Available online at www.sciencedirect.com

sc.ence@n.“w

SYSTEMS
& CONTROL
LETTERS

www.elsevier.com/locate/sysconle

::3,« Terken
LSEVIER

Systems & Control Letters 111 (11IN) IN1—-011

Observer matrix gain optimization for stochastic continuous
time nonlinear systems

Alex Poznyak*, Alexander Nazin!, Daishi Murano
Department of Automatic Control, CINVESTAV-IPN, Av. 2508, AP14-740, CP07360 Mexico DF, Mexico

Received 21 August 2002; received in revised form 1 December 2003; accepted 20 February 2004

Abstract

It is shown that for a class of stationary stochastic nonlinear systems (satisfying a global Lipschitz condition) the high-gain
observer with a constant gain matrix may guarantee an upper bound for the averaged quadratic error of state estimation.
The nonlinearity is assumed to be a priory known. The main contribution of this paper consists in designing of a numerical
procedure for the optimal gain matrix minimizing this upper bound. The convergence analysis of this procedure is presented
as well as an example illustrating its finite steps workability: it is shown that within a neighborhood of the optimal matrix

gain the others provide lower estimation performance.
(© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

When the exact and complete knowledge on cur-
rent states of a dynamic plant is impossible by dif-
ferent reasons (stochastic disturbances, direct sensors
absence, etc.), the use of a state estimator (observer)
is compulsory to realize a successful closed-loop
control. The publications dealing with this concept
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usually tackle two types of dynamic models: deter-
ministic and stochastic.

Deterministic observers: In the situation when the
plant model is incomplete or uncertain, the implemen-
tation of high-gain observers seems to be convenient
[26,10,14,2]. Most of the known results, dealing with
this technique, assume that the system neither contains
any external disturbances nor has internal unmodeled
dynamics. But if such uncertainties and disturbances
take place, then another min—max approach is usu-
ally applied where the “max”-operation is taken over
the set of uncertainty and the “min” corresponds to the
construction of the best state estimation. Usually the
exact solution of this min—max problem is extremely
hard task, that’s why the approach related to the con-
structions of estimations which minimize an error up-
per bound is mostly used [3,4,9,17,18,21-25,30].

Stochastic observers: For the class of stochas-
tic nonlinear dynamic models, even the complete
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information is a priory available, the situation with
optimal state estimation turns out to be much more
complex since it is related with the solution of the,
so-called, Duncan—Mortensen—Zakai partial differ-
ential equations [33], which has a finite-dimensional
solution only for linear models that corresponds to
well-known Kalman filter. Any finite-dimensional
observer design demands some sort of approxima-
tions (as well as for the deterministic case) re-
lated to a minimization of an upper error bound
[6,13,31,20,19,32,8,12,1,5,15,16,27-29]. None of
these papers discusses the problem of the best (from
some point of view) selection of the parameters of
the suggested observer (filters).

In this paper, we follow the approach developed in
[16] and show that for stationary stochastic nonlinear
systems (satisfying a globally Lipschitz condition) the
high-gain observer with a constant gain matrix may
guarantee a tight (sharp) upper bound for the averaged
quadratic error of state estimation. The nonlinearity in
the right-hand side of the model dynamics are assumed
to be a priory known. The main contribution of this
paper consists in the designing of a numerical proce-
dure for the optimal gain matrix construction, which
minimizes this upper bound. The convergence analy-
sis of this procedure is presented as well as an exam-
ple illustrating its finite steps workability: it is shown
that within a neighborhood of the optimal matrix gain
the others provide less estimation performance.

2. Nonlinear stochastic system and observer

Let (Q,F,{F,};>0,P) be a given filtered probabil-
ity space with a complete probability space (€2, F, P);
g-algebra Fy contains all the P-null sets from F, the
filtration {F,};>¢ is right continuous, that is F,, :=
(=, Fs = F;. Define an m-dimensional standard
Brownian motion, that is {F t},zo-aQapted, R™-valued
random process (W,,¢t = 0) (with Wy = 0) such that

E{W,—WJF}=0, Wy=0 as,
E{[W,—WIW,—W'|F} = —s)I
as., s<t.

