ol T R Do AT Al
p

> of XA X A X)BT <0},
=3

e e (RC i ST

p
> oAl Y ANCTT < 0}
=1
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Riccatl matrices sets

V(R R0 e, o @t |
p

Y 07 Al XB))Ro(X)'(BTX +
=

p p
» 0Bl XA)+) of AT XA +Q =0}
=1 =4

VY e N e im0, 1 i, Ay

p
Y(CTVC =) o7 ATYT'A)Y + W =0}
[=1
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Main parametrization theorem

Theorem 3 Let a matril be given. Then the following statemen
are equivalent:

H ~ LO? : (12)
H >0, U(H) # 0,and W(H™) # 0; (13)
H e cliaa ] Hoc B (14)

All the stablilizing static output feedback gains are givgn b

il S
p
> _oiBIHA])Q™'CT(CQ™'CT)™ +
J=l
01 A(CQ~'CT) 3, (15)
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Main parametrization theorem (cont.)

whereA Is arbitrary matrix such that
|All<l, HeLl, {R,Q}cU(H)andO® > 0is defined by

p
© = R,(H)™' — R,(H) '(B"H + ) 0B/ HA)Q'[Q -
=]

p
CT(CQTICNT'CIQT R, (H) "(BTH + ) o?Bf HA)]".
a1
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State feedback case

Theorem4 Leta matri¥ be given. Then the following
statements are equivalent.

(il 6, L33

(1) H is the unique positive definite solution to the generalized
Riccati equation

p
ATH+HA - (HB+) ofAl HB)R,(H) "(B"H +
=1

p p
Y ofBHA)+>» ofAJHA +Q =0
=1 fi==il

for some@ > 0 andR > 0;
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(II) H > 0 and it satisfies

p
BY(AH '+ H 'A"+) ofH 'A{HAH ")B'" <0,
=l

if BBT # 0.

All the stablilizing state feedback gains are given by

p
K = R,(H) Y (BTH + Z 07 L )

="
1

R, 2(H)AQ?, (16)

where the matricesl, (), R are the ones in (Il) and is an arbitrary
matrix such that| A ||< 1.
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Preliminary remarks

e The set of all the Lyapunov matrices for the stabilizing oritp
feedbackly = {H : H~! ¢ X, H € Y} is not convex and the
problem of findingH remains open as in deterministic case. In
the case of the state feedback the set of all Lyapunov matisce
convex:L, = {H : H~! € X} and itis equivalent to the set of
all the positive definite solutions of the generalized Ricca
equation.
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Preliminary remarks

e The set of all the Lyapunov matrices for the stabilizing oritp
feedbackly = {H : H~! ¢ X, H € Y} is not convex and the
problem of findingH remains open as in deterministic case. In
the case of the state feedback the set of all Lyapunov matisce
convex:L, = {H : H~! € X} and itis equivalent to the set of
all the positive definite solutions of the generalized Ricca
equation.

* The idea Is helpful to find some simple additional condititms
the set of solutions of the generalized Riccati equatioreta b
convex part of the set of Lyapunov matrices for the stalnigzi
output feedback.



19O

* The case of fixed order dynamic output feedback

Te(t) = Acze(t) + Bey(t), (17)
u(t) = Cexe(t) + Dey(t), (18)

IS easily transformed to the static output feedback for ftstesn
dz(t) = [(Az(t) + Bu(t)]dt +
> oAz (t) + Bu(t)]dws(t), (19)

e T, (20)
= —G7Y, (21)



where

S|
|

1420
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Mean square stabilization via output feedback

Theorem5 The system (2), (3) Is mean square stabilizable via
output feedback if and only if there exist matricdes= M7,
R = R!' > 0 andL such that the generalized Riccati equation:

p
ATH+HA - HIR,(H)'H, +) o?ATHA; +
b |
Mon. ¥ 22)
p
whereH, = B"H + ) o2 B] HA; has positive definite solution
j=1
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H = H', satisfying the inequality
(A= B It HA=BK) +

p
> 03(A; — B;K)"H(A; — B;K) —
71=1

STR,(H) ' (B"H + Z 0;Bj H(A; — BjK)) -

=i

p
(HB+) o3(A; — B;K)"HB;j)R,(H)™'S +
j=1

p
S"R,(H)™"» o7B;HB;R,(H) 'S <0, (23)
7=
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where

14
S=LE;— (B"H+ ) o0;B] HA;)Ek, (24)
i
p
K = Ro(H) " (B"H +) o?B] HA)) (25)
=1

The corresponding robust output feedback control has time &b (8),
where the gain matrix is defined by the formula

p
G=R,(H) " (B"TH+) o}BJHA;+L)C". (26)
j=1
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LMI based algorithm

1. Assign noise intensities; based on given bounds of parameter:
uncertainties; (i =1,...,p).

2. Finda from the inequality (5) and replace the matdxo right
shiftedA, = A + ol.

3. Find matrixX as a solution of LMIs

o),

p
Bt (AoX + XAL +) o XA X TAX)BT <0
[=1

and calculate® = X!
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4. Find matrice) and R, satisfying the relations
B T e ()~

p
ALP+ PA,— (PB+) oA PB)R,(P) " (B"H +
==y,

p p
> 0fB/'PA)+> ofA[PA+Q=0.
[ =,

OSSR = RS - )
6. Find matrixk by the formula

p
K = R,(H) ™ (B"H +) o?B] HA;).
7=
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7. If the inequality
(el i B ot [T (AR NBL ) ot

p
> 03(A; — B;K)"H(A; — B;K) —
=

STR,(H) Y (BTH + Z 02B] H(Aj — B;K)) —
j=1

p
(HB+ Y 03(A; — B;K)"HB;)R,(H) 'S +
j=1

p
S"R,(H)™ > o;BHB;R,(H) "5 <0,
=

Is feasible, then calculate the gain matthstop;
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else find matrixd as a solution of the LMI optimization problen

traced — max;

L1 Tl

p
R,(H)""(B"H+) o}BlHA)) =

="

p
R,(P)™ (BTP+) o}B] PA))+ R,(P)"

=i

8. Pute = ¢ + Ac¢

9. If ¢ > 1, then stop, else go to step 6.

N

LY

o, o]

AQ?,
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Concluding remarks

e The problems of parametrization and synthesis of mean squalt
stabilizing output feedback controllers for a class ofdine
systems with multiplicative noise are studied in this paper

« A parametrization of a class of fixed-order linear outputifmseck
controllers that stabilize in the mean square a given sysem
presented.

e Necessary and sufficient conditions for output feedbackrobtear
to be mean square stabilizing one are obtained.

* Based on these results an LMI-based computational algofibin
robust control synthesis Is presented.
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Thank you very much for your attention!



