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Abstract—A frontier estimation method for a set of points on a plane is proposed, being
optimal in L1-norm on a given class of β-Hölder boundary functions under β ∈ (0, 1]. The
estimator is defined as sufficiently regular linear combination of kernel functions centered in the
sample points, which covers all these points and whose associated support is of minimal surface.
The linear combination weights are calculated via solution of the related linear programming
problem. The L1-norm of the estimation error is demonstrated to be convergent to zero with
probability one, with the optimal rate of convergence.

1. INTRODUCTION

Many proposals are given in the literature for stating a problem and defining an estimation
method for a set S ⊂ R

2 based on a finite random set of points drawn from the interior. This prob-
lem of edge or support estimation arises in classification [1], clustering problems and discriminant
analysis [2, 3], and outliers detection [4]. Applications may be also found in medical diagnosis [5] as
well as in condition monitoring of machines [4]. In image analysis, the segmentation problem can
be considered under the support estimation point of view, where the support is a convex bounded
set in R

2 [6]. We also point out some applications in econometrics (e.g., see [7]). In such and all
other cases, when the unknown support can be written in the form

S , {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ f(x)} , (1)

where f : [0, 1] → (0,+∞) is an unknown bounded function, the problem reduces to estimating the
boundary function f (see [8], for instance). The data consist of pairs (X,Y ) where X represents,
for instance, the input (labor, energy or capital) used to produce an output Y in a given firm.
In such a framework, the value f(x) can be interpreted as the maximum level of output which is
attainable for the level of input x.

An early paper in the field [9] was written for independent identically distributed observations
from a density φ. The proposed estimator is a kind of histogram based on the extreme values of
the sample. Subsequently, this work was extended in two main directions.

On the one hand, piecewise polynomial estimators were introduced, which are defined locally
on a given slice as the lowest polynomial of fixed degree covering all the points in the considered
slice. Their optimality in an asymptotic minimax sense is proved in [6, 10] under weak assumptions
on the rate of decrease α of the density φ towards 0. Extreme values methods are then proposed
in [11, 12] to estimate the parameter α. Notice, that estimating f can also been considered as a
regression problem Y = f(X)+ ε with negative noise ε. In this context, local polynomial estimates
are introduced; e.g., see [13, 14].
1 The research has been carried out during the visits to LMC-IMAG (Grenoble–I University) and INRIA Rhône-

Alpes, MISTIS project, France, in the year of 2004.
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On the other hand, different propositions for smoothing Geffroy’s estimator were made in the
case of a Poisson point process. In [15], the introduced estimators are based on kernel regressions
and orthogonal series method [16, 17]. Similarly, a Faber-Shauder estimator has been proposed
in [18]. A general framework for studying estimators of this type is described in [19], as well as the
generalizing to sets of the type

S = {(x, y) : x ∈ E; 0 ≤ y ≤ f(x)},

where f is an unknown function and E an arbitrary, given set.
Note, that the limit distribution of the estimator is established in all these works. We also refer

to [20, 21], where similar smoothing approach has been developed for the Poisson process without
extreme values application.

The estimator proposed in [22, 23], can be considered to belong to the intersect of these two
directions. From the practical point of view, it is defined as a kernel estimator obtained by smooth-
ing some selected points of the sample. These points are chosen automatically by solving a linear
programming problem to obtain an estimated support covering all the points and with smallest
surface. From the theoretical point of view, this estimator is shown to be consistent for the L1 norm.

In this paper (see also [24]), we propose essential modifications of the method introduced
in [22, 23]. First, a corrected kernel is proposed ensuring a centered bias over all the estimation
interval. Second, some regularity constraints are introduced in the optimization problem guaran-
teeing the necessary estimator regularity. The resulting estimator reaches the optimal in L1-norm
minimax convergence rate (up to a logarithmic factor). Note also, that we consider more general
w.r.t. [22, 23] class of the Hölder functions which depends not only on Lipschitz constant L, but
on exponent parameter β ∈ (0, 1]; under β = 1 we arrive at the case studied there in [22, 23].

The paper structure is as follows: the problem and the estimator are described in Section 2,
and some preliminary properties of the estimator are formulated in Section 3 and proved in the
Appendix; in the subsequent section, the main results are described, and their proof is postponed
to the Appendix too.

2. PROBLEM STATEMENT AND FRONTIER ESTIMATOR

Let all the random variables be defined on a probability space (Ω,F , P ). The problem under
consideration is to estimate an unknown positive function f : [0, 1] → (0,∞) on the basis of ob-
servations ZN = (Xi, Yi)i=1,...,N with independent pairs (Xi, Yi) being uniformly distributed in the
set S defined as in (1). For the sake of simplicity and without generality restriction, we further
consider functions f defined over all number axis R, defining f(x) = 0 for all x /∈ [0, 1]. Introduce
functional

Cf ,
1∫

0

f(u) du =
∫
R

f(u) du . (2)

Thus, random variables Xi are distributed in [0, 1] with the density f(·)/Cf , and Yi have the
uniform conditional distribution with respect to Xi in the interval [0, f(Xi)].