Consider stochastic nonlinear continuous-time system
with the state dynamics x, and the observable output y,

given by

t
X =xo + / [Axs + f(s,x5)] ds
s=0

t
+ O-X(Saxs)dW_)yC:
s=0

t
—— / [Cx, + h(s,x)] ds
s=0

t
4 / ¥ (s, I, (1)

=0

or, in the abstract (symbolic) form
dx, = [Ax, + f(t.x)]dt + " (t,x,) dWT,

xo=2x, t€]0,00),

dy, = [Cx; + h(t,x,)]dt + 67 (t,x,) dW]. 2)

The first integral in (1) is a stochastic ordinary integral
and the second one is an It6 integral. In the above,
Xx; € R" is system state at time ¢, the initial state xo=x is
assumed to be given (may be, random), y, € R¥ is the
output, 4 € R"*" and C € R¥*" are given matrices (i.e.,
a priory known), f:[0,00) X R" — R", 6% :[0,00) X
R" — R™" Y :[0,00) X R" — RF*™ and h : [0, 00) x
R" — R*. Below we use the following notations:

_ 7
Wt = - .
wi

It is assumed that

Al: {F:}+>0 is the natural filtration generated by
(W, t = 0) and augmented by the P-null sets from F'.

Definition 1. Let L, be a finite nonnegative constant
and A, be a positive definite 7 x n-matrix. Borel func-
tion g : [0,00) X R" — R" is said to belong to the class
Fa(Ly, Ay) if it is C? (twice continuous differentiable)
in x (almost everywhere with respect to the Lebesgue
measure) for any ¢ €[0,00), g(,0) = 0, and for all
t€[0,00) and x, X € R" the following Lipschitz con-
dition holds:

||g(t’x) - g(tax\)

%+ lg:(x) = g6, )15,

< Lng - X

2
Ay
Here g,(z,x) stands for the gradient of vector-function
g(t,x) by x.
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Consider observer given in the following
Luenberger-like form:

dxX; = [AX; + f(£,%;)] d¢
+K[dyr — (CX; + h(1,%,)) dt] (3)

with Xo as an arbitrary fixed initial condition. Here
K, stands for a matrix gain which is measured with
respect to the o-algebra

G, := o{y., % |T€[0,1]}. 4)
Denote the estimation error by
Al‘ = .ft — X¢, (5)

whose dynamics, in view of (2) and (3), is governed
by

dd, =44, dt + [ f(,%,) — f(t,x,)] dt
+K[dy; — (CR, + h(%,, 1)) dt] — " (£,x,) AW
=AA, dt + [ f(t,X,) — f(t,x;)]dt + K, [ — (C4,
+h(X;,t) — h(t,x;))dt] + o(t,x,)dW,, (6)
where
a(t,x,):=[—c"(t,x,), K,a”(t,x,)]. (7

To analyze the behavior of the state estimate (5), in-
troduce the Lyapunov function given by

Vi= AP, (&)

with 0 < P, = P] € R"". By the 1t6 formula [7] and
in view of (6), it follows:

dV, = ATP, A, dt 4+ 2(P,A,,dA,)
+tr{o-(t:vxt)a(l"xl )TPt} dt (9)

The direct substitution of (6), leads to following
expression:

(Pd;,dAy = (PiAr, AA At + [ f(6,5) — f(8,x,)] de
+Ki[ — (CA; + h(%,, 1) — h(t,x,)) df]
+o(t,x,)dW,). (10)

Let us analyze each term in (10).

1. The following identity holds:
2(P; A, AA,) = A (P,A + AP,)4,.

2. For any positive definite matrix A, and for any
S €F2(Ly, Ay), it follows:

2Py, [f (%) — f(&x0)])
S MPALPA A | f(050) = f(x0)l5,
< A,T[PtA;IP, + Ly Af]4,.
3. Furthermore,
2(P A, Ki[ — (CA; + h(x, 1) — h(t,x,))])
= — A][PK,C + (K,C)' P4, dt
+2(P Ay, [h(t,x;) — h(X;, 1)) dt).

Again, by the same inequality, for any positive
definite matrix A, and for any & € Fy(Ly, A;), we
derive

2<K[TPl‘Atah(taxt) - h()etat)>
< ATPK A KT PA,
At x) — kG|,

< ATPK A KIP, + Ly AR A,

If take P, verifying the differential Riccati equation
— P, =P(A—KC)+(4—-KC)'P,
+P(A + KA KPP A+ (LA g + LyAy)
+0o, (1)

then, the direct application of all inequalities given
above to (9) implies

4V, < —ATQo A, dt + 2(P, Ay, a(1,x,) dW,)
+tr{a(t,x,)o(t,x;) P, } dt.

