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3ang-Bang Control

r = Ax + bu
u| < p

-optimal control:

z(0) = x z(0) =0 f — min



Thelmpulse Control

dr = Az dt + 0dU(?)

dU . .
e u — generalized derivative

VarU < p
Time-optimal control:
z(0) = x z(0) =0 f — min

k

k
up(t) = Y aib(t—t;) D il <p
1=1 1=1

o <ti1<to<...<tp <0
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Problem 1. Minimize

JU(-)) = Var U(:) + p(x(t;1 +0)) — inf,

0,1
overU(-) € BV ([ty, t1]; R"™) subject to
dz(t) = A(t)x(t)dt + B(t)dU(t), t € [to,t1],
z(tg — 0) = xp.
Important particular case:

o(x) =06(x | {x1}): steer from(ty, zy) to (¢1, z1).
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Theldeal Scheme



The Value Function

The minimum ofJ (U (-)) with fixedinitial position
z(typ — 0) = xq Is called thevalue function

V(t(), .I()) — V(to, To; U1, 90())
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Calculating the Value Function

Decom
= fing

nose the problem into two parts:
optimalz; = x(t; + 0)

m finc

v(t07 0

optimalU (-) to steer from(¢, xp) to (¢, 1)

p )

. (p, z1 — X (%1, %0)0)

) = inf < o(x1) + sup -
z1C€R" X peER” ”B,()X/(tly .)pHC[to,tl] )

X (t,7) is the solution to

0X(t,7)/0t=A(t)X, X(r,7)=1.
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Calculating the Value Function ||
X(tl,to)l‘o—l—/lX(tl,t)B(t) dU(t):ZCl

(P, 1 — X (t1,t0)T0) = /tt1 (B'(t)X'(t1,t)p, dU(t)) <

< [max B'(t)X'(ty,t)p| - Var U(-)
t€[to,t1]

[toatl]

— X
inf Var U(") = sup -1~ X {1, )o)
[to,t1] pern || B'(+) X' (1, ')pHC[tO,tl]




T he Conjugate of the Value Function

The value function is convex and its conjugate equals
V*(t())p) — 90*(X,(7507 tl)p) T 5<X,(t07 tl)p ‘ BH'H[tO,tl])

where||pl[;, ;= [1B'(6) X (t1, )pll gy 0,)-

t=1t1 +0

7

P1
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Calculating the Conjugate

(fo, 7o) z1€R" | - perr || B'(+) X' (t1, )pHCtotl

( (p,r1 — X (t1,%0)70) }

/

V(to,v0) = inf ¢ @(r1)+ sup <p7$1X(751,t0)$0>}-

1 ER™ PEB)
\ [t0,t1]

V(ty,z0) = sup  inf {w(x1) + (p,x1) — (p, X(t1,%0)x0) }-

pEB”.“[tOﬂfl] x1€ER"™
V(to,z0) = sup  {—¢"(=p) — (p, X(t1,%0)w0) }.
PEB)
[to,t1]
V(to, o) = SURP {90*(19) — (p, X (t1,t0)w0) — (P ‘ B|| it )}
pER™ 1l
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ThePrinciple of Optimality

The value functiorV/ (¢, z; t1, ©(-)) satisfies
thePrinciple of Optimality

V(to, w03 t1, 0(+)) = V(to, wo; 7, VA(T, -5 21, 0(:)))

wherer € |ty, t1].

V (to, zo;t1, () ()

V(to, wo; 7, V(7,°)) VT, z;t1,0(-)) ()



ThePrinciple of Optimality I

In the general casE(ty, z;t1, ©(-)) < ¢(x), since

VE(t1,p) = ¢*(p) + o(B(t)p | By).

For example, ifp(x) = d(x | {x1}) andB(¢;) = I, then

v(tlax§t17 90(')) — ||517 — le-

However, due to the Principle of Optimality,

V(ty, z;t1, (7)) = V(t1, z; 1, V(E1, 5 81, 0(0)))-
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Dynamic Programming Equation

The value function it is the viscosity solution to the
Hamilton—Jacobi—Bellman equation:

min {Hl(t7x7 V%) Vx)a Hg(t,.f, ‘/ta vx)} — 07

V(t,z) = V(t1, z;t1, 0(+)).

Hl(tv €, §t7 ga}) — gt - <§CL’7 A(t)$>7
H(t,x,&, &) = min (&, B(t)u) + 1 = —||B"(1)&]| + 1.

ueS;
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The Control Structure

Hi(t,z) =0 — (t,x) — Hs(t,x) =0

| |

walt choose jump direction
dU(t) = 0 d=—B'(t)V,

choose jump amplitude
mina > 0: Hi(t,z + ad) = (

jump
U(T)=a-d-x(t—1)
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The Realistic Scheme



TheAdditional Constraint Approach

Introduce a hard bound on the contre(f) € 5, and
consider the corresponding problem:

Problem 2. Minimize

Tuul) = [ @l e+ pla(t) - int
overu(-) € Li([ty, t1]; R™) subject to

©(t) = A(t)x(t) + B(t)u(t), x(to) = 2o,

lu(®)] < p.
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The minimum ofJ, (U (-)) with fixedinitial position
x(ty) = x¢ is called thevalue function

Vi(t0, 2o) = Viu(to, zo; t1, ©(+))-

The value function of the Problem 2 is the viscosity
solution to the Hamilton—Jacobi—Bellman equation

aa? i {<%»A(t)x(t) + B(t)u> + HUH} =0,

uepuB,

Vﬂ(tlv ZI?) — gp(:lj)
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Calculating the Value Function

The value function of the Problem 2 is

V.(t,z) = sup { (p, X (t1,1t0)x0) —

_ “/t (IB/()X" (1, 7w 1), dr — w*(p)}’

and Its conjugate i Is

Vittn) =) +u [ (IBOX (00l -1, dr
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I'heConvergenceof V,

AS 1 — 00,
V.(t,x) = V(t, x), V;(t,:zj) — V*(t, ).

Under certain assumptions

0 < V,(t,x) = V(t,x) =O(u").

The HJB equation for Problem 1 may also be derived int
limit from the one for Problem 2, 35 — .

GSCP-04 — p.19/26



The optimal feedback control strategy for Problem 2 is th
minimizer in the HIB equation:

[ {0}, 4t

_ — 1- 8V

s (t,0) = § *‘?’ M= =B
{ MHCH}, 1<l > 1,

(in points wheréeV/, (¢, z) is differentiable in).
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Example: The Problem

[ dx(t) = zo(t) dt,

0<tK
\ das(t) = —ao(£) dt + AU (1),

Var U(-) — inf,
0,51

bo [y

)

\

21(0—0) =27, 22(0—0)=23, :(£+0)=0, x2(2+0)=0.
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jump down

jump up
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Example: Theldeal Trajectories




Not Solvable

Not Solvable
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