In what follows we assume f ∈ Σ[0,1](β,Lf,β ), 0 < β ≤ 1, that is function f : [0, 1] → (0,∞) is
β-Hölder with constant Lf,β :

|f(x) − f(u)| ≤ Lf,β |x − u|β ∀x, u ∈ [0, 1] . (3)
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The considered estimator is chosen from the following family of functions:
f̂N (x) =

N∑
i=1

αi Kh(x,Xi) , Kh(x, t) =
g(x)
h

K

(
x − t

h

)
αi ≥ 0, i = 1, . . . , N,

(4)

where K(·) is a sufficiently smooth basic kernel function K : R → [0,+∞) meeting normalization
condition ∫

R

K(u) du = 1

and having the interval [−1, 1] as its support; the bandwidth parameter h ∈ (0, 1/2) depends on
the sample size N such that h → 0 as N → ∞; function

g(x) =

 x/h∫
(x−1)/h

K(t) dt


−1

, x ∈ [0, 1] , (5)

corrects the basic kernel K at the boundaries of [0, 1], i.e., when x ∈ [0, h) or x ∈ (1−h, 1]. Indeed,
g(x) ≡ 1 on x ∈ [h, 1 − h], while g(x) > 1 when x ∈ [0, h) and/or x ∈ (1 − h, 1].

One may easily observe that

1∫
0

Kh(x, u) du = 1 ∀x ∈ [0, 1] (6)

and, consequently, due to interplacing the integral and the derivative,

1∫
0

∂

∂x
Kh(x, u) du = 0 ∀x ∈ [0, 1] . (7)

Note, that Eq. (7) may be verified directly, see [24].
Denote Kmax , max K(t), gmax , sup

x,h
g(x) and introduce functionals

Cβ(ϕ) ,
1∫

−1

|t|β |ϕ(t)| dt , ϕ ∈ C 0([−1, 1]) , (8)

Cβ(K,K ′) , gmax KmaxCβ(K) + Cβ(K ′) . (9)

We also denote by Lϕ a Lipschitz constant for function ϕ : R → R, that is

|ϕ(s) − ϕ(t)| ≤ Lϕ|s − t| , (10)

with Lϕ < ∞. The indicator function is denoted by 1{·} which equals 1 if the argument condition
holds true, and 0 otherwise.

As it is proved below in Lemma 1 the surface of the estimated support

ŜN , {(x, y) : 0 ≤ x ≤ 1 , 0 ≤ y ≤ f̂N(x)} (11)

may be approximated as follows:

1∫
0

f̂N (x) dx =
N∑

i=1

αi + O(h) . (12)
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This naturally suggests to define the parameter vector α = (α1, . . . , αN )T as a solution to the
following optimization problem:

J∗
P , min

α

N∑
i=1

αi (13)

subject to

f̂N (Xi) ≥ Yi , i = 1, . . . , N , (14)

|f̂ ′
N (Xi)| ≤ Lf,β gmaxCβ(K,K ′)

log N

Nh2
, i = 0, . . . , N + 1 , (15)

Cαh ≥
N∑

i=1

αi 1{(j − 1)/mh ≤ Xi < j/mh} , j = 1, . . . ,mh , (16)

0 ≤ αi , i = 1, . . . , N, (17)

where parameter mh = bh−1c stands for the integer part of 1/h . This optimization problem may
be formally written as linear program (LP)

J∗
P , min

α
1T

Nα (18)

subject to

Y ≤ Aα , (19)

abs (Bα) ≤ Lf,β gmaxCβ(K,K ′)
log N

Nh2
1N , (20)

DT α ≤ Cαh1mh
, (21)

0 ≤ α . (22)

Here the vector inequalities and function abs(·) of a vector variable are treated componentwise, the
i-th component of vector abs(x) equals |xi|. There is a positive parameter Cα in the constraints
(16) and (21): its value will be discussed in Section 4. Moreover, the following notations have been
introduced:

X0 , 0, XN+1 , 1, (23)

1N , (1, 1, . . . , 1)T ∈ R
N , (24)

A , ‖Kh(Xi ,Xj)‖i,j=1,...,N , (25)

B ,
∥∥∥∥∥ d

dx
Kh(x,Xj)

∣∣∣∣
x=Xi

∥∥∥∥∥
i,j=1,...,N

, (26)

D , ‖1{(j − 1)/mh ≤ Xi < j/mh}‖i=1,...,N ; j=1,...,mh
, (27)

Y , (Y1, . . . , YN )T . (28)

The main point of constraints (14)–(17) and/or (19)–(22) becomes clear in the following section
after introducing assumptions and establishing the preliminary results.
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3. ASSUMPTIONS AND PRELIMINARY RESULTS

The basic assumptions on the boundary function are as follows:
(A1) 0 < fmin ≤ f(x) ≤ fmax < ∞, for all x ∈ [0, 1],
(A2) |f(x) − f(y)| ≤ Lf,β |x − y|β, for all x, y ∈ [0, 1], with a fixed constants Lf,β < ∞ and

β ∈ (0, 1].
The following assumptions on the kernel function are introduced:
(B1) Kernel K : R → [0,∞) has a compact support: supp

t∈R

K(t) = [−1, 1],

(B2)
∫ 1
−1 K(t) dt = 1,

(B3) Function K is three times continuously differentiable.

Note, that gmax =
(
min

{∫ 1
0 K(t) dt,

∫ 0
−1 K(t) dt

})−1
; in particular, gmax = 2 for any even

kernel K(·) meeting conditions (B1), (B2). We quote two preliminary results on the estimator f̂N .
First, the surface ŜN of the related support estimate is approximately

∑N
i=1 αi, see (12). Second,

the function f̂N is Lispchitzian. The proofs are postponed to the Appendix.

Lemma 1. Suppose assumptions (B1), (B2) are verified, and 0 < h < 1/4. Moreover, let con-
ditions (16) and (17) hold true for mh = bh−1c. Then the surface of the estimated support (11)
meets the following inequalities:

−2CαKmaxh ≤ ŜN −
N∑

i=1

αi ≤ 4Cα(gmax − 1)Kmaxh . (29)

Remark 1. In fact, only one part of Lemma 1 is used in what follows, that is the upper bound
for the estimator surface given by the right hand side (29).