Integrating this inequality over the time interval [0, ¢]
we obtain

1 t
- / ATQy A, dz
tJo

1 t
< ;/ tr{o(t,x;)o(t,x. ) P} dt
0
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1/ - 1
+2 ;/ <P‘EA‘E,0(T3X‘L’)dW‘E> + ?(V() - I/[)
0

Since P; is supposed to be a stable solution of (11),
the process is quadratically integrable by Lemma 2 in
[16], it follows that:

1

t
?/ (P Ar,0(t,x.) dW,) 250
O n—oo

and, as a result, the upper bound to the averaged
quadratic state estimation error is as follows:

1 t
J:zlimsup;/ AT Q4. dt
0

—00

1 t
< lim sup " / tr{o(t,x;)o(7,x;) P, } dt
0

t—o0

t
2 limsuP%/ tr{[ — o*(t,x,), K;0”(£,x,)]

t—o00 0

[ — " (t,x,), K:o”(t,x,)]" P} dr.
(12)

3. Stationary noise case

3.1. The upper bound for the state estimation error
If o*(¢,x,) and ¢”(z,x;) are constant matrices, that

is,

o*(t,x;,) =0 =const, a¢”(t,x,) =0 = const

(13)
and the gain matrix is chosen stationary as well, i.e.,
K, := K = Const, (14)

then the upper bound J; in (12) can be expressed as
follows:

JL I =] o, Ko'][ - o", Ko’ P}
= tr{[c"c"" + Ko’ ¢”"K"|P}, (15)

where K is selected in such a way to guarantee the
existence of a nonnegative solution P (non obligatory
a strictly positive one) the following algebraic Riccati
equation:

P(4—KC)+ (4 —KC)'P+ PRP + 0 =0,
41 —1
R:=A;"+ KA, 'K,

0= Lf/lf—l—Lh/lh ~+ Qo. (16)
3.2. Gain-matrix optimization

Let us formulate the following optimization
problem:

J, = tr{[¢*c"" + Ko'a’TKT|P} — min, (17)

subjected to constraint (16) together with the condition
of P to be nonnegative definite.

To obtain an optimality condition, define the corre-
sponding Lagrange function as

LK,P,A):=J, —tr{[P(4 — KC)
(4 —KC)'P+PRP + Q]4}.  (18)

Then using the following rules:

0

v Tyl i T _ vgT
Sy X=X (X4 + YB)} = XB,

i — i _ M — 5 T
3K Jy K tr{[ — 0",Ka”][ — 6", Ka”] P}
=207(¢”)'K'P

and calculating the corresponding derivatives, we
obtain

% L(K,P, A) = 2PKa’ 6" 4+ 2PACT
[0)
—2PAPKA; ",

a%L(K,P,A) =[—d", Ka’][ - ", K]

—(A—KC)A"T — AT(4 — KC)T
—(RPA)" — (APR)",
that implies the following optimality condition:
2PKa? " +2PACT — 2PAPKA; ' =0,
[ -6, Ka”'][ — ¢",Ka”"]" — (4 — KC)AT
—AT(4 — KC)" — (RPA)" — (APR)" =0,

P(A—KC)+ (4 —KC)'P+ PRP+Q =0,

R:= A"+ KA, 'K
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Notice that A in (18) may be selected as symmetric
matrix since for § = ST

tr{SA} = tr{(SA)"} = tr{A"S} = tr{SA"}
=tr{S(A" 4 A)/2} = tr{SA},

A:=AT+4)2=A",

In view of this, the last relations can be transformed
to the following:

Fi(K,P,A):=K(c”d”TA,) + AC™ 4,

—(AP)K =0, P >0,

Fy(K,P, A) := " (¢*)" + Ka”(¢”)'K",
—(4 — KC + RP)A — A(4 — KC + RP)" =0,
(19)
F3(K,P):=P(4 —KC)+ (4 —KC)'P

+PRP + 0 =0,
e —1
R:= A7+ KA KT

Remark 2. The necessary optimality conditions (19)
are also the sufficient ones. To show this fact let us
represent the original problem (17) and (16) in the
new variables P,Y = PK that leads to the following
problem:

o Tp—1 .
Jy =tr{SP+YS,Y'PT '} — Kn131>r10,

Sy =007 >0, S,:=0"¢"T >0,
PA+A"P—-YC—-C"Y"4+ PRP+Q=0. (20)

