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1.2

Motivation of the ProblemMotivation of the Problem

Consider a control system with parameter uncertainty described by

the following differential equation

ẋ = Ax(t) + Bu(t) +

p
∑

i=1

γi(t)[Aix(t) + Biu(t)] (1)



1.2

Motivation of the ProblemMotivation of the Problem

Consider a control system with parameter uncertainty described by

the following differential equation

ẋ = Ax(t) + Bu(t) +

p
∑

i=1

γi(t)[Aix(t) + Biu(t)] (1)

and its stochastic counterpart in the form of the following Ito

equation:

dx(t) = [(A + αI)x(t) + Bu(t)]dt +
p

∑

i=1

σl[Aix(t) + Biu(t)]dwi(t). (2)
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Motivation of the Problem (cont.)Motivation of the Problem (cont.)

Bernstein (1987) used the model (2) with the right shift and

multiplicative noise for investigation of robust stability of system (1)

over a specified range of deterministic parameter variations. It allows

to obtain both static and dynamic output feedback robust stabilizing

controllers as a solution of nonstandard stochastic LQR problems.
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Motivation of the Problem (cont.)Motivation of the Problem (cont.)

Bernstein (1987) used the model (2) with the right shift and

multiplicative noise for investigation of robust stability of system (1)

over a specified range of deterministic parameter variations. It allows

to obtain both static and dynamic output feedback robust stabilizing

controllers as a solution of nonstandard stochastic LQR problems.

Let

y(t) = Cx(t), t ≥ 0, (3)

be output vector for both the systems and uncertainties in (1)

[γ1, . . . , γp] : [0,∞) → Rp, are measurable and satisfying the

inequalities

|γi(t)| ≤ δi, i = 1, . . . , p. (4)
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Motivation of the Problem (cont.)Motivation of the Problem (cont.)

Bernstein had shown that if the stochastic system (2), (3) ismean

square stabilizable via static or dynamic output feedback and

α >
1

2

p
∑

i=1

δ2
i

σ2
i

, (5)

then the uncertain deterministic system (1), (3) is robust stabilizable

via the same output feedback.
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Motivation of the Problem (cont.)Motivation of the Problem (cont.)

Bernstein had shown that if the stochastic system (2), (3) ismean

square stabilizable via static or dynamic output feedback and

α >
1

2

p
∑

i=1

δ2
i

σ2
i

, (5)

then the uncertain deterministic system (1), (3) is robust stabilizable

via the same output feedback.

Unfortunately don’t exists easily method of finding of stabilizing gain

as a solution of mentioned nonstandard stochastic LQR problems.

Moreover these problems belong to generalized "hard problems" in

control theory (Polyak and Shcherbakov, 2005)
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Statement of the ProblemStatement of the Problem

The purpose of this paper is to describe in a parametric form the set of

all mean square stabilizing linear output feedback controllers for the

system (2), (3) and based on parametrization results to formulate an

LMI based algorithm of synthesis of robust stabilizung controller for

the system (1), (3).
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Preliminaries. State space partitionPreliminaries. State space partition

The state space of the system (2) can be presented in the form of the

following partition

Rn = Im(CT) ⊕ Ker(C), (6)

whereIm(CT) andKer(C) are orthogonal subspaces. For any

x ∈ Rn we can write

x = xI + xK,

wherexI ∈ Im(CT) andxK ∈ Ker(C).
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State space partition (cont.)State space partition (cont.)

Define the matrices

EI = C+C, EK = I − EI, (7)

whereC+ is the Moore-Penrose inverse ofC. According to the

partition (6) the matrices (7) are projection matrices onIm(CT) and

onKer(C) correspondingly. We use the notationX⊥ for full rank

matrix orthogonal toX.
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Stochastic stabilizability definitionsStochastic stabilizability definitions

Consider a control law in the form of the static output feedback

u(t) = −Gy(t). (8)

An important role in the sequel plays also the state feedbackcontrol

u(t) = −Kx(t). (9)

De f in i t i on 1 The control law (8) is said to be stabilizing control if

it guarantees the exponential stability in the mean square (ESMS) of

the closed loop system (2), (8).

De f in i t i on 2 The control law (9) is said to be stabilizing if it

guarantees ESMS of the closed loop system (2), (9).
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Stabilization theoremsStabilization theorems

Theorem 1 The output feedback control (8) will be stabilizing if

and only if there exist positive definite symmetric matricesH and

satisfying the inequality

(A − BGC)T H + H(A − BGC) +
p

∑

i=1

σ2
l (Ai − BiGC)T H(Ai − BiGC) < 0. (10)

The functionV (x) = xT Hx is the stochastic Lyapunov function that

guarantees ESMS of the closed loop system.
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Stabilization theoremsStabilization theorems