Remark 2. Lemma 1 as well as the further results may be easily extended to basic kernels K(·)
having also negative values: then Kmax , max |K(t)|, and g(x) > 0 ∀x ∈ [0, 1] should be addition-
ally assumed.

Lemma 2. Suppose assumptions (A1) and (B1)–(B3) are verified. Let estimator f̂N be defined
by LP (18)–(22). Moreover, let h → 0 as N → ∞ such that

lim
N→∞

log N

Nh
= 0 . (30)

Then, there exists almost surely (a.s.) finite N4 = N4(ω) such that for any N ≥ N4 the Lipschitz
constant for the estimator f̂N over the interval [0, 1] is bounded as follows:

L
f̂N

, max
x∈[0,1]

|f̂ ′
N (x)| (31)

≤ 2Lf,β gmaxCβ(K,K ′)
log N

Nh2
. (32)

Remark 3. As it can be seen from the proof of Lemma 2, namely from (A.11), (A.12), one might
slightly decrease the number of constraints (15) on the estimator derivative (13)–(17). In fact, one
could impose those type of constraints not at each point Xi, i = 1, . . . , N . It would be enough to
do at the points with the distance O

(
(h log N/N)1/2

)
between them, or at least o

(
(h log N/N)1/2

)
in order to keep the same Lipschitz constant for f̂N as is given by Lemma 2.
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It appears that the estimator f̂N being the solution to the optimization problem (13)–(17) or to
its equivalent LP version (18)–(22) defines the kernel estimator of the support covering all the points
(Xi, Yi)i=1,...,N and, approximately, having the smallest surface, up to the term O(h) specified in
Lemma 1. Moreover, constraints (15), (16) or (20), (21) ensure f̂N ∈ Σ[0,1](1, Lf̂N

) with a particular
Lipschitz constant L

f̂N
given in Lemma 2. The constraint αi ≥ 0 for all i = 1, . . . , N ensures that

f̂N (x) ≥ 0 for all x ∈ [0, 1] since the basic kernel K is chosen to be non-negative; this seems to be
natural for function f(·) is positive. Finally, note that the above described estimator (4), (18)–(22)
may be treated as the approximation to Maximum Likelihood Estimate related to the estimation
family (4); see [23] for details.

The following two lemmas prove the upper bound for the functional J∗
P and the pointwise lower

bound for the estimator f̂N itself.

Lemma 3. Let the assumptions of Theorem 1 hold true. Then for any finite

γ > Lf,β gmaxCβ(K) (33)

and almost all ω ∈ Ω there exist finite numbers N1 = N1(ω, γ) such that for all N ≥ N1 the LP
(18)–(22) is solvable, and

J∗
P ≤ Cf + γhβ . (34)

Lemma 4. Under the assumptions of Theorem 1, for almost all ω ∈ Ω there exist finite numbers
N2(ω) such that for any x ∈ [0, 1] and for all N ≥ N2(ω)

f̂N (x) ≥ f(x) − C4(β)
h2

(
log N

N

) 2+β
1+β

(35)

with constant C4(β) defined in (39).

4. MAIN RESULTS

In the following theorem, the consistency and the convergence rate of the described above
estimator is established in the sense of the L1-norm for the error on the [0, 1] interval.

Theorem 1. Let the above mentioned assumptions (A1), (A2) and (B1)–(B3) hold true and the
estimator parameter Cα > 6fmax. Moreover, let h → 0 as N → ∞ such that

lim inf
N→∞

log N

Nh1+β
> ρ > 0 , lim

N→∞
log N

Nh1+β/2
= 0 . (36)

Then the estimator f̂N being defined by (4), (5) via solution to the LP-problem (18)–(22) has the
following asymptotic properties:

‖f̂N − f‖1 ≤
(

C12(β)hβ + 2C4(β)h−2(log N/N)
2+β
1+β

)
(1 + o(1)) a.s. (37)

with constants

C12(β) , 2Lf,β gmax Cβ(K,K ′) + 4Cα(gmax − 1)Kmax1{β = 1} (38)

and

C4(β) , 2Lf,β

( 2Cf

Lf,β

) β
1+β (1

ρ

) 2
1+β

+ gmaxCβ(K,K ′)

(
2Cf

Lf,β

) 1
1+β

 . (39)
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Corollary 1. The maximum rate of convergence which is guaranteed by Theorem 1

‖f̂N − f‖1 = O

(
(log N/N)

β
1+β

)
a.s.

is attained for h meeting the following asymptotics:

h ∼ ρ̃

(
log N

N

) 1
1+β

, 0 < ρ̃ < ρ−
1

1+β , (40)

which reduces the upper bound (37) to

lim sup
N→∞

(
log N

N

)− β
1+β ‖f̂N − f‖1 ≤ C12(β)ρ̃ β + 2C4(β)ρ̃−2 a.s. (41)

Let us highlight that (41) shows that f̂N reaches (up to a logarithmic factor) the optimal
minimax L1 rate for β-Hölder frontier f , see [7, Theorem 4.1.1].

Remark 4. The second condition in (36) may be extended to

lim
N→∞

log N

Nh1+β/2
< ∞ (42)

which leads to another, more general formula for constants in (37)–(39).

The proof of Theorem 1 which is given in the Appendix is based on both upper and lower bounds
derived in Lemmas 3 and 4 respectively.