Let us show that the aim function in (20) is convex
in P, Y. First, notice that to prove that, it is sufficient
to prove the convexity of the function

f(Y,P):=uf{YS,Y'P '} (21)

Second, also notice that the matrix space M = R"*" is
a Hilbert one with the scalar product (X, Y) =tr{XY"}
where the linear operator 4: M — M, defined by a
matrix 4 € R"*", acts as A(X) =AX.If 4 > 0, then

(AX, X) = tr{AXX"} = tr{XT4X}
=t {(XT4"?)(4"2X)}

= tr{((4"2X)T(4'?X))} > 0.

It means that the property of positivity (semi-positivity)
of operators A(X) in M is induced by the corre-
sponding property for the matrices 4 € R"*". Let us
consider the function

o(o, p) = f(Y +aZ,P + pO)
= tr{(Y + aZ)S,(Y +aZ)" (P + Q) "}

defined for any Z € M and Q = Q. Calculating the
derivative of ¢(a, f) in the point ¢(0,0), we get

¢y =t{(ZS,Y" +¥S,Z")P '},
pp=tr{YS,Y'P~'oP~ '},

Ooy = 2tr{Z8, 2P~}

=2tr{P"?28,Z"P'*} > 0,

ppp =tr{YS,Y'P~'oP 0P}

=tr{P~[OP7'YS,YTPT'QIP7*} > 0,

@up =tr{(ZS, YT + YS,Z")P~'OoP~ '}

To show the convexity of f(Y,P) (21) it is sufficient
to check if

9(Z,0) = PaoaPpp — (Piﬁ =0

for any Z€M and Q = Q7, that follows from the
Cauchy—Bounyakovski inequality

(P~'7,2)(PUU) = (U,Z)?,

since

9(Z,0)=4(zS,Z"P~"\(ZS,Y" + YS,Z",
p~(pP~HoP™"),

—(z8,Y" +Y8,Z",P~'oP~")?
=4((P~'2,Z)(PUU) — (U,2)*) > 0,

7 ._ ql)2 . Ql2p—1 —1
Z:=8*z, U:=s)*PlopP7'Y.

Taking into account that for R > 0 the constraints are
also convex, we obtain the convex problem for which
the necessary conditions are sufficient ones as well.
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Introducing the Lagrange function

L(Y,P,A) := tr{S,P + YS, Y P~ '},

—tt{[PA+ A"P — YC — C"Y" + PRP + Q]4}

and deriving (analogously to (19) the corresponding
conditions of optimality, we get the equations which
in the origin variables (K, P) coincide with (19).

3.3. Numerical procedure

Consider the following numerical scheme:

1. Choose an initial K.

2. With this value of K use F3 =0 (Riccati equation)
to obtain the value for P;.

3. With K; and P; obtain A, using Fr=0.

4. Solving F{ =0 for the obtained values P,, A, cal-
culate K>.

5. Repeat the steps 2—-4 to obtain the optimal
values.

6. We stop the procedure if |K,1 — K,|| < &(e > 0).

So, forn=1,2,..., we have
P, is found from F3(Kn,Pn) =0,
A, is found from F_’Z(K,,,P,,, A,)=0,
K, is found from F_’I(K,,H,P,,, A,)=0. (22)

This procedure can be rewritten in the algorithmic re-
current form. To do that let us introduce two following
operators:

1. Syl(4,B,Q): R x R"™" x R"™" — R"*". This
operator defines the matrix solution X € R"*" to
the Sylvester equation

AX + XB" = -0,
A,X,B,Q e R"™", detd # 0,
which has the unique solution
X =Syl(4,B,0)
= —col ' {[I + 47" ©@ B"] 'col{4'B}},

(A" ® BT is the Kronecker matrix product) if
and only if 4; + p; # 0 for any i,j = 1,...,n,
where /; are the eigenvalues of 4 and p; are the

eigenvalues of B. If 4 = B this equation is known
as the Lyapunov equation.

2. Ric(4,R, Q) : R™" x R™" x R"™" — R"™ " This
operator defines the unique positive matrix solution
P € R"™" to the algebraic matrix Riccati equation

PA+ AP+ Q — PRP =0,

which provides the stability to the matrix A¢josed :=
[A—RP] if the pair (4, B) is completely controllable
and one of two conditions is fulfilled: either Q > 0,
or O may be represented as Q = C"C such that the
pair (47, C") is completely observable.