Theorem 2 The output feedback control (9) will be stabilizing if

and only if there exist positive definite symmetric matricesH and

satisfying the inequality

(A − BK)T H + H(A − BK) +
p

∑

i=1

σ2
l (Ai − BiK)T H(Ai − BiK) < 0. (11)

The functionV (x) = xT Hx is the stochastic Lyapunov function that

guarantees ESMS of the closed loop system.
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Stabilization setsStabilization sets

Lo = {H = HT > 0, ∃G such that(A − BGC)T H +

H(A − BGC) +

p
∑

l=1

σ2
l (Al − BlGC)T H(Al − BlGC) < 0},

Ls = {H = HT > 0, ∃K such that(A − BK)T H +

H(A − BK) +

p
∑

l=1

σ2
l (Al − BlK)T H(Al − BlK) < 0}.
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Lyapunov matrices setsLyapunov matrices sets

X = {X = XT > 0, B⊥(AX + XAT +
p

∑

l=1

σ2
l XAT

l X−1AlX)B⊥T < 0},

Y = {Y = Y T > 0, CT⊥(AT Y + Y A +
p

∑

l=1

σ2
l A

T
l Y Al)C

T⊥T
i < 0}
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Riccati matrices setsRiccati matrices sets

U(X) = {R > 0, Q > 0, AT X + XA − (XB +
p

∑

l=1

σ2
l A

T
l XBl)Rσ(X)−1(BT X +

p
∑

l=1

σ2
l B

T
l XAl) +

p
∑

l=1

σ2
l A

T
l XAl + Q = 0}

W(Y ) = {Vi > 0, Wi > 0, AY + Y AT −

Y (CT V C −

p
∑

l=1

σ2
l A

T
l Y −1Al)Y + W = 0}
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Main parametrization theoremMain parametrization theorem

Theorem 3 Let a matrixH be given. Then the following statements

are equivalent:

H ∈ Lo, ; (12)

H > 0, U(H) 6= ∅, and W(H−1) 6= ∅; (13)

H−1 ∈ X and H ∈ Y. (14)

All the stabilizing static output feedback gains are given by

G = Rσ(H)−1(BT H +
p

∑

l=1

σ2
l B

T
l HAT

l )Q−1CT (CQ−1CT )−1 +

Θ
1

2 Λ(CQ−1CT )−
1

2 , (15)
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Main parametrization theorem (cont.)Main parametrization theorem (cont.)

whereΛ is arbitrary matrix such that

‖ Λ ‖< 1, H ∈ Lo, {R, Q} ∈ U(H) andΘ > 0 is defined by

Θ = Rσ(H)−1 − Rσ(H)−1(BT H +

p
∑

l=1

σ2
l B

T
l HAl)Q

−1[Q −

CT (CQ−1CT )−1C]Q−1[Rσ(H)−1(BT H +

p
∑

l=1

σ2
l B

T
l HAl)]

T .
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State feedback caseState feedback case

Theorem 4 Let a matrixH be given. Then the following

statements are equivalent.

(I) H ∈ Ls;

(II) H is the unique positive definite solution to the generalized

Riccati equation

AT H + HA − (HB +

p
∑

l=1

σ2
l A

T
l HBl)Rσ(H)−1(BT H +

p
∑

l=1

σ2
l B

T
l HAl) +

p
∑

l=1

σ2
l A

T
l HAl + Q = 0

for someQ > 0 andR > 0;
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(III) H > 0 and it satisfies

B⊥(AH−1 + H−1AT +

p
∑

l=1

σ2
l H

−1AT
l HAlH

−1)B⊥T < 0,

if BBT ≯ 0.

All the stabilizing state feedback gains are given by

K = Rσ(H)−1(BT H +

p
∑

l=1

σ2
l B

T
l HAl)

T ) +

R
−

1

2

σ (H)ΛQ
1

2 , (16)

where the matricesH, Q, R are the ones in (II) andΛ is an arbitrary

matrix such that‖ Λ ‖< 1.
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Preliminary remarksPreliminary remarks

• The set of all the Lyapunov matrices for the stabilizing output

feedbackL0 = {H : H−1 ∈ X , H ∈ Y} is not convex and the

problem of findingH remains open as in deterministic case. In

the case of the state feedback the set of all Lyapunov matrices is

convex:Ls = {H : H−1 ∈ X} and it is equivalent to the set of

all the positive definite solutions of the generalized Riccati

equation.



1.18

Preliminary remarksPreliminary remarks

• The set of all the Lyapunov matrices for the stabilizing output

feedbackL0 = {H : H−1 ∈ X , H ∈ Y} is not convex and the

problem of findingH remains open as in deterministic case. In

the case of the state feedback the set of all Lyapunov matrices is

convex:Ls = {H : H−1 ∈ X} and it is equivalent to the set of

all the positive definite solutions of the generalized Riccati

equation.