5. CONCLUSION

The proposed method of frontier estimation generates estimate as a linear combination
of smooth kernel functions, centered in the sample points, which covers all the points and gives
a support of a minimal surface. Essentially, method attains L1-optimal rate of convergence
O
(
(log N/N)β/(1+β)

)
on the class of β-Hölder boundary functions, when the bandwidth para-

meter h is of order (log N/N)1/(1+β). The optimality became possible due to improvement of the
method from [22, 23] by introducing the linear constraints (15), (20) on the estimate regularity
into the related LP-problem. Thus, from the practical point of view, the method did not undergo
substantial complications, since it reduces to linear program as before.

APPENDIX

Proof of Lemma 1. Observe, that definitions (4)–(5) imply the following decomposition:

1∫
0

f̂N (x) dx =

 h∫
0

+
1−h∫
h

+
1∫

1−h

 f̂N(x) dx (A.1)

=
1∫

0

N∑
i=1

αi
1
h

K

(
x − Xi

h

)
dx (A.2)

+
N∑

i=1

αi

 h∫
0

+
1∫

1−h

 g(x) − 1
h

K

(
x − Xi

h

)
dx . (A.3)

AUTOMATION AND REMOTE CONTROL Vol. 66 No. 12 2005



L1-OPTIMAL NONPARAMETRIC FRONTIER ESTIMATION 2007

Since all αi and kernel K are non-negative, it follows that

1∫
0

N∑
i=1

αi
1
h

K

(
x − Xi

h

)
dx ≤

N∑
i=1

αi

∫
R

1
h

K

(
x − Xi

h

)
dx =

N∑
i=1

αi (A.4)

and therefore,

1∫
0

f̂N (x) dx −
N∑

i=1

αi ≤ gmax − 1
h

Kmax

N∑
i=1

αi

 h∫
0

+
1∫

1−h

1{|x − Xi| ≤ h}dx (A.5)

≤ (gmax − 1)Kmax

(
N∑

i=1

αi 1{0 ≤ Xi ≤ 2h} (A.6)

+
N∑

i=1

αi 1{1 − 2h ≤ Xi ≤ 1}
)

(A.7)

≤ (gmax − 1)Kmax4Cαh . (A.8)

The inequality (A.8) follows from (16) since both intervals in (A.6), (A.7) are of the length 2h and
thus may be covered by two related intervals of the form [(j − 1)/mh, j/mh] in (16). Consequently,
we have proved the upper bound for the difference in the left hand side (A.5). The lower bound
is proved in the same manner. Indeed, decomposition (A.1)–(A.3) implies, since the term (A.3) is
non-negative,

1∫
0

f̂N (x) dx −
N∑

i=1

αi ≥ −
N∑

i=1

αi

 0∫
−h

+
1+h∫
1

 1
h

K

(
x − Xi

h

)
dx

≥ −Kmax

(
N∑

i=1

αi 1{0 ≤ Xi ≤ h}

+
N∑

i=1

αi 1{1 − h ≤ Xi ≤ 1}
)

≥ −Kmax 2Cαh .

This completes the proof of Lemma 1. �
When proving the following two lemmas, we assumed that sequence of the sample X-points

(Xi)i=1,...,N is already increase ordered, without changing notation from Xi to X(i) for the sake of
simplicity, that is

Xi ≤ Xi+1 , ∀ i . (A.9)

We essentially apply the uniform asymptotic bound O(log N/N) on ∆Xi , Xi − Xi−1 proved in
auxiliary Lemma A.2.

Proof of Lemma 2. Thus, we assume (A.9). By applying auxiliary Lemma A.2 and Lemma A.4
we first arrive at

max
x∈[0,1]

|f̂ ′
N (x)| = max

1≤i≤N+1
max

x∈[Xi−1,Xi]
|f̂ ′

N (x)| (A.10)

≤ Lf,β gmaxCβ(K,K ′)
log N

Nh2
+

1
8

max
1≤i≤N+1

[
(Xi − Xi−1)2 max

x∈[Xi−1,Xi]
|f̂ ′′′

N (x)|
]

(A.11)

≤ Lf,β gmaxCβ(K,K ′)
log N

Nh2
+

1
8

(
CX

log N

N

)2

max
x∈[0,1]

|f̂ ′′′
N (x)| , (A.12)
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with CX > 4Cf/fmin. The maximum term in (A.12) is bounded as follows: for any x ∈ [0, 1]

|f̂ ′′′
N (x)| ≤

N∑
i=1

αi

∣∣∣∣∣ d3

dx3
Kh(x,Xi)

∣∣∣∣∣ (A.13)

≤ sup
u,v

∣∣∣∣∣ ∂3

∂v3
Kh(v, u)

∣∣∣∣∣
N∑

i=1

αi 1{|x − Xi| ≤ h} (A.14)

≤ gmaxLK̃ ′′h
−4 3Cαh , (A.15)

since (see Lemma A.1)

sup
u,v

∣∣∣∣∣ ∂3

∂v3
Kh(v, u)

∣∣∣∣∣ ≤ gmaxLK̃ ′′h
−4 , (A.16)

where

L
K̃ ′′ , LK ′′ + 3LK ′Kmaxgmax + LKgmax

(
3LK + 10K2

maxgmax

)
+ 6K4

maxg
3
max . (A.17)

Substituting (A.13)–(A.15) into (A.12) yields

max
x∈[0,1]

|f̂ ′
N (x)| ≤ Lf,β gmaxCβ(K,K ′)

log N

Nh2
+

3
8

gmaxLK̃ ′′Cα

(
CX

log N

Nh2

)2

h

≤ 2Lf,β gmaxCβ(K,K ′)
log N

Nh2

under the following additional assumption (which hold true for all sufficiently large N):

h ≥ 3C 2
XCα L

K̃ ′′ log N

8Lf,β Cβ(K,K ′)N
. (A.18)