In view of this definition the numerical procedure
(22) may be represented as

P, =Ric([4 - K,C],[ - R], 0),

A, =Syl([ — 4 + K,C — RP,],
[— A4+ K,C — RP,],
[0* (") + K, (a*)K]]),

Ky = SYN[ — A,P,),[07 0T 4,1, [4,CT A4]).

3.4. Monotonicity property and convergence

By (22), it follows:

3)

Jo (K PY 2 T (K POE LK, Py A)

Q)
> L(Kn+l’Pn’An)

(3)

= L(KnJrl,PnJrlyAn)

= J1(Kis1, Pusr)- (23)
Therefore, since J. (K, P) = 0, we obtain

Ji (K Py) — J* =0,

Using the strict convexity property of (17) in K
and P, the monotonicity implies the convergence
Kipoo — K*, P — P*. The uniqueness

of the limit points K* and P* also follows from the
structure of (17).

nn—oo
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3.5. The comparison to the Kalman filter.: the
scalar case

For a stationary linear system, having the given
(4, B, C, D)-realization, the Kalman filter has the same
structure as (3) with f(¢,X,) = 0, A(t,x,) = 0 for all
t =0, £, € R". Assuming that ¢”(¢”)" > 0, this filter
provides the minimal estimation error covariance ma-
trix P := lim,_, E{4,4]} satisfying (see, for exam-
ple, [11]) the following matrix Riccati equation:

PA" + AP + Q — PRP =0,
0=0d'(c"),
where the filter gain matrix K is equal to K =

PC"[6*(6*)']™". Considering, for the simplicity, the
scalar case (n = 1), one may find the solution of (24)

2 2
g’ "

P=|— A A? Cc— . 25

On the other hand, problem (17) for n = 1, which has

the form (Ly =L, =0)
J=((") + (¢")K*)P — min,

R=Kd”(¢”)'K", (24)

2P(4 —KC)+ 0 =0,

0=00:=1,

can be represented as

((6*)* + (a7 )’K*)Q
2|4 — KC|

P >0, (4A—KC) is stable

J=J(K)= — min. (26)

The solution of this problem is given by

24

O'X 2
K=K*=C"'|4+ A2+(C )

The substitution of K*into (26) implies

2 2
J(K*) = (‘g) A+ |42+ (szy)

that exactly coincides with (25). This simple exam-
ple shows that the obtained minimal upper bound is
“tight”, that is, there exists a class of systems (in this
case, the class of unidimensional linear stationary
systems) for which the obtained upper bound is
reachable.

3.6. Example

Let the nonlinear stochastic system is given by

daxye = [ — 5x1,0 + 337 + 0.05 sin(wr)] dt
+0.01dW7,
dxy,e = [2x)7 — 4xz,, + 0.08 cos(wt )] dt + 0.01 dIF%,

dy, = Cdx; +0.01dW;
with

C:[l 1], (021, xl,on.l; x2,0=0.3.

Using the methodology analyzed in this paper we
obtain the optimal matrix gain K* as

0.7188
K= .

1.1259
To demonstrate the effectiveness of the methodology
proposed we select 2 gain matrices for the comparison

4.7188 0.1188
K,= , K = )

5.1259 0.2125
The figures below show that both matrices K, and X;
provides more than 3 times less performance to the
estimation process (Figs. 1 and 2).

The performance index (see Fig. 3) after 10 s for
each value of K are as follows:

t
lt:m:(t—l)*‘/ |4.]]> dT =2.209 x 1077
=1

for K*,
L—10 =821 x107% for K,
I_10=7.168 x 107° for K.

Fig. 4 shows that the given optimization problem has a
unique minimal point that corresponds to the optimal
gain.

4. Conclusion

The suggested approach may have a wide spectrum
of potential applications dealing with the state esti-
mation (filtering) of nonlinear systems for which an
optimal finite-dimensional filter cannot be designed
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in principle. A simple numerical algorithm, suggested
here for the optimization of the observer gain matrix,
can be realized before the main state estimation pro-
cess using the standard Matlab procedures based only
on a priori available information. Further develop-
ments may be related to a design of a robust observer
for nonlinear systems which nonlinearity is unknown
exactly but belongs to a given class.
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