• The idea is helpful to find some simple additional conditionsto

the set of solutions of the generalized Riccati equation to be a

convex part of the set of Lyapunov matrices for the stabilizing

output feedback.
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• The case of fixed order dynamic output feedback

ẋc(t) = Acxc(t) + Bcy(t), (17)

u(t) = Ccxc(t) + Dcy(t), (18)

is easily transformed to the static output feedback for the system

dx̄(t) = [(Āx̄(t) + B̄ū(t)]dt +
p

∑

i=1

σl[Āix̄(t) + B̄ū(t)]dwi(t), (19)

ȳ = C̄x̄, (20)

ū = −Ḡȳ, (21)
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where

x̄ =





x

xc



 , Ā =





A + αI 0

0 0



 , B̄ =





B 0

0 In



 ,

C̄ =





C 0

0 In



 , Āi =





Ai 0

0 0



 ,

B̄i =





Bi 0

0 0



 , Ḡ = −





Dc Cc

Bc Ac



 .
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Mean square stabilization via output feedbackMean square stabilization via output feedback

Theorem 5 The system (2), (3) is mean square stabilizable via

output feedback if and only if there exist matricesM = MT ,

R = RT > 0 andL such that the generalized Riccati equation:

AT H + HA − HT
σ Rσ(H)−1Hσ +

p
∑

j=1

σ2
j A

T
j HAj +

M = 0, (22)

whereHσ = BT H +
p
∑

j=1
σ2

j B
T
j HAj has positive definite solution
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H = HT , satisfying the inequality

(A − BK)T H + H(A − BK) +
p

∑

j=1

σ2
j (Aj − BjK)T H(Aj − BjK) −

ST Rσ(H)−1(BT H +

p
∑

j=1

σ2
j B

T
j H(Aj − BjK)) −

(HB +

p
∑

j=1

σ2
j (Aj − BjK)T HBj)Rσ(H)−1S +

ST Rσ(H)−1
p

∑

j=1

σ2
j B

T
j HBjRσ(H)−1S < 0, (23)
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where

S = LEI − (BT H +

p
∑

j=1

σ2
j B

T
j HAj)EK , (24)

K = Rσ(H)−1(BT H +

p
∑

j=1

σ2
j B

T
j HAj) (25)

The corresponding robust output feedback control has the form of (8),

where the gain matrix is defined by the formula

G = Rσ(H)−1(BT H +

p
∑

j=1

σ2
j B

T
j HAj + L)C+. (26)
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LMI based algorithmLMI based algorithm

1. Assign noise intensitiesσi based on given bounds of parameters

uncertaintiesδi (i = 1, . . . , p).

2. Findα from the inequality (5) and replace the matrixA to right

shiftedAα = A + αI.

3. Find matrixX as a solution of LMIs

X > 0,

B⊥(AαX + XAT
α +

p
∑

l=1

σ2
l XAT

l X−1AlX)B⊥T < 0

and calculateP = X−1
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4. Find matricesQ andR, satisfying the relations

Rσ(P ) > 0, Q > 0,

AT
αP + PAα − (PB +

p
∑

l=1

σ2
l A

T
l PBl)Rσ(P )−1(BT H +

p
∑

l=1

σ2
l B

T
l PAl) +

p
∑

l=1

σ2
l A

T
l PAl + Q = 0.

5. PutH = P, ε = ε0.

6. Find matrixK by the formula

K = Rσ(H)−1(BT H +

p
∑

j=1

σ2
j B

T
j HAj).
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7. If the inequality

(Aα − BK)T H + H(Aα − BK) +
p

∑

j=1

σ2
j (Aj − BjK)T H(Aj − BjK) −

ST Rσ(H)−1(BT H +

p
∑

j=1

σ2
j B

T
j H(Aj − BjK)) −

(HB +

p
∑

j=1

σ2
j (Aj − BjK)T HBj)Rσ(H)−1S +

ST Rσ(H)−1
p

∑

j=1

σ2
j B

T
j HBjRσ(H)−1S < 0,

is feasible, then calculate the gain matrixG stop;
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else find matrixH as a solution of the LMI optimization problem

traceH → max;

H > 0;

Rσ(H)−1(BT H +

p
∑

l=1

σ2
l B

T
l HAl) =

Rσ(P )−1(BT P +

p
∑

l=1

σ2
l B

T
l PAl) + Rσ(P )−

1

2 ΛQ
1

2 ,





εI Λ

ΛT I



 > 0.

8. Putε = ε + ∆ε

9. If ε > 1, then stop, else go to step 6.
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Concluding remarksConcluding remarks

• The problems of parametrization and synthesis of mean square

stabilizing output feedback controllers for a class of linear

systems with multiplicative noise are studied in this paper.

• A parametrization of a class of fixed-order linear output feedback

controllers that stabilize in the mean square a given systemis

presented.

• Necessary and sufficient conditions for output feedback controller

to be mean square stabilizing one are obtained.

• Based on these results an LMI-based computational algorithm for

robust control synthesis is presented.
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