The desired result follows. �
Proof of Lemma 3. Consider arbitrary N ≥ N0(ω) with N0(ω) from Lemma A.2. Introduce

function fγ(u) = f(u) + γhβ and pseudo-estimators

α̃i =
1 + δi1

2

Xi∫
Xi−1

fγ(u) du +
1 + δiN

2

Xi+1∫
Xi

fγ(u) du , i = 1, . . . , N , (A.19)

where δij stands for Kronecker symbol. Below we demonstrate that condition (33) ensures the
vector of pseudo-estimators α̃ = (α̃1 . . . , α̃N )T to be an admissible point for the LP (18)–(22), for
any sufficiently large N . This implies solvability of the LP (18)–(22) and

J∗
P ≤

N∑
i=1

α̃i =
1∫

0

(f(u) + γhβ) du = Cf + γhβ . (A.20)
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Let CX > 4Cf/fmin. For the sake of simplicity, we impose the additional assumptions

hβ ≤ log N

ρNh
≤ min

{
fmax

γ
,

1
ρCX

}
, (A.21)

which hold true for all N large enough.
(1) First, we prove constraints (14) under αi = α̃i, i = 1, . . . , N . For arbitrary x ∈ [0, 1],

f̃N(x) ,
N∑

i=1

α̃iKh(x,Xi) (A.22)

=
N+1∑
i=1

Xi∫
Xi−1

fγ(u) du
Kh(x,Xi) + Kh(x,Xi−1)

2
(A.23)

+
1
2

X1∫
0

fγ(u) du (Kh(x,X1) − Kh(x, 0)) (A.24)

+
1
2

1∫
XN

fγ(u) du (Kh(x,XN ) − Kh(x, 1)) (A.25)

=
1∫

0

fγ(u)Kh(x, u) du (A.26)

+
N+1∑
i=1

Xi∫
Xi−1

fγ(u)
(

Kh(x,Xi) + Kh(x,Xi−1)
2

− Kh(x, u)
)

du (A.27)

+
1
2

X1∫
0

fγ(u) du (Kh(x,X1) − Kh(x, 0)) (A.28)

+
1
2

1∫
XN

fγ(u) du (Kh(x,XN ) − Kh(x, 1)) . (A.29)

Now we separately bound each of the summands (A.26)–(A.29) from below. Due to (6), the main
term (A.26) is bounded as follows:

1∫
0

fγ(u)Kh(x, u) du = f(x) + γhβ +
1∫

0

(f(u) − f(x))Kh(x, u) du (A.30)

≥ f(x) + (γ − Lf,β gmaxCβ(K))hβ . (A.31)
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Furthermore, the i-th summand from (A.27) is decomposed and then bounded basing on trapezium
formula error:

Xi∫
Xi−1

fγ(u)
(

Kh(x,Xi) + Kh(x,Xi−1)
2

− Kh(x, u)
)

du (A.32)

≥ fγ(x)
Xi∫

Xi−1

(
Kh(x,Xi) + Kh(x,Xi−1)

2
− Kh(x, u)

)
du

−
Xi∫

Xi−1

|fγ(u) − fγ(x)|
∣∣∣∣Kh(x,Xi) + Kh(x,Xi−1)

2
− Kh(x, u)

∣∣∣∣ du

≥ −(fmax + γhβ)
(Xi − Xi−1)3

12
max

u∈[0,1]

∣∣∣∣∣∂2Kh(x, u)
∂u2

∣∣∣∣∣ 1{|x − Xi| ≤ 2h} (A.33)

−Lf,β

Xi∫
Xi−1

|u − x|β 1{|x − Xi| ≤ 2h}gmaxLK

2h2
[(u − Xi−1) + (Xi − u)] du. (A.34)

By applying Lemma A.2, the first term is bounded as follows

(A.33) ≥ −
(

CX
log N

N

)2 fmax gmaxLK ′

6h3
(Xi − Xi−1)1{|x − Xi| ≤ 2h}; (A.35)

and the second one is bounded by:

(A.34) ≥ −gmaxLf,β LK

2h2
CX

log N

N
1{|x − Xi| ≤ 2h}

Xi∫
Xi−1

|u − x|βdu . (A.36)

Moreover, from Lemma A.2, one can show first that

N+1∑
i=1

1{|x − Xi| ≤ 2h}(Xi − Xi−1) ≤ 4h +
CX log N

N
,

and second that

N+1∑
i=1

1{|x − Xi| ≤ 2h}
Xi∫

Xi−1

|u − x|βdu

≤
x+2h∫

x−2h−CX(log N)/N

|u − x|βdu

≤
(

4h + CX
log N

N

)
max

v∈[−2h−CX (log N)/N,2h]
|v|β

≤
(

4h + CX
log N

N

)(
2h + CX

log N

N

)β

.
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Thus, we arrive at the bound for the sum (A.27) as follows:

N+1∑
i=1

Xi∫
Xi−1

fγ(u)
(

Kh(x,Xi) + Kh(x,Xi−1)
2

− Kh(x, u)
)

du

≥ −gmaxCX
log N

Nh

(
4 + CX

log N

Nh

)(
CXfmaxLK ′

6
log N

Nh

+
Lf,β LK

2
hβ
(

2 + CX
log N

Nh

)β
)

≥ −5
6
gmaxCX

(
log N

Nh

)2 (
CXfmaxLK ′ + 3β+1ρ−1Lf,β LK

)
.

At last, it is similarly demonstrated that both summands (A.28) and (A.29) are bounded above by
O((log N/(Nh))2). For instance, for (A.28) we obtain∣∣∣∣∣∣

X1∫
0

fγ(u) du (Kh(x,X1) − Kh(x, 0))

∣∣∣∣∣∣ ≤ (fmax + γhβ)X1 |Kh(x,X1) − Kh(x, 0)|

≤ 2fmax gmaxLK

(
CX

log N

Nh

)2

. (A.37)

Thus, it follows from (A.22)–(A.37) for each j = 1, . . . , N , that

f̃N (Xj) ≥ f(Xj) + (γ − Lf,β gmaxCβ(K))hβ + O

((
log N

Nh

)2
)

≥ Yj (A.38)

for sufficiently large N ≥ N0(ω) when both inequalities (A.21) and the following one hold true:

γ − Lf,β gmaxCβ(K) ≥ 5
6

gmaxCX

(
log N

Nh1+β/2

)2
(

CXfmax

(
LK ′ +

12LK

5

)
+ 3β+1

Lf,β LK

ρ

)
.

(2) Similarly, constraints (15) hold true under αi = α̃i, i = 1, . . . , N . Indeed, for arbitrary
x ∈ [0, 1], we now have to bound the absolute value of

f̃ ′
N(x) =

N∑
i=1

α̃i
d

dx
Kh(x,Xi) =

N∑
i=1

α̃i K̃h(x,Xi) (A.39)

instead of (A.22). Here

K̃h(x, u) , ∂

∂x
Kh(x, u) (A.40)

with the following upper bound∣∣∣K̃h(x, u)
∣∣∣ ≤ h−2gmax

{∣∣∣∣K ′
(

x − u

h

)∣∣∣∣+ gmax Kmax

∣∣∣∣K (
x − u

h

)∣∣∣∣} . (A.41)

Hence, one may repeat the arguments of (A.23)–(A.29) by changing Kh for K̃h. Therefore, all the
rates from (A.32)–(A.38) should be divided by h, while the absolute value of the main term of
decomposition, due to (7), is bounded as follows:∣∣∣∣∣∣

1∫
0

fγ(u) K̃h(x, u) du

∣∣∣∣∣∣ =
∣∣∣∣∣∣

1∫
0

(f(u) − f(x))
∂

∂x
Kh(x, u) du

∣∣∣∣∣∣
≤ Lf,β gmaxCβ(K,K ′)hβ−1 ,
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instead of (A.30), (A.31). Remind the definition (8), (9) for Cβ(K,K ′) which follows from (A.41).
Thus, for sufficiently large N ≥ N0(ω) and for each Xj we arrive at

∣∣∣f̃ ′
N(Xj)

∣∣∣ ≤ Lf,β gmaxCβ(K,K ′)hβ−1 + O

(
log2 N

N2h3

)
≤ Lf,β gmaxCβ(K,K ′)

log N

ρNh2
. (A.42)

Namely, inequality (A.42) holds true almost surely for all those N ≥ N0(ω) such that (A.21) is
verified and

Lf,β Cβ(K,K ′)
(

log N

hβ+1N
− 1

)
≥ 5

6
gmaxCX

(
log N

Nh1+β/2

)2

(A.43)

×
(

CXfmax

(
L

K̃ ′ +
12L

K̃

5

)
+ 3β+1

Lf,β L
K̃

ρ

)
, (A.44)

where (see proof of Lemma A.1 for the details)

L
K̃

, LK ′ + LK gmaxKmax , L
K̃ ′ , LK ′′ + LK ′ gmaxKmax . (A.45)

(3) Finally, the constraints (16) with

Cα ≥ 6fmax (A.46)

also hold true under αi = α̃i, i = 1, . . . , N . Indeed, by Lemma A.2 the following inequalities hold
a.s. for all N ≥ N0(ω) and for each j = 1, . . . ,mh, where mh = bh−1c :

N∑
i=1

α̃i 1{(j − 1)/mh ≤ Xi < j/mh} ≤ (fmax + γhβ)
(

1/mh + 2CX
log N

N

)
(A.47)

≤ 6fmaxh, (A.48)

under additional assumptions (A.21). Thus, constraints (16) are fulfilled under (A.46) almost
surely, for any sufficiently large N .

(4) Since all α̃i ≥ 0, constraints (17) hold true, and Lemma 3 is proved. �
Proof of Lemma 4. Let us take use of Lemma A.3 and its Corollary A.1 introducing

δy = Lf,β δ β
x , δx ,

(
2Cf log N

fminLf,β N

) 1
1+β

. (A.49)

Thus, for any N ≥ N6(ω) and arbitrary x ∈ [0, 1] there exists (with probability one) an integer
ik ∈ {1, . . . , N} such that

|x − Xik | ≤ δx (A.50)

and
Yik ≥ f(Xik) − δy . (A.51)

Now, the estimation error at a point x can be expanded as

f(x) − f̂N (x) = [f(x) − f(Xik)] (A.52)

+
[
f(Xik) − f̂N (Xik)

]
(A.53)

+
[
f̂N (Xik) − f̂N (x)

]
. (A.54)
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The term in the right hand side (A.52) may be bounded as follows

|f(x) − f(Xik)| ≤ Lf,β |x − Xik |β ≤ Lf,β δβ
x , (A.55)

as well as the term (A.54) ∣∣∣f̂N (Xik) − f̂N (x)
∣∣∣ ≤ L

f̂N
|x − Xik | ≤ L

f̂N
δx, (A.56)

with a Lipschitz constant L
f̂N

for the function estimator f̂N (x). Remind that f̂N (Xik) ≥ Yik due
to (14) or (19). Thus, (A.51) implies

f(Xik) − f̂N (Xik) ≤ (Yik + δy) − Yik = δy . (A.57)

Combining all these bounds we obtain from (A.52) that for all N ≥ N6(ω),

f(x) − f̂N (x) ≤ δy + Lf,β δβ
x + L

f̂N
δx . (A.58)

Therefore, applying Lemma 2 and substituting expressions (A.49) for δx and δy into (A.58) lead to
the lower bound

f̂N(x) ≥ f(x) −
(
2Lf,β δβ

x + L
f̂N

δx

)
(A.59)

≥ f(x) − C4(β)
h2

(
log N

N

) 2+β
1+β

(A.60)

for any sufficiently large N (starting from random a.s. finite integer, which does not depend on x).
The first inequality in (36) has been applied here in order to simplify the lower bound. Lemma 4
is proved. �

Proof of Theorem 1. Since |u| = u − 2u1{u < 0}, the L1-norm of estimation error can be
expanded as

‖f̂N − f‖1 =
1∫

0

[
f̂N(x) − f(x)

]
dx (A.61)

+2
1∫

0

[
f(x) − f̂N (x)

]
1
{
f̂N(x) < f(x)

}
dx. (A.62)

Applying Lemmas 1 and 2 to the right hand side (A.61) yields

lim sup
N→∞

h−β

 1∫
0

[
f̂N (x) − f(x)

]
dx

 ≤ γ + 4Cα(gmax − 1)Kmax1{β = 1} a.s. (A.63)

Note, that one may fix γ = 2Lf,β gmax Cβ(K), for instance. In order to obtain a similar result for
the term (A.62), note that Lemma 4 implies

ζN (x, ω) , ε−1
LB(N)

[
f(x) − f̂N (x)

]
≤ C4(β) < ∞ a.s.

uniformly with respect to both x ∈ [0, 1] and N ≥ N2(ω), with

εLB(N) , 1
h2

(
log N

N

) 2+β
1+β

. (A.64)
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Hence, one may apply Fatou lemma, taking into account that u1{u > 0} is a continuous, monotone
function:

lim sup
N→∞

ε−1
LB(N)

1∫
0

[
f(x) − f̂N (x)

]
1
{
f̂N(x) < f(x)

}
dx

≤
1∫

0

lim sup
N→∞

ζN (x, ω)1{ζN (x, ω) > 0} dx

≤ C4(β) < ∞ a.s.

Thus, the obtained relations together with (A.61) and (A.62) imply (37). Theorem 1 is proved. �
The following lemma establishes Lipschitz constants in (A.45) and (A.16), (A.17). We do not

provide its proof which is of technical nature and specified in [24].
Lemma A.1. Let kernel Kh defined in (4), (5) meets the assumptions (B1)–(B3), and the

bandwidth h ∈ (0, 1/2). Let K̃n be defined by (A.40). Then the following upper bounds hold true:∣∣∣K̃h(x, u)
∣∣∣ ≤ gmaxh

−2
(
LK + gmaxK

2
max

)
, (A.65)∣∣∣∣ ∂

∂u
K̃h(x, u)

∣∣∣∣ ≤ gmaxh
−3L

K̃
,

∣∣∣∣∣ ∂2

∂u2
K̃h(x, u)

∣∣∣∣∣ ≤ gmaxh
−4L

K̃ ′ , (A.66)

where L
K̃

= LK ′ + LK gmaxKmax and L
K̃ ′ = LK ′′ + LK ′ gmaxKmax . Moreover,∣∣∣∣∣ ∂3

∂x3
Kh(x, u)

∣∣∣∣∣ ≤ gmaxLK̃ ′′h
−4, (A.67)

where

L
K̃ ′′ = gmax

[
LK ′′ + 3LK ′Kmaxgmax + 3LKgmaxK

2
max (1 + 3gmax) (A.68)

+ (L2
K + 2g2

maxK
4
max)(1 + 2gmax)

]
. (A.69)

The following auxiliary results are briefly proved below for the sake of completeness.
Lemma A.2. Let function f : [0, 1] → (0,+∞) meets the assumption (A1) and sequence

(Xi)i=1,...,N be obtained from an independent sample with p.d.f. f(x)/Cf by increase ordering
(A.9), where Cf is defined by (2). Denote X0 = 0 and XN+1 = 1. Then for any finite constant
CX > 4Cf/fmin there exist almost surely finite number N0 = N0(ω) such that

max
i=1,...,N+1

∆Xi ≤ CX
log N

N
∀ N ≥ N0 (A.70)

with probability 1. For instance, one may fix constant CX as follows:

CX = 5fmax/fmin . (A.71)

Proof of Lemma A.2. Introduce an equidistant partition of the interval [0, 1] onto mN subinter-
vals ∆k with equal Lebesgue measures

`(∆k) , 1/mN ≤ CX log N/(2N) , k = 1, . . . ,mN , (A.72)
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where size of partition

mN , min{integer m : m ≥ 2N/(CX log N)} (A.73)

≤ 1 +
2N

CX log N
≤ (2 + ε)N

CX log N
(A.74)

for an arbitrary ε > 0 and for any sufficiently large N . Hence, the event

AN , {ω : max
i=1,...,N+1

∆Xi ≤ CX log N/N} ⊇
mN⋂
k=1

[
N⋃

i=1

{Xi ∈ ∆k}
]

.

Basing on Borel–Cantelli lemma we prove that the complementary event Ac
N , Ω \AN may occur

only finite number of times (with probability 1). Evidently,

P (Ac
N ) ≤

mN∑
k=1

P

(
N⋂

i=1

{Xi /∈ ∆k}
)

(A.75)

=
mN∑
k=1

N∏
i=1

1 −
∫

∆k

C−1
f f(u) du

 (A.76)

≤ mN

(
1 − fmin

Cf

`(∆1)

)N

(A.77)

≤ (2 + ε)N
CX log N

exp

{
− fminCX

(2 + ε)Cf

log N

}
(A.78)

= O
(
N1−fminCX/((2+ε)Cf )

)
.

Hence, condition CX > 4Cf/fmin implies the existence of positive ε ensuring the convergence of
series ∞∑

N=1

P (Ac
N ) < ∞ , (A.79)

and the Borel–Cantelli lemma applies. Note, that events
⋂N

i=1 {Xi /∈ ∆k} do not depend on renum-
bering of (Xi)i=1,...,N which lead to (A.76) from (A.75); moreover, we have used both definition
(A.73) and inequality 1 − x ≤ e−x there in (A.77), (A.78). Lemma A.2 is proved. �

Lemma A.3. Let random sample {(Xi, Yi) | i = 1, . . . , N} be defined as in Section 2. Let sequence
δx = δx(N) be positive, and for some ε > 0

lim inf
N→∞

N1−εδx > 0 . (A.80)

Define

mδ , min{integer m : m ≥ δ−1
x } (A.81)

and assume a positive sequence δy = δy(N) < fmin meeting for all sufficiently large N the inequality

δy ≥ κmδ

log N

N
, where κ >

(2 − ε)Cf

fmin
. (A.82)

Then, under the assumptions of Lemma A.2, there exists almost surely finite number N6(ω) such
that for any N ≥ N6(ω) there is such a subset of points {(Xik , Yik) , k = 1, . . . ,mδ} in the sample
{(Xi, Yi) , i = 1, . . . , N}, that the following inequalities hold true:

(k − 1)/mδ ≤ Xik < k/mδ , f(Xik) − δy ≤ Yik ≤ f(Xik) . (A.83)
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Proof of Lemma A.3 is similar to that of Lemma A.2. Introduce an equidistant partition of the
interval [0, 1] onto subintervals [(k− 1)/mδ , k/mδ ], k = 1, . . . ,mδ . Moreover, introduce the related
subsets in R

2

∆k , {(u, v) : (k − 1)/mδ ≤ u ≤ k/mδ , f(u) − δy ≤ v ≤ f(u)} , k = 1, . . . ,mδ .

Consider the event

AN , {ω : ∀ k = 1, . . . ,mδ ∃ i = 1, . . . , N : (Xi, Yi) ∈ ∆k}

=
mδ⋂
k=1

[
N⋃

i=1

{(Xi, Yi) ∈ ∆k}
]

.

Bound the probability of the complementary event:

P (Ac
N ) ≤

mδ∑
k=1

P

(
N⋂

i=1

{(Xi, Yi) /∈ ∆k}
)

=
mδ∑
k=1

N∏
i=1

1 −
∫

∆k

C−1
f f(u) du dv


≤ mδ

(
1 − fmin δy

Cf mδ

)N

≤
(
1 + δ−1

x

)
exp

{
−fminκ

Cf

log N

}
= O

(
N1−ε−fminκ/Cf

)
.

Hence, condition κ > (2−ε)Cf/fmin implies
∑∞

N=1 P (Ac
N ) < ∞, and one may apply Borel–Cantelli

lemma. Lemma A.3 is proved. �
Corollary A.1. Let δx and δy meet the conditions of Lemma A.3. Then, with probability 1, for

any N ≥ N6(ω) and any x ∈ [0, 1] there exists integer ik ∈ {1, . . . , N} such that |x−Xik | ≤ δx and
f(Xik) − δy ≤ Yik ≤ f(Xik) .

Lemma A.4. Let function g : [0,∆] → R be twice continuous differentiable, ∆ > 0. Then

max
x∈[0,∆]

|g(x)| ≤ max{|g(0)|, |g(∆)|} +
∆2

8
max

x∈[0,∆]
|g ′′(x)| . (A.84)

Proof of Lemma A.4. Denote ḡb = max{|g(0)|, |g(∆)|}. It suffices to prove the case where a
point x1 ∈ (0,∆) exists with

|g(x1)| = max
x∈[0,∆]

|g(x)| > ḡb . (A.85)

Then g ′(x1) = 0, and for any x ∈ [0,∆]

g(x1) = g(x) −
x∫

x1

dt

t∫
x1

g ′′(u) du . (A.86)

Therefore, putting x = ∆ one obtains from (A.86)

|g(x1)| ≤ |g(∆)| +
∆∫

x1

dt

t∫
x1

|g ′′(u)| du ≤ ḡb +
(∆ − x1)2

2
max

x∈[0,∆]
|g ′′(x)| . (A.87)

Similarly, fixing x = 0 there in (A.86) leads to

|g(x1)| ≤ |g(0)| +
x1∫
0

dt

t∫
x1

|g ′′(u)| du ≤ ḡb +
x2

1

2
max

x∈[0,∆]
|g ′′(x)| . (A.88)
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Thus, combining (A.87) and (A.88) we arrive at

|g(x1)| ≤ ḡb +
1
2

min{(∆ − x1)2, x2
1} max

x∈[0,∆]
|g ′′(x)| . (A.89)

Since

max
x∈[0,∆]

min{(∆ − x)2, x2} =
∆2

4
, (A.90)

the desired inequality (A.84) follows immediately from (A.85), (A.89), (A.90). �
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de Paris , 1964, vol. XIII, pp. 191–200